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Partially Permutation-Invariant Neural Network for
Solving Two-Stage Stochastic AC-OPF Problem
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Abstract—We develop DeepOPF-Stoc as a neural network
approach to efficiently solve the two-stage stochastic AC optimal
power flow (AC-OPF) problem, which emphasizes reliable and
cost-effective grid operation while accounting for uncertainties in
renewable energy generation and load demand. We first identify
a crucial partial permutation-invariance property of the mapping
from load to first-stage solution. We then leverage this property in
DeepOPF-Stoc to design (i) PPNN as a principled architectural
framework that orchestrates standard neural network designs to
learn such mappings, and (ii) a PPNN-aware sampling algorithm
to prepare training data efficiently. DeepOPF-Stoc effectively
addresses the dimensionality explosion issue inherent in vanilla
designs, significantly reducing both the required number of
neurons and the volume of training data. Our theoretical analysis
confirms the universal approximation capability of PPNNs for
our application. We further prove that the PPNN-aware sam-
pling algorithm improves sampling efficiency by a factor of K!
compared to uniform sampling, where K represents the number
of second-stage scenarios. Simulation results on IEEE 118-bus
and synthetic 793-bus test systems demonstrate the superiority
of DeepOPF-Stoc over state-of-the-art alternatives. It achieves
two orders of magnitude speedup compared to iterative solvers
while generating feasible first-stage solutions with comparable
second-stage out-of-sample feasibility and 0.95% cost difference.

Index Terms—Two-stage stochastic optimal power flow; neural
network; deep learning; partial permutation-invariance

NOMENCLATURE

Variable Definition
B Set of buses
G Set of P-V buses
E Set of transmission lines
g, b Conductance and susceptance matrix
s Transmission line flow limit matrix
pg , pg Maximum and minimum active generation vector
qg , qg Maximum and minimum reactive generation vector
v, v Maximum and minimum voltage magnitude vector
θ, θ Maximum and minimum angle difference matrix
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pdik, qdik Active and reactive load at bus i, scenario k
pfijk Active power flow at line (i, j), scenario k
qfijk Reactive power flow at line (i, j), scenario k
vik, θik Voltage magnitude and angle at bus i, scenario k
pgik, qgik Active and reactive generation at bus i, scenario k

I. INTRODUCTION

Optimal power flow (OPF) is a fundamental problem in
power system operation, aiming to serve the given load de-
mand and minimize an objective function (e.g., generation
costs) subject to physical, operational, and technical con-
straints by optimizing dispatch and transmission decisions [1].
OPF is critical for balancing supply and demand in real-time
grid operations and has conventionally been solved using iter-
ative schemes, such as primal-dual interior-point methods [2],
and more recently, using machine learning approaches [3]–[6]
(see further discussions in Section II).

In recent years, the increasing integration of renewable gen-
eration (e.g., wind and solar) and demand-side management
has introduced significant uncertainties in power supply and
demand. This makes it challenging for grid operators to main-
tain system reliability and efficiency by solving standard OPF
problems, which only consider deterministic load inputs [7].
To effectively manage these uncertainties, system operators are
turning to advanced uncertainty management techniques, such
as multi-stage stochastic AC-OPF, to optimize dispatch and
transmission decisions while explicitly accounting for future
supply and demand uncertainties. Within this framework, a
popular and practical scheme is the scenario-based two-stage
stochastic AC-OPF, which uses a set of i.i.d. scenarios, i.e.,
particular realizations of renewable generation and load, from
their respective distributions [8], [9], to represent uncertainties.

While effective in representing uncertainties, the scenario-
based two-stage stochastic AC-OPF faces a critical challenge:
the dimensionality explosion issue. This issue arises as the
number of decision variables within it grows linearly with the
number of collected scenarios. For practical power grids with
complex uncertainties, this results in a prohibitive computa-
tional burden for conventional iterative methods [24], mak-
ing them impractical for real-time grid operations. Similarly,
vanilla deep neural network (DNN) with fully connected lay-
ers, while effective in solving standard OPF problems, are also
vulnerable to this dimensionality explosion issue. Specifically,
by concatenating the load inputs of each scenario into a high-
dimensional vector and feeding it into such a vanilla fully-
connected neural network (FCNN), the input dimension in
these designs grows linearly with the number of scenarios,
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TABLE I
EXISTING STUDIES ON MACHINE LEARNING FOR SOLVING OPF PROBLEMS.

Category Approach Related work OPF model ML model Metrics in consideration5

Feasibility Optimality Speedup

Learning-aided
Predicting active constraints [10] DC-OPF DNN ✓ ✓ ✗

Predicting warm-start point [3], [11]–[13] DC-OPF DNN ✓ ✓ ✗

Learning-
to-optimize

Learning a solution update
strategy in iterative solvers

[14] AC-OPF DNN ✗ ✓ ✓

[15] DC-OPF RNN1 ✗ ✓ ✓

Learning
load-solution
mapping

Learning the load-solution
mapping and generating
solutions directly from the
machine learning model

[16], [17] SC-DCOPF2 DNN ✓ ✓ ✓

[18] AC-OPF DNN ✗ ✓ ✓

[5], [6] AC-OPF DNN ✓ ✓ ✓

[19] AC-OPF GNN3 ✓ ✓ ✓

[20] AC-OPF CNN4 ✓ ✓ ✓

[21], [22] DC-OPF DNN ✓ ✓ ✓

[23] Stochastic DC-OPF DNN ✓ ✓ ✓

This work Stochastic AC-OPF PPNN ✓ ✓ ✓

1 RNN denotes the recurrent neural network; 2 SC-DCOPF denotes the security-constrained DC-OPF; 3 GNN denotes the graph neural network; 4

CNN denotes the convolutional neural network; 5 The column “Metrics in consideration” contains three sub-columns (“Optimality”, “Feasibility”,
and “Speedup”) that indicate whether each corresponding study addresses these performance criteria. A checkmark (✓) signifies that the method
explicitly considers and evaluates the respective metric in either its solution design or performance assessment. Conversely, a cross (✗) indicates
that the work does not address the corresponding metric.

making it computationally difficult for neural network training.
Furthermore, this increasing input dimension demands signifi-
cantly larger training datasets than those required for standard
OPF cases.

To overcome these dimensionality challenges and unleash
the full potential of scenario-based approaches in grid op-
erations, we propose DeepOPF-Stoc as a novel partially
permutation-invariant neural network (PPNN)-based approach
to solving the scenario-based two-stage stochastic AC-OPF
problem efficiently. Our scheme is based on an elegant
symmetric structure of the problem: partial permutation-
invariance. This property arises from the fact that, when solv-
ing the scenario-based two-stage stochastic AC-OPF problem,
switching the order of second-stage scenario inputs does not
change the first-stage solution. Our main contributions are:
▷ After reviewing the two-stage stochastic AC-OPF for-

mulation in Section III-A, we identify its inherent partial
permutation-invariance property in Section III-B.
▷ In Section IV, we exploit the partial permutation-

invariance property to design PPNN as a principled archi-
tectural framework that orchestrates standard neural network
(NN) designs for learning the load to first-stage solution
mapping, without suffering from the dimensionality explosion
issue. Theoretical analysis in Section V shows the approxima-
tion capability of PPNN for our application.
▷ Based on the PPNN design, we propose a PPNN-aware

sampling algorithm to prepare the training data efficiently in
Section IV-C. This algorithm improves the sampling efficiency
by a factor of K! compared with uniform sampling, where K
denotes the number of second-stage scenarios.
▷ We conduct extensive simulations on various test cases

to evaluate the performance of DeepOPF-Stoc in Section VI.
The results on IEEE 118-bus and synthetic 793-bus test
systems demonstrate the superiority of DeepOPF-Stoc over
state-of-the-art alternatives. Our approach generates feasible
solutions with comparable out-of-sample feasibility perfor-
mance and achieves 0.95% out-of-sample cost difference com-
pared to conventional iterative solvers. Notably, DeepOPF-

Stoc executes two orders of magnitude faster than the state-
of-the-art alternatives, marking a significant advancement in
computational efficiency for solving two-stage stochastic AC-
OPF problems.

II. RELATED WORK

A. Two-stage stochastic AC-OPF problem

The two-stage stochastic AC-OPF problem, which optimizes
power dispatch and transmission decisions while explicitly
accounting for future uncertainties in load and renewable gen-
eration, plays a crucial role in modern power system operation.
Existing methods for tackling this problem include robust
optimization [25]–[28], chance-constrained optimization [29]–
[31], and the scenario-based approach [32].

Robust optimization aims to ensure the satisfaction of OPF
constraints under all possible uncertainty realizations within a
given uncertainty set, such as elliptical or polyhedral sets [26]–
[28]. By optimizing the worst-case performance over all
these possible scenarios, this approach typically provides a
conservative decision. Instead of ensuring feasibility under all
possible uncertainty realizations, chance-constrained optimiza-
tion aims to find OPF solutions that satisfy constraints with
a specified high probability [30], [31]. This approach offers a
balance between robustness and cost-effectiveness by allowing
for a small probability of constraint violation. Another widely
adopted method is the scenario-based approach [33], which
approximates the underlying uncertainties by sampling a set
of scenarios independently from their respective probability
distributions. By optimizing the OPF objective over these
representative scenarios, this approach provides a practical
way to solve the two-stage stochastic AC-OPF problem over
general distributions, for which there are typically no closed-
form expressions for the objective and constraints.

Our work focuses on the scenario-based approach for its
ability to capture complex spatial and temporal correlations in
renewable generation and load inputs [8], [9] while preserving
the full nonlinearity of AC-OPF constraints without requiring
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additional approximations. However, one key limitation of
this approach is the dimensionality explosion issue, where the
number of decision variables increases linearly with the num-
ber of sampled load/renewable scenarios. This growth in de-
cision variables introduces a prohibitive computational burden
for conventional iterative methods, making them impractical
for real-time applications in power systems with high levels
of renewable integration. We aim to address this challenge to
unleash the full potential of scenario-based approaches in grid
operations.

B. Machine learning for solving OPF problems

In recent years, significant efforts have been made to apply
machine learning to tackle the OPF problem. As presented
in Table I, existing learning-based approaches can mainly
be divided into three categories: learning-aided, learning-to-
optimize, and learning load-solution mapping.

Learning-aided approaches leverage machine learning as a
building block to accelerate existing iterative solvers. This
is achieved by identifying the active/inactive constraints of
OPF problems to reduce problem size [34]–[36] or predicting
a warm-start point for iterative solvers to accelerate conver-
gence [3], [11], [37]. The learning-to-optimize approach ac-
celerates existing iterative algorithms by introducing a learned
iterative strategy that requires less iteration time [14], [15],
[38]. Instead of relying on iterative optimization, the learning
load-solution mapping approach solves OPF problems directly
by learning a mapping from load to the optimal solution [5],
[6], [16], [18], [21], [39]–[52]. A critical challenge, however,
is to ensure the feasibility of the solutions obtained, given the
inherent prediction error of DNNs. To tackle this challenge, the
predict-and-reconstruct framework [16], [53], preventive learn-
ing [54], gauge-mapping [23], homeomorphic projection [41],
and bisection projection [55] have been proposed.

The above learning-based schemes mainly focus on deter-
ministic OPFs, and little has been done for two-stage stochastic
OPF problems, which present several unique characteristics
absent in deterministic formulations: (i) significantly larger
input dimensions due to the consideration of numerous sce-
narios, (ii) substantially more complex constraint structures in-
volving intricate coupling between first-stage and second-stage
decision variables, and (iii) the inherent partial permutation-
invariance property that we identify and exploit. In [32], the
two-stage stochastic AC-OPF problem is recast as a min-max
optimization problem and solved with an adversarial learning
approach. This method, however, introduces model inaccuracy
and incurs high computational complexity. In [56], [57], DNN
is employed to learn a control policy for power generation
considering (only) single-stage uncertainty.

In the broader context of stochastic programming, there has
been growing interest in leveraging learning-based approaches
to improve computational efficiency. In [58], [59], machine
learning schemes are proposed to select representative scenar-
ios when solving stochastic programming problems. However,
the existence of prediction errors may result in the loss of
critical scenario information, leading to an inaccurate ap-
proximation of the original stochastic programming problem.

Meanwhile, several studies use DNNs as a building block to
accelerate existing iterative solvers [60], [61]. However, these
methods often incur a considerable computational cost due to
the need for repeated gradient evaluations and iterative solution
procedures. A framework for tackling two-stage stochastic
problems is proposed in [62], which embeds a second-stage
NN into a mixed integer problem to obtain the first-stage
solution. The formulated problem, however, is computationally
difficult to solve. To date, it remains largely open to solve the
two-stage stochastic AC-OPF problem efficiently, i.e., signifi-
cantly faster than iterative solvers, to enable its application in
real-time grid operation.

In this paper, we design efficient machine learning schemes
for the two-stage stochastic AC-OPF problem by exploiting
its inherent partial permutation-invariance property.

III. TWO-STAGE STOCHASTIC AC OPTIMAL POWER FLOW

A. The two-stage stochastic AC-OPF problem

The two-stage stochastic AC-OPF problem considers a
power operation over two consecutive time periods. In the
first period (first stage), the load and renewable generation
are given and deterministic, the operator makes decisions to
meet the observed net load while allocating upward/downward
reserves to accommodate uncertainties in the next period. In
the second period (second stage), new load and renewable
generation values are revealed. The operator then adjusts
power generation to serve this newly observed net load, while
respecting the ramping limits on power generation between
the two periods. The objective is to minimize the sum of the
first-stage generation cost and the expected second-stage one.

Our paper focuses on the popular and practical scenario-
based approach1 to the two-stage stochastic AC-OPF problem,
which represents uncertainties by collecting a set of i.i.d. sce-
narios, i.e., particular realizations of renewable generation and
load, sampled from their respective probability distributions.
These scenarios are then used to approximate the expected
second-stage cost and feasibility requirements. To this end,
the scenario-based two-stage stochastic AC-OPF problem can
be formulated as follows [64]:

1The scenario-based approach uses finite samples drawn from continuous
probability distributions to approximate infinite uncertainty sets. This ap-
proach offers two key advantages: computational tractability, as it creates
a manageable approximation while preserving the nonlinear AC power flow
equations essential for realistic modeling; and theoretical soundness, as it
guarantees convergence to the true infinite-dimensional solution as scenario
count increases [63].



4

min
∑

i∈B

[
ci1 · (pgi0)

2 + ci2 · pgi0 + ci3
]

+
1

K

∑K

k=1

∑
i∈B

[
ci1 · (pgik)

2 + ci2 · pgik + ci3
]

(1)

s.t. pfijk = gijv
2
ik − vikvjk(gij cos θijk + bij sin θijk),

(i, j) ∈ E , k = 0, . . . ,K, (2)

qfijk = −bijv
2
ik − vikvjk(gij sin θijk − bij cos θijk),

(i, j) ∈ E , k = 0, . . . ,K, (3)

pgik − pdik =
∑

(i,j)∈E
pfijk, i ∈ B, k = 0, . . . ,K, (4)

qgik − qdik =
∑

(i,j)∈E
qfijk, i ∈ B, k = 0, . . . ,K, (5)

pgi ≤ pgik ≤ pgi , i ∈ B, k = 0, . . . ,K, (6)

qgi ≤ qgik ≤ qgi , i ∈ B, k = 0, . . . ,K, (7)

vi ≤ vik ≤ vi, i ∈ B, k = 0, . . . ,K, (8)

θij ≤ θijk = θik − θjk ≤ θij , (i, j) ∈ E , k = 0, . . . ,K, (9)

(pfijk)
2 + (qfijk)

2 ≤ (sij)
2, (i, j) ∈ E , k = 0, . . . ,K, (10)

|pgik − pgi0| ≤ ∆pi, i ∈ B, k = 1, . . . ,K, (11)
var. pik, qik, θik, vik, i ∈ B, k = 0, . . . ,K. (12)

In this formulation, ci1, ci2, and ci3 are positive cost
coefficients. K is the number of second-stage scenarios. We
use k = 0 to represent the only first-stage scenario. Constraints
in (2) and (3) define the active and reactive power flow
at each scenario. The power balance at each scenario is
ensured by constraints (4) and (5). Constraints (6) and (7)
capture the active and reactive power generation limits. The
voltage magnitude and phase angle limits are described in
constraints (8) and (9). Constraint (10) ensures the branch flow
limit. Constraint (11) enforces ramping limits on active power
generation, ensuring that the variation in active generation
between consecutive time periods does not exceed the ramping
limit ∆pi. The objective function in (1) minimizes the sum of
the first-stage generation cost and the approximated expected
second-stage generation cost. This formulation provides a
comprehensive framework for addressing uncertainties while
maintaining operational efficiency and reliability.

While popular and practical in addressing uncertainties,
the scenario-based approach is known to suffer from the
dimensionality explosion issue, as the number of decision
variables grows linearly with the number of sampled scenarios.
This causes a significant computational burden for conven-
tional iterative solvers. Similarly, recent machine learning
approaches, while effective in solving standard OPF problems,
are also vulnerable to this dimensionality explosion issue. By
concatenating the load inputs of each scenario into a high-
dimensional vector and feeding it into the vanilla FCNN, the
input dimension in these approaches grows linearly with the
number of scenarios. This makes it computationally difficult
to train the FCNN and demands a significantly larger training
dataset than those required for standard OPF cases.

Next, we will identify a unique structure inherent to the
scenario-based two-stage stochastic AC-OPF problem. This
structure is crucial in designing machine learning schemes that
avoid dimensionality explosion and employ an effective sam-
pling method, addressing the key issues in existing approaches.

B. Partial permutation-invariance of stochastic AC-OPF

We first identify the partial permutation invariance property
of the input to first-stage solution mapping in the two-stage
stochastic AC-OPF problem. Subsequently, we derive an ele-
gant expression of the first-stage solution in terms of the input,
which will guide our neural network design in later sections.

Definition 1 (Permutation). A permutation of an index set
{1, . . . ,K} is a complete rearrangement of the integers 1
to K in a specific order. We use πi to denote the i-th
element of the permutation. For a vector (x1, . . . ,xK), we use
π(x1, . . . ,xK) to denote the permuted vector (xπ1 , . . . ,xπK ).

For example, a valid permutation of the index set {1, 2, 3, 4}
could be π = (3, 2, 1, 4), where π1 = 3, π2 = 2, π3 = 1
and π4 = 4. For a vector (x1,x2,x3,x4), the corresponding
permuted vector is π(x1,x2,x3,x4) = (x3,x2,x1,x4). This
represents one of the 4! = 24 possible permutations of this
four-element set.

In the two-stage stochastic AC-OPF problem, let d0 ∈ Rm
denote the first-stage net load and dk ∈ Rm represent the
net load in the k-th second-stage scenario, the target mapping
from loads to first-stage solution u0 ∈ Rn, denoted as P∗ :
Rm(K+1) → Rn, satisfying the following property:

Proposition 1. (Partial Permutation-Invariance Property)
Suppose the optimal solution of the two-stage stochastic AC-
OPF problem is unique for any load input (d0,d1, . . . ,dK)
in a region. Then, for any load input in the region, we must
have,

P∗(d0,d1, . . . ,dK) = P∗ (d0, π(d1, . . . ,dK)) , (13)

for any permutation π of {1, . . . ,K}. We say that P∗ is
partially permutation-invariant with respect to (d1, . . . ,dK).

Proposition 1, proved in Appendix D, formally establishes
the existence and uniqueness of the target mapping P∗ that our
neural network aims to learn, contingent upon the two-stage
stochastic AC-OPF problem having a unique optimal solution.
Besides, it rigorously proves the partial permutation-invariance
property of P∗, specifically demonstrating invariance with
respect to the ordering of second-stage load scenarios. This
provides the mathematical foundation for our subsequent
technical developments. Based on this property, we establish
a structural decomposition of the target mapping P∗, by
applying the Kolmogorov-Arnold theorem [66] in the scenario-
based two-stage stochastic AC-OPF problem setting.

Theorem 1. For the partially permutation-invariant mapping
P∗ : Rm(K+1) → Rn, where m is the dimension of di and n
is the dimension of u0, there exist two continuous mappings
ϕ : Rm → Rbϕ and ρ : Rm+bϕ → Rn for some bϕ ≤ K5m2,
such that P∗(d0,d1, . . . ,dK) = ρ

(
d0,
∑K
i=1 ϕ(di)

)
.

Theorem 1 is proved in Appendix E. The decomposition
in Theorem 1 suggests that the target mapping P∗ can be
represented by learning two separate mappings, ϕ and ρ. The
theoretical bound K5m2 in Theorem 1 represents a conser-
vative upper bound on the embedding dimension that may
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Fig. 1. Overview of DeepOPF-Stoc. First, the inputs in each second-stage scenario are fed separately into a shared neural network, denoted as ϕnn, to generate
their hidden representations. Next, these representations are summed to create an embedding z, which is then concatenated with the first-stage load d0 and
passed to another neural network, denoted as ρnn, to generate the first-stage independent variables u0, defined in Table II. This architectural design ensures that
the PPNN output remains invariant when second-stage scenarios are permuted, thereby effectively capturing and leveraging the partial permutation-invariance
property inherent in two-stage stochastic AC-OPF problem. We then use a standard neural network with a power flow solver structure [5], [65] to get complete
solutions of the two-stage stochastic AC-OPF problem. The u0 is concatenated with the inputs in each second-stage scenario and the first-stage scenario
and passed separately to a second-stage neural network, denoted as ψnn, to generate the independent variables for each scenario. Finally, these independent
variables are passed to a power flow solver to get the remaining dependent variables.

be required to learn a partially permutation-invariant mapping
in the worst-case scenario. However, this bound is generally
not tight for specific problem instances, as demonstrated in
similar contexts within the literature (see page 16 of [67] for
illustrative examples). Determining the minimal embedding
dimension required for our specific target mapping P∗ remains
an open theoretical challenge.

In our practical implementation, we adopt an empirical
approach that is standard in the field: we incrementally in-
crease the embedding dimension until achieving satisfactory
performance metrics, such as low cost differences and high
out-of-sample feasibility rates [67]. Through extensive exper-
imentation, we observe that setting the embedding dimension
comparable to the per-scenario load input dimension m, in-
dependent of the number of scenarios K, suffices to achieve
excellent performance.

Discussion: The two-stage stochastic AC-OPF problem
is non-convex, potentially yielding multiple optimal solu-
tions [49]. In this case, through the augmented learning
framework [49], it is straightforward to show that the aug-
mented mapping from the initial condition (starting point
utilized in the iterative solver) and load to the first-stage
solution is single-valued and partially permutation-invariant.
Consequently, our approach proposed in this paper can be
applied to learn this single-valued augmented mapping.

IV. DEEPOPF-STOC

In this section, we first provide an overview of our
DeepOPF-Stoc design. We then introduce the PPNN archi-
tecture in detail. Following this, we present the PPNN-aware
sampling algorithm to efficiently prepare the training data.
Finally, we describe the training process for DeepOPF-Stoc.

A. Overview

Following the structural representation in Section III-B, we
propose DeepOPF-Stoc as a PPNN-based approach to solve
the two-stage stochastic AC-OPF problem efficiently. Figure 1
illustrates the DeepOPF-Stoc architecture. Unlike vanilla
DNN designs that concatenate the load inputs in each scenario
into a single vector and feed it into an FCNN, DeepOPF-
Stoc feeds the inputs in each scenario separately into the
PPNN model to generate a set of independent variables of

TABLE II
SELECTED INDEPENDENT AND DEPENDENT VARIABLES FOR SCENARIO k.

Slack bus P-Q bus P-V bus

uk θ0k, v0k pdik, q
d
ik, i ∈ B pgik, vik, i ∈ G

xk pg0k, q
g
0k θik, vik, i ∈ B θik, q

g
ik, i ∈ G

the first-stage solution. These independent variables are then
concatenated with the inputs in each second-stage scenario
and passed separately to a second-stage NN to generate the
independent variables for each scenario. Finally, the indepen-
dent variables are passed to a power flow solver to get the
remaining dependent variables.

B. The DeepOPF-Stoc architecture

We exploit the partial permutation-invariance property of
the structural representation in Theorem 1 to design PPNN
as a principled architectural framework that orchestrates stan-
dard NN designs to learn the target mapping P∗ effectively,
with each component serving a specific purpose. The PPNN
architecture is shown in Figure 1. Instead of concatenating the
load inputs into a high-dimensional vector, PPNN first uses a
neural network, denoted as ϕnn, to process the inputs of each
second-stage scenario separately:

hk = ϕnn(dk), k = 1, . . . ,K, (14)

where dk is the load inputs of the k-th scenario. ϕnn is
an FCNN with ReLU activation functions to approximate
the continuous mapping ϕ in Theorem 1. Then, the hidden
representations (h1,h2, . . . ,hK) are aggregated through sum-
mation to get the embedding z =

∑K
k=1 hk. Then, we feed the

first-stage input d0 and the embedding z into another neural
network, denoted by ρnn, to obtain u0, the set of independent
variables in the first-stage solution:2

u0 = ρnn (d0, z) = ρnn

(
d0,

K∑
k=1

hk

)
, (15)

where ρnn is also an FCNN with ReLU activation functions to
approximate the continuous mapping ρ in Theorem 1.

2For ease of discussions, we define u0 as in Table II, including both the
independent variables in the first-stage solution and the first-stage load input.
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Fig. 2. A three-dimensional visualization of the samples obtained by the
PPNN-aware sampling algorithm. The target mapping is P(x) = x1 +
1
2
(x2 + x3 + x4), with the input domain set as [0, 1]4. To eliminate sample

redundancy, we employ the PPNN-aware sampling algorithm to sample from
the ordered space defined by x2 > x3 > x4. Consequently, the volume of
the sampling space is reduced by a factor of 3!.

Similar to [62], to get the second-stage solutions, we train
one DNN to solve multiple second-stage sub-problems by
learning a mapping ψnn(·) from any first-stage solution u0

and second-stage input dk to the second-stage solution,

uk = ψnn (u0,dk) , k = 1, . . . ,K. (16)

Finally, we solve the remaining dependent variables for each
scenario, as listed in Table II, using a power flow solver,
denoted as PF(·):

xk = PF (uk) , k = 0, . . . ,K. (17)

In our DeepOPF-Stoc design, we set the input and output
dimensions of ρnn, ϕnn and ψnn to be O(m), independent of the
number of second-stage scenarios. This effectively mitigates
the dimensionality explosion issue encountered in vanilla DNN
designs, leading to significantly reduced computational costs
during both training and inference.

Discussion: The PPNN architectural framework is inspired
by the function decomposition in Theorem 1, which mathemat-
ically demonstrates that the target mapping P∗ can be uniquely
decomposed into two interconnected sub-mappings with well-
defined structural properties. Each component of the PPNN
directly implements this theoretical decomposition and serves
an integral role in learning the target mapping accurately.
This makes component-wise ablation studies inapplicable, as
removing individual components would violate PPNN’s spe-
cific theoretical foundation for achieving partial permutation
invariance. Meanwhile, while alternative architectures, such as
sufficiently large FCNNs, can also achieve partial permutation-
invariance through different approaches, they typically face
dimensionality explosion issues as input dimensions grow
linearly with the number of second-stage scenarios. PPNN, on
the other hand, provides an efficient and principled approach
for capturing the partial permutation-invariance property.

C. The PPNN-aware sampling algorithm

To prepare data for training the PPNN, we design an
efficient PPNN-aware sampling algorithm that exploits the
permutation-invariance property of the structural representa-
tion in Theorem 1. Unlike widely used uniform/Gaussian
sampling strategies, which can inefficiently generate multiple

different samples that are essentially equivalent due to permu-
tation invariance, our approach avoids this redundancy.

For example, using uniform sampling, we may gen-
erate samples l1 ∈ N (d0,d1, . . . ,dK) and l2 ∈
N (d0, π (d1, . . . ,dK)), where π is a permutation of
{1, . . . ,K} and N (x) represents a neighborhood around x
with nearly identical first-stage solutions. l1 and l2, while
different in their raw representation, map to nearly identical
outputs, with P∗(l1) ≈ P∗(l2). This creates redundancy in
the training data, leading to inefficient use of computational
resources, as the PPNN is repeatedly exposed to essentially the
same information in different forms. Furthermore, the PPNN
is learning multiple representations of the same underlying
relationship, which is unnecessary and potentially detrimental
to generalization.

Based on the above observation, we propose a novel PPNN-
aware sampling algorithm to prepare the training data effi-
ciently. Instead of sampling uniformly at random from the
entire input domain, our algorithm targets a representative
subspace of it to exclude redundant permutations. This is
achieved by sampling (d0,d1, . . . ,dK) from the following
joint distribution:

fD0,...,DK
(d0, . . . ,dK) =

{
K!

∏K
i=0 fDi

(di), if d1
1 > . . . > d1

K ,

0, otherwise.

Here, fD0,...,DK
(d0, . . . ,dK) is the joint distribution of

(d0, . . . ,dK) and fDi
(di) is the probability distribution of

vector di, with d1
i denoting its first element. By sampling

from the joint distribution fD0,...,DK
(d0, . . . ,dK)3, we focus

on samples that satisfy the order requirement. All the per-
muted variants of the obtained samples will violate this order
requirement and be excluded from the sampling process. In
this way, we eliminate the redundant samples when preparing
the training data. As the number of possible permutations for
an input is K!, we can improve the sampling efficiency by this
factor. See Figure 2 as an illustration of the obtained samples.

D. DeepOPF-Stoc training

Based on the training data obtained using the PPNN-aware
sampling algorithm, we train DeepOPF-Stoc in a supervised
manner. The loss function is designed as follows:

L = w1Lcost + w2Lpen + w3Lpred, (18)

where Lpred represents the mean squared error between the
predicted solution and the ground truth in the training data.
Lpen is the violation of constraints in (6)-(11). Lcost represents
the cost difference, calculated as the mean absolute error
between the generation cost of the generated solutions and
the ground truth. w1, w2, and w3 are three empirically decided
coefficients. By minimizing this loss function, we aim to guide
the PPNN toward generating feasible solutions that closely
approximate the optimal solutions.

We use the standard Adam optimizer to train DeepOPF-
Stoc [68]. The gradient of L with respect to the parameters
of ψnn, denoted as θψ , is given by:

3We use the standard Markov Chain Monte Carlo approach to sample from
the joint distribution fD0,...,DK

(d0, . . . ,dK).
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∇θψL =

K∑
k=1

[(
∂L
∂uk

+
∂L
∂xk

∂xk
∂uk

)
∂uk
∂θψ

]
.

Here, ∂L/∂uk and ∂L/∂xk can be directly calculated based
on the explicit form of the loss function in (18). ∂uk/∂θψ is
the gradient of ψnn’s output uk to its parameters θψ , which can
be calculated using standard backpropagation based on (16).
∂xk/∂uk is calculated using the implicit gradient approach
in [5]. Next, we calculate the gradient of L to the parameters
of ρnn, denoted as θρ, as:

∇θρL =

K∑
k=0

[(
∂L
∂uk

+
∂L
∂xk

∂xk
∂uk

)
∂uk
∂u0

∂u0

∂θρ

]
.

Here, ∂uk/∂u0 is the gradient of neural network ψnn’s output
uk to its input u0, and ∂u0/∂θρ is the gradient of neural
network ρnn’s output u0 to its parameters θρ. Based on (16)
and (15), both gradients can be calculated using the standard
backpropagation. Finally, we compute the gradient of L to the
parameters of ϕnn, denoted as θϕ:

∇θϕL =
K∑
k=0

[(
∂L
∂uk

+
∂L
∂xk

∂xk
∂uk

)
∂uk
∂u0

∂u0

∂z

(
K∑
i=1

∂z

∂hi

∂hi
∂θϕ

)]
.

Here, ∂u0/∂z is the gradient of neural network ρnn’s output
u0 with respect to its input z, ∂z/∂hi equals to 1 as z =∑K
k=1 hk, and ∂hi/∂θϕ is the gradient of neural network ϕnn’s

output z with respect to its parameters θϕ. Based on (15)
and (14), we can use standard backpropagation techniques to
compute both ∂u0/∂z and ∂hi/∂θϕ.

V. PPNN PERFORMANCE ANALYSIS

In this section, we analyze the capability of PPNN to
approximate the load to first-stage solution mapping P∗ of
the two-stage stochastic AC-OPF problem. The results justify
and also guide the design of ρnn and ϕnn in DeepOPF-Stoc.

Definition 2. Let l := (d0,d1, . . . ,dK) ∈ D denote the load
input, where each dk ∈ Rm and D represents the load domain.
We define the error of approximating P∗ : Rm(K+1) → Rn
by a composite mapping consisting of continuous mappings
ϕ : Rm → Rbϕ and ρ : Rm+bϕ → Rn as

ϵ(bϕ)
△
= inf
ϕ∈F
ρ∈Q

sup
l∈D

∥∥∥∥∥P∗(l)− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

, (19)

where bϕ is a given embedding dimension. F is the set of all
continuous mappings from Rm to Rbϕ and Q denotes the set
of all continuous mapping from Rm+bϕ to Rn.

Note that according to Theorem 1 in Section III-B, the
error ϵ(bϕ) in (19) is zero when bϕ ≥ K5m2. For smaller
bϕ, however, the approximation error may be positive.

The following theorem states that there exists a PPNN that
can approximate P∗ well.

Theorem 2. For any continuous mappings ρ∗ and ϕ∗ that
achieve the minimal ϵ(bϕ) in (19), there exists a PPNN

composed of neural networks ρnn and ϕnn, such that its
approximation error to P∗, defined as

ϵp
△
= inf
ϕ∈H
ρ∈V

sup
l∈D

∥∥∥∥∥P∗(l)− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

,

is bounded by

ϵ(bϕ) ≤ ϵp ≤ ϵ(bϕ) +K Lip(ρ∗)ϵϕnn + ϵρnn ,

where H and V are the set of functions represented by ϕnn
and ρnn, respectively. Lip(ρ∗) denotes the Lipschitz constant
of ρ∗, and ϵϕnn and ϵρnn are given by

ϵϕnn

△
= inf
ϕ∈H

sup
x∈X

∥ϕ∗(x)− ϕ(x)∥2 ,

ϵρnn

△
= inf
ρ∈V

sup
y∈Y

∥ρ∗(y)− ρ(y)∥2 ,

where X = Rm and Y = Rm+bϕ are the domains of ϕ∗ and
ρ∗, respectively.

Theorem 2, proved in Appendix F, bounds the approxima-
tion error of PPNN to the target mapping P∗. It provides
strong justification for choosing the particular PPNN archi-
tecture to learn the target mapping P∗.

First, it establishes the fundamental approximation capabil-
ity of our PPNN architecture. With sufficient parameters in ρnn
and ϕnn, our PPNN can theoretically approximate the target
mapping P∗ to within the fundamental error lower bound
ϵ(bϕ). This serves a similar purpose to the classical universal
approximation theorem for fully connected neural networks,
providing practitioners with confidence that the PPNN ar-
chitecture is fundamentally capable of learning the target
mapping, rather than being limited by structural constraints.

Second, the theorem demonstrates that the overall PPNN ap-
proximation error ϵp scales linearly with the number of second-
stage scenarios K, contrasting favorably with the exponential
growth typical in standard FCNNs. This theoretical scaling
advantage provides important insights into why PPNNs should
be preferred for this class of problems. Our simulation results
in Section VI-C, particularly Figure 4 and the accompanying
discussions, corroborate this theoretical advantage and help
explain the superior practical performance we observe.

VI. NUMERICAL EXPERIMENTS

A. Experimental setup

We evaluated the performance of DeepOPF-Stoc on modi-
fied IEEE 118-bus and synthetic 793-bus test systems from the
Power Grid Library [69]. To simulate renewable generation,
we modify the test system by adding negative load demand
in selected buses (see our test cases in [70]). All simulations
were conducted in a CentOS 7.6 environment with a quad-
core (E5-2609@2.50GHz) CPU and 59GB RAM. We use the
standard MIPS solver to solve the scenario-based two-stage
stochastic AC-OPF problem and use the obtained solutions as
ground truths.4 For each test case, we create 10,000 instances

4We note that the scenario-based formulation transforms the original two-
stage stochastic AC-OPF problem into a deterministic one, which is solvable
using the MIPS solver.
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for training and 2,500 for testing. We implement DeepOPF-
Stoc based on the PyTorch platform, with hyperparameters
summarized in Table III. We use the following feasibility-
recovery mechanism (FRM) to ensure solution feasibility if a
feasible solution can be successfully identified: (i) apply NN-
based bisection projection to recover feasibility when possible
(see [55]), and (ii) employ the obtained solution as a warm-
start point for MIPS and explore alternative initial conditions if
convergence fails when NN cannot identify a feasible solution.

We introduce six scenario generation schemes: three based
on Gaussian distributions (with low, medium, and high levels
of uncertainty) and three based on Uniform-Laplacian distri-
butions (also with low, medium, and high uncertainty levels)
to evaluate the performance of DeepOPF-Stoc over a broad
range of uncertainty distributions and levels in real-world grid
operations.

Gaussian Distribution: (i) first-stage: Load and renewable
generation are sampled uniformly at random within [80%,
120%] of their default values associated with their test cases.
(ii) second-stage: Load and renewable generation follow
Gaussian distributions,5 modeling the aggregated load con-
sumption of numerous consumers and distributed renewable
generation. The mean of the Gaussian distribution is sampled
uniformly at random within [80%, 120%] of the nominal
values associated with their test cases. Informed by existing
studies [29], [33], we vary the standard deviation as 5%, 10%,
and 15% of the corresponding mean to represent low, medium,
and high uncertainty levels.

Uniform-Laplacian Distribution: (i) first-stage: Load and
renewable generation are sampled uniformly at random within
[80%, 120%] of their default values associated with their test
cases. (ii) second-stage: The load follows a uniform distri-
bution with the mean sampled uniformly at random within
[80%, 120%] of the nominal values associated with their
test cases, modeling short-term load fluctuations with equal
probability. The lower and upper bounds of the distribution are
set to 80% and 120% of the corresponding mean, respectively.
The renewable generation is sampled from the Laplacian
distribution, modeling renewable generation with a high prob-
ability of extreme fluctuations. The location parameters of the
Laplacian distribution are sampled uniformly at random within
[80%, 120%] of the default values. Similar to the Gaussian
distribution, we vary the scale parameter as 10%, 15%, and
20% of the corresponding location parameter to represent low,
medium, and high uncertainty levels.

In the test process, we examine the performance of the
proposed approach on distributions from the same parametric
families but with parameter values that differ from those
encountered during training, which represents realistic opera-

5We employ non-truncated Gaussian distributions instead of truncated ones
for two key reasons. First, non-truncated Gaussian distributions are extensively
established in power systems literature as the standard modeling approach for
load demand and renewable generation uncertainties, ensuring our evaluation
reflects realistic operational conditions. Second, including tail events provides
a rigorous stress test of our method’s resilience under challenging scenarios
that may occur in real-world operations. Truncating these distributions could
artificially remove extreme but realistic events, potentially leading to overly
optimistic performance assessments that may not reflect true operational
robustness.

TABLE III
DNN PARAMETER SETTINGS.

# Bus
# hidden

layers
# hidden
neurons

Batch
size

Training
epoch

Learning
rate w1 w2 w3 bϕ

118 8 128 32 20,000 1e-3 0.3 0.5 1 10

793 8 512 16 5,000 1e-3 0.3 2 1 100

tional conditions where distribution parameters may shift over
time.

Baseline methods: To provide performance benchmarks,
we compare DeepOPF-Stoc against the following baseline
approaches: (i) the standard MIPS solver for the scenario-
based two-stage stochastic AC-OPF problem [2], which serves
as a high-quality local benchmark; (ii) the chance-constrained
AC-OPF approach (introduced in detail in Appendix H);6

(iii) the deterministic model, which simplifies the scenario-
based approach by considering the future uncertainty as a
deterministic vector. All baseline methods are implemented
in Python.

Evaluation metrics: Following standard practice for
scenario-based approaches [23], [71], we evaluate the per-
formance of each method using an out-of-sample analysis.
For each first-stage solution obtained, we randomly generate
K = 1000 out-of-sample scenarios from the in-sample distri-
bution. For each first-stage solution and second-stage scenario,
the second-stage sub-problem (Appendix G) is solved using a
standard MIPS solver [2], one of the state-of-the-art solvers
for solving non-convex optimization problems. We consider
the following evaluation metrics: (i) Out-of-sample feasibility
rate (ηoos): the proportion of out-of-sample scenarios for
which a feasible second-stage solution exists.7 (ii) Out-of-
sample cost (Coos): the sum of the first-stage generation cost
and the average second-stage cost over feasible out-of-sample
scenarios (scenarios that lead to infeasibility in the second-
stage subproblem are excluded from the averaging). (iii) Run-
time (t): the runtime for solving the two-stage stochastic AC-
OPF problem. (iv) Value of the stochastic solution (VSS):
The benefit of the method over the deterministic baselines.
See Appendix A for detailed mathematical definitions of the
evaluation metrics.

B. Performance across varying uncertainty

We begin our analysis with the modified IEEE 118-bus
systems to show of the performance of DeepOPF-Stoc under
various uncertainty levels and distributions. The sampling
process of load and renewable generation are described in
Section VI-A. The number of in-sample scenarios is set to
25. This choice of in-sample sizes reflects a balance between
uncertainty representation and computational tractability when
preparing the training data.

6We selected chance-constrained optimization instead of the robust opti-
mization as our baseline for several methodological advantages: it generalizes
robust optimization by relaxing constraint satisfaction probability from unity
to 1−δ (where δ represents operator-specified risk tolerance), accommodates
both bounded and unbounded uncertainty sets more naturally, and enjoys
broader adoption within the power systems research community.

7The out-of-sample feasibility rate and out-of-sample cost are two comple-
mentary metrics to evaluate the cost efficiency and operational reliability of
the obtained solutions.
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Fig. 3. Performance comparison of various methods under diverse uncertainty levels and distributions on the modified IEEE 118-bus test system.
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Fig. 4. MSE comparison of different methods across varying in-sample/network sizes.

Figure 3 shows that DeepOPF-Stoc consistently gener-
ates feasible first-stage solutions across various uncertainty
levels and distributions, achieving out-of-sample feasibility
rates comparable to MIPS while maintaining a cost difference
within 0.95%.8 Furthermore, DeepOPF-Stoc achieves a re-
markable two-order-of-magnitude speedup over MIPS and a
three-order-of-magnitude speedup over the chance-constrained
AC-OPF approach. As compared to the deterministic model
approach, DeepOPF-Stoc achieves a significantly higher out-
of-sample feasibility rate, a slightly higher out-of-sample cost,
and a high VSS, while being one order of magnitude faster.

We also observed that the deterministic model yields the
lowest out-of-sample feasibility among the four methods. This
highlights the significance of considering uncertainties in the
optimization process when managing the increasing variability
of load demand and renewable generation. Additionally, with
the increasing level of uncertainties, all four methods exhibit
either lower out-of-sample feasibilities or higher out-of-sample
costs, as higher uncertainty levels either require increased
reserves or lead to lower out-of-sample feasibility rates.

8We note that this cost difference is controllable and systematically manage-
able. The cost difference is fundamentally determined by the approximation
capability of our PPNN model. Given sufficient training data, users can
achieve an arbitrarily small cost difference by enhancing the PPNN’s ap-
proximation capacity through increased network parameters and architectural
sophistication.

C. PPNN approximation error

We conduct simulations on the modified IEEE 118-bus
test system to analyze the approximation error of PPNN to
our target mapping P∗ by varying the number of in-sample
scenarios K from 1 to 100 and setting the architectures of
ϕnn and ρnn as [236, 64, rϕ, 64, 236] and [472, 64, rρ, 64, 107],
where rρ and rϕ denote the number of hidden neurons in
the corresponding hidden layer. We train the PPNN model by
minimizing the mean squared error (MSE) between its output
and the ground truth and take the MSE over the training dataset
as the empirical approximation error. We ensure convergence
by extending training to 100,000 epochs. The uncertainties in
load and renewable generation are modeled using the Gaussian
distribution with the high uncertainty level, in which the vari-
ance of the Gaussian distribution is 15% of the corresponding
mean, described in Section VI-A.

We first compare the approximation capability of PPNN
against vanilla DNN designs. The latter concatenates the first-
stage and second-stage inputs as a high-dimensional vector
and feeds it into an FCNN. Using rρ = 64 and varying
rϕ ∈ {64, 128, 256}, we evaluate MSE of PPNN across
different ϕnn sizes. For each PPNN configuration, the FCNN
is designed with a comparable number of tunable parameters.
To isolate the architectural effects, we implement experiments
using (i) a standard random sampling strategy (sampling
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randomly from Gaussian distributions) for FCNN, and (ii)
our proposed PPNN-aware sampling strategy for PPNN, while
maintaining the same total number of training samples for both
models. As shown in Figure 4. (a), the approximation error of
FCNN is two orders of magnitude larger than that of PPNN,
highlighting the advantage of our DeepOPF-Stoc design in
learning the target mapping P∗.

We then investigate the influence of ρnn size on the ap-
proximation error of PPNN by setting rρ ∈ {8, 64} and
rϕ ∈ {64, 256}. As shown in Figure 4. (b), the MSE of PPNN
increases approximately linearly with the K. For a fixed rϕ,
the slope of the MSE with respect to K remains consistent,
while the entire curve shifts upward when rρ decreases. This
behavior aligns with our theoretical analysis in Theorem 2,
where the approximation errors of ϕnn and ρnn determine the
slope and vertical position of the curve,9 respectively.

Finally, we investigate the influence of the hidden dimension
bϕ on the PPNN approximation error by fixing rϕ and rρ at 64,
and varying bϕ from 1 to 50. Figure 4. (c) illustrates that the
PPNN approximation error decreases rapidly with increasing
size of bϕ and a relatively small hidden dimension (e.g., bϕ =
10) is sufficient to achieve a high accuracy. This shows the
effectiveness of our DeepOPF-Stoc design in addressing the
dimensionality explosion issue of the scenario-based two-stage
stochastic AC-OPF problem.

D. Scalability of DeepOPF-Stoc

We conduct simulations on a large 793-bus test system to
evaluate the scalability of DeepOPF-Stoc. The number of in-
sample scenarios is set to 5, 10, or 15. We model uncertainty
in load and renewable generation using the Gaussian distri-
bution with a medium uncertainty level scheme described in
Section VI-A.

Simulation results in Table IV show that MIPS requires over
2,000 seconds on average to solve the two-stage stochastic AC-
OPF problem for the 793-bus test system with 15 scenarios.
Such runtimes are slow for real-time operations in grids with
a high penetration of renewable energy, where control actions
must be updated frequently, e.g., every few minutes, to respond
to rapid generation changes [72]. In contrast, our proposed
method is capable of solving the same problem with up to
two orders of magnitude speedup, with a cost difference within
0.52% and a high out-of-sample feasibility rate. This marks a
significant advancement toward real-time decision-making for
power system operation under uncertainty.

Among the four methods, the deterministic model exhibits
the lowest out-of-sample feasibility rate among the com-
pared methods, highlighting the importance of incorporating
uncertainty into the problem formulation. As compared to
the chance-constrained AC-OPF approach, DeepOPF-Stoc
achieves comparable out-of-sample costs and out-of-sample
feasibility rates while being up to three orders of magnitude
faster. Furthermore, the speedup achieved by DeepOPF-Stoc

9Our theoretical analysis employs the maximal error to measure the approx-
imation error of PPNN. In the simulation, we observed similar behaviors for
the mean squared error in response to variations in K and the approximation
errors of ϕnn and ρnn.

increases with the number of in-sample scenarios, further
demonstrating its scalability.

We also observe that the out-of-sample feasibility rate
of MIPS improves as the number of in-sample scenarios
increases, which is consistent with the stochastic programming
theory. While further increasing the in-sample size would
likely yield additional feasibility improvements, our current
computational resource constraints limit our ability to generate
the extensive labeled training datasets required for such ex-
periments. Our present experimental design strikes a balance
between computational tractability and effective uncertainty
representation by selecting scenario counts that achieve high
out-of-sample feasibility rates while maintaining reasonable
computational requirements.

VII. CONCLUSION AND FUTURE DIRECTION

We propose DeepOPF-Stoc as the first neural-network
approach to solve the essential two-stage stochastic AC-OPF
problem efficiently. We first identify the partial permutation-
invariance property of the mapping from load to the first-stage
solution. Based on this property, we (i) develop a PPNN-
based approach to learn such mappings without suffering from
the dimensionality explosion issue in vanilla designs, and (ii)
design a PPNN-aware sampling algorithm to prepare the train-
ing data efficiently. Our approach generates feasible two-stage
stochastic AC-OPF solutions with comparable in-sample and
out-of-sample feasibility, achieving a cost difference within
0.95% while providing up to two orders of magnitude speedup
compared to iterative methods.

Beyond the two-stage stochastic AC-OPF problem, our
DeepOPF-Stoc framework is also applicable to two-stage
stochastic DC-OPF problems. Future research directions in-
clude: (i) Extending DeepOPF-Stoc to unsupervised learning
schemes; (ii) Integrating adversarial training techniques or
Bayesian neural networks into our framework to further im-
prove robustness against unseen distributions; (iii) Extending
our design to solve multi-stage stochastic AC-OPF problems;
(iv) Extending our framework to stochastic AC-OPF problems
with recourse mechanisms to recover feasibility when the
second-stage subproblem is infeasible; and (v) Exploring the
potential of CNN-/GNN-based approaches for solving the two-
stage stochastic AC-OPF problem.
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APPENDIX A
MATHEMATICAL DEFINITION OF THE EVALUATION

METRICS

Let n denote the number of test instances, and K the
number of out-of-sample scenarios per instance. For each test
instance j ∈ {1, . . . , n} and scenario k ∈ {1, . . . ,K}, we first
define C1,j as the first-stage cost for instance j and C2,j,k

as the second-stage cost for instance j under scenario k. If
the second-stage subproblem is infeasible for scenario k of
instance j, C2,j,k is set to 0. We also define Ij,k as an indicator
that equals 1 if the second-stage subproblem is feasible for
instance j under scenario k, and 0 otherwise. Based on the
above definitions, we define the evaluation metrics as follows:

Out-of-sample cost (Coos): the out-of-sample cost is the
sum of the first-stage generation cost and the average second-
stage cost over feasible out-of-sample scenarios:

Coos =
1

n

n∑
j=1

[
C1,j +

1∑K
k=1 Ij,k

K∑
k=1

Ij,k · C2,j,k

]
.

If a scenario leads to infeasibility in the second-stage sub-
problem, it is excluded from the averaging process in the
calculation of the out-of-sample cost. Based on the out-of-
sample cost, we can calculate the cost difference with respect
to the MIPS solution as follows:

Cdif =
Cmethod
j,oos − CMIPS

j,oos

CMIPS
j,oos

.

where Cmethod
j,oos and CMIPS

j,oos denote the out-of-sample cost for
instance j using the evaluated method and MIPS, respectively.

Out-of-sample feasibility rate (ηoos): The out-of-sample
feasibility rate measures the proportion of out-of-sample sce-
narios for which a feasible second-stage solution exists, which
is calculated as follows:

ηoos =
1

nK

n∑
j=1

K∑
k=1

Ij,k.

Runtime (t): The runtime is the execution time of the
evaluated method for solving the two-stage stochastic AC-
OPF problem. Based on this, we calculate two complementary
speedup metrics to provide a comprehensive performance
evaluation.

The instance-wise mean speedup (ηIMS) captures the av-
erage of individual instance speedups, which provides insight
into the method’s relative performance across diverse test
instances:

ηIMS =
1

n

n∑
j=1

tMIPS
j

tmethod
j

.

where tmethod
j and tMIPS

j denote the runtime for instance j using
the evaluated method and MIPS, respectively.

https://github.com/Mzhou-cityu/DeepOPF-Stoc
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Fig. 5. Performance of DeepOPF-Stoc under different penalty weights.

The aggregate speedup (ηAS) represents the ratio of total
runtimes across all instances, which reflects the overall com-
putational savings when processing large batches of instances:

ηAS =

∑n
j=1 t

MIPS
j∑n

j=1 t
method
j

.

Value of the stochastic solution (VSS): We propose the
following generalized VSS metric that accounts for both cost
and feasibility considerations:

VSS =
(
Cdet

oos − λ · ηdet
oos

)
−
(
Cmethod

oos − λ · ηmethod
oos

)
,

where Cdet
oos and Cmethod

oos represent out-of-sample costs for the
deterministic model and our method respectively, while ηdet

oos
and ηmethod

oos are their corresponding out-of-sample feasibility
rates. The parameter λ ≥ 0 weights feasibility relative to cost
(we use λ = 105 in all simulations). This formulation provides
a comprehensive assessment of stochastic solution benefits
by simultaneously evaluating cost efficiency and constraint
satisfaction performance.

APPENDIX B
ANALYSIS OF OUT-OF-SAMPLE FEASIBILITY

PERFORMANCE

In our simulation, we observed that DeepOPF-Stoc
achieves a higher out-of-sample feasibility rate than MIPS.
We understand that this phenomenon is due to the different
optimization behaviors of the two approaches. MIPS, as a
cost-minimizing solver, tends to produce solutions positioned
near the boundary of the feasible region to achieve optimal
economic performance. While this strategy is economically
efficient, it can result in reduced robustness when facing out-
of-sample uncertainty realizations. In contrast, our DeepOPF-
Stoc approach incorporates constraint enforcement mecha-
nisms that guide solutions toward more conservative positions

within the feasible region, trading modest increases in gener-
ation costs for enhanced operational robustness.

To provide rigorous empirical validation of this explanation,
we conducted additional ablation experiments by removing
the constraint enforcement mechanism on the IEEE 118-bus
test system with 25 in-sample scenarios, where uncertainty
in load and renewable generation is modeled as the Gaus-
sian distribution with a medium uncertainty level scheme
described in Section VI-A. The results in Table V demonstrate
that DeepOPF-Stoc without constraint enforcement, indeed,
achieves lower out-of-sample feasibility rates than MIPS,
thereby confirming our hypothesis. This comparison clearly
establishes that the constraint enforcement mechanism is the
key component responsible for DeepOPF-Stoc’s superior
out-of-sample feasibility performance.

TABLE V
OUT-OF-SAMPLE FEASIBILITY RATES UNDER DIFFERENT SETTINGS.

Setting With constraint
enforcement

Without constraint
enforcement MIPS

ηoos (%) 99.8 96.6 97.4

APPENDIX C
PERFORMANCE WITH DIFFERENT PENALTY WEIGHTS

We conduct simulations on the IEEE 118-bus test system
with 25 in-sample scenarios with uncertainty modeled as the
Gaussian distribution with a medium uncertainty level de-
scribed in Section VI-A, to systematically investigate whether
and how the trade-off between cost efficiency and solution
feasibility can be dynamically controlled through penalty
weight adjustments in the loss function ((18), page 6). We
designed comprehensive experiments with two complementary
configurations.
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Isolated penalty weight analysis (without FRM): To
isolate the direct effect of penalty weights, we first eval-
uated DeepOPF-Stoc performance across different penalty
weight values with the feasibility recovery mechanism (FRM)
disabled. The results in Figure 5 demonstrate a clear and
controllable trade-off relationship: increasing penalty weights
improves out-of-sample feasibility rates at the cost of slightly
higher generation costs, while decreasing penalty weights en-
hances cost performance but reduces feasibility. This confirms
that penalty weights function as an effective tuning mechanism
for directly controlling the feasibility-optimality balance.

Complete framework analysis (with FRM enabled):
We conducted a second experimental series to understand
how penalty weights indirectly influence cost efficiency when
feasibility is guaranteed through our full DeepOPF-Stoc
framework. As expected, as shown in Figure 5, feasibility rates
remain consistently high across all penalty weight settings
due to the corrective function of FRM. Interestingly, the cost
difference exhibits a U-shaped pattern as penalty weights vary,
which can be explained through three distinct operational
regimes:

(i) Low penalty weights: PPNN frequently generates infea-
sible outputs, necessitating substantial feasibility restoration
operations that result in significant cost increases.

(ii) Moderate penalty weights: PPNN learns to produce
solutions that balance proximity to the feasible region with
cost minimization objectives, achieving both high feasibility
and low cost differences.

(iii) High penalty weights: The penalty term dominates the
loss function, yielding conservative solutions with excellent
feasibility but compromised economic efficiency.

These complementary experimental analyses establish that
penalty weights provide effective control over the feasibility-
optimality trade-off, offering system operators the flexibility to
adapt solution characteristics to varying operational priorities.

APPENDIX D
PROOF OF PROPOSITION 1

Proof. We aim to prove that the input to first-stage solution
mapping P∗ in the two-stage stochastic AC-OPF problem is
partially permutation-invariant with respect to the second-stage
scenarios. For notational convenience, we express the scenario-
based two-stage stochastic AC-OPF problem in the following
compact form:

min F (ζ0) +
1

K

K∑
k=1

F (ζk) (20)

s.t. G (ζk,dk) = 0, k = 0, . . . ,K, (21)
H (ζk,dk) ≤ 0, k = 0, . . . ,K, (22)
|ζk − ζ0| ≤ ∆, k = 1, . . . ,K, (23)

var. ζk, k = 0, . . . ,K. (24)

where ζk = (pgik, q
g
ik, vik, θik)i∈B and dk are the decision

variables and load inputs at scenario k, respectively. F (·)
corresponds to the quadratic generation cost function in (1),
and constraints (21)-(23) denote power balance equations in

(2)-(5), operational limits in (6)-(10), and ramping constraints
in (11), respectively.
Assumption: For any input (d0,d1, . . . ,dK) from the load
domain, the two-stage stochastic AC-OPF problem has a
unique optimal solution.

Let (ζ∗
0, ζ

∗
1, . . . , ζ

∗
K) be the unique optimal solution for load

input (d0,d1, . . . ,dK). For any permutation π of scenario in-
dices {1, . . . ,K}, we need to show that ζ∗

0 remains unchanged
when the second-stage scenarios are permuted.

Step 1 (Feasibility): For the permuted input
(d0,dπ1 , . . . ,dπK ), the solution (ζ∗

0, ζ
∗
π1
, . . . , ζ∗

πK ) is
feasible because:

• The first-stage constraints are identical: G(ζ∗
0,d0) = 0

and H(ζ∗
0,d0) ≤ 0.

• Since π is a complete rearrangement of the integers 1 to
K in a specific order, we have πk ∈ {1, . . . ,K} for all
k ∈ {1, . . . ,K}. Thus, the second-stage constraints are
satisfied: G(ζ∗

πk
,dπk) = 0 and H(ζ∗

πk
,dπk) ≤ 0 for k =

1, . . . ,K. For the same reason, the coupling constraints
remain valid: |ζ∗

πk
− ζ∗

0| ≤ ∆ for k = 1, . . . ,K.
Step 2 (Optimality by Contradiction): Suppose there

exists a different solution (ζ′
0, ζ

′
1, . . . , ζ

′
K) that is feasible

for the permuted input (d0,dπ1
, . . . ,dπK ) and has a lower

objective value than (ζ∗
0, ζ

∗
π1
, . . . , ζ∗

πK ):

F (ζ′
0) +

1

K

K∑
k=1

F (ζ′
k) < F (ζ∗

0) +
1

K

K∑
k=1

F (ζ∗
πk
). (25)

Let π−1 denote the inverse permutation of π, such that if
j = πk, then π−1

j = k for all k, j ∈ {1, . . . ,K}. By the
same reasoning as Step 1, solution (ζ′

0, ζ
′
π−1

1
, . . . , ζ′

π−1
K
) is

feasible for the original input (d0,d1, . . . ,dK). Furthermore:

F (ζ′
0) +

1

K

K∑
k=1

F (ζ′
π−1

k
) = F (ζ′

0) +
1

K

K∑
k=1

F (ζ′
k)

< F (ζ∗
0) +

1

K

K∑
k=1

F (ζ∗
πk
)

= F (ζ∗
0) +

1

K

K∑
k=1

F (ζ∗
k). (26)

Thus, we find a feasible solution (ζ′
0, ζ

′
π−1

1
, . . . , ζ′

π−1
K
)

for input (d0,d1, . . . ,dK) with a lower generation cost
than (ζ∗

0, ζ
∗
1, . . . , ζ

∗
K). This contradicts the assumption that

(ζ∗
0, ζ

∗
1, . . . , ζ

∗
K) is the unique optimal solution for the original

input (d0,d1, . . . ,dK). Therefore, (ζ∗
0, ζ

∗
π1
, . . . , ζ∗

πK ) must be
optimal for the permuted input. By the uniqueness assump-
tion, it is the unique optimal solution. Hence, the first-stage
solution ζ∗

0 remains invariant to permutations of second-stage
scenarios.

Recall that the mapping P∗ maps (d0,d1, . . . ,dK) to the
optimal first-stage decision ζ∗

0 for the two-stage stochastic AC-
OPF problem. Since we have shown that ζ∗

0 remains the same
when second-stage scenarios are permuted, we have:

P∗(d0,d1, . . . ,dK) = P∗(d0, π(d1, . . . ,dK)), (27)

for any permutation π of {1, . . . ,K}. This proves the partial
permutation-invariance property of P∗.
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APPENDIX E
PROOF OF THEOREM 1

Proof. We aim to prove that for the partially permutation-
invariant mapping P∗ : Rm(K+1) → Rn, there exist two
continuous mappings ϕ : Rm → Rbϕ and ρ : Rm+bϕ → Rn

such that P∗(d0,d1, . . . ,dK) = ρ
(
d0,
∑K
k=1 ϕ(dk)

)
, where

dk ∈ Rm for all k ∈ {0, . . . ,K} and the embedding
dimension is bounded by bϕ ≤ K5m2.

First, we define a power mapping of degree K that trans-
forms a scalar into a vector of its powers:

ψK : R → RK , ψK(z) = [z z2 . . . zK ]T . (28)

Using the power mapping, we construct a feature transfor-
mation function ϕ : Rm → RNK that applies multiple linear
projections followed by power mappings:

ϕ(x) = [ψK(wT
1 x), ψK(wT

2 x), . . . , ψK(wT
Nx)], (29)

where w1, . . . ,wN ∈ Rm are linear weights.
We say two inputs (d1, . . . ,dK), (d′

1, . . . ,d
′
K) are equiva-

lent if there exists a permutation π of {1, . . . ,K}, such that
(d1, . . . ,dK) = π(d′

1, . . . ,d
′
K). We denote this equivalence

as (d1, . . . ,dK) ∼ (d′
1, . . . ,d

′
K).

According to Theorem 3.1 of [73], we can construct a set
of N linear weights w1, . . . ,wN with N ≤ K4m2 and a
summation embedding Φ : RmK → RNK :

Φ(d1, . . . ,dK) =

K∑
k=1

ϕ(dk), (30)

such that, for all (d1, . . . ,dK), (d′
1, . . . ,d

′
K),

Φ(d1, . . . ,dK) = Φ(d′
1, . . . ,d

′
K) implies (d1, . . . ,dK) ∼

(d′
1, . . . ,d

′
K). Furthermore, there exists a continuous

function Φ−1 : RNK → RmK , such that
Φ−1 ◦ Φ(d1, . . . ,dK) ∼ (d1, . . . ,dK) [73].

Leveraging this result, we can construct a universal repre-
sentation function ρ as:

ρ(d0, s) = P∗(d0,Φ
−1(s)), (31)

where P∗ is our target mapping, d0 ∈ Rm and s ∈ RNK .
Based on this construction, we have:

ρ

(
d0,

K∑
k=1

ϕ(dk)

)
= P∗

(
d0,Φ

−1

(
K∑
k=1

ϕ(dk)

))
= P∗ (d0,Φ

−1 ◦ Φ(d1, . . . ,dK)
)

= P∗(d0,d
′
1, . . . ,d

′
K),

where (d′
1, . . . ,d

′
K) ∼ (d1, . . . ,dK). Based on the partial

permutation-invariance property of P∗, we have:

ρ

(
d0,

K∑
k=1

ϕ(dk)

)
= P∗(d0,d

′
1, . . . ,d

′
K)

= P∗(d0,d1, . . . ,dK). (32)

The resulting embedding dimension is bϕ = K · N . As
N ≤ K4m2, we have bϕ ≤ K5m2.

APPENDIX F
PROOF OF THEOREM 2

Proof. We aim to prove that, for any continuous mappings
ρ∗ and ϕ∗ that achieve the infimum of ϵ(bϕ), there exists a
PPNN composed of neural networks ρnn and ϕnn, such that its
approximation error to P∗ is bounded by:

ϵ(bϕ) ≤ ϵp ≤ ϵ(bϕ) +K · Lip(ρ∗)ϵϕnn + ϵρnn . (33)

where

ϵ(bϕ)
△
= inf
ϕ∈F
ρ∈Q

sup
l∈D

∥∥∥∥∥P∗(l)− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

, (34)

ϵp
△
= inf
ϕ∈H
ρ∈V

sup
l∈D

∥∥∥∥∥P∗(l)− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

, (35)

ϵϕnn

△
= inf
ϕ∈H

sup
x∈X

∥ϕ∗(x)− ϕ(x)∥2 , (36)

ϵρnn

△
= inf
ρ∈V

sup
y∈Y

∥ρ∗(y)− ρ(y)∥2 . (37)

F denotes the space of all continuous mappings Rm → Rbϕ .
Q represents the space of all continuous mappings Rm+bϕ →
Rn. H comprises mappings implementable by neural net-
works ϕnn with architecture Rm → Rbϕ . V consists of map-
pings implementable by neural networks ρnn with architecture
Rm+bϕ → Rn. ϕ∗ and ρ∗ are a pair of optimal continuous
mappings that achieve the infimum in ϵ(bϕ) with domains
X = Rm and Y = Rm+bϕ , respectively. ϕ∗nn is a mapping
that achieves the infimum of ϵϕnn . l = (d0,d1, . . . ,dK) ∈ D
is the input to the two-stage stochastic AC-OPF problem, with
dk ∈ Rm for k = 0, . . . ,K.

Part 1. Lower bound: We prove that ϵ(bϕ) ≤ ϵp by
analyzing the relationship between the function spaces of
continuous mappings and their neural network approximations.

Since neural networks implement a subset of continuous
functions, we have the set inclusions H ⊆ F and V ⊆ Q.
Consequently, ϵp computes its infimum over a more restricted
domain than ϵ(bϕ), yielding the inequality:

ϵ(bϕ) ≤ ϵp. (38)

Part 2. Upper bound: To establish the upper bound, we
introduce the optimal continuous mappings ρ∗ and ϕ∗ that
achieve the infimum in ϵ(bϕ).

Step 2.1: For any ϕ ∈ H and ρ ∈ V , applying the triangle
inequality:∥∥∥∥∥P∗(l)− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

≤

∥∥∥∥∥P∗(l)− ρ∗

(
d0,

K∑
k=1

ϕ∗(dk)

)∥∥∥∥∥
2

+

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

.

Step 2.2: Taking the supremum over all l ∈ D and applying
the property that:

sup
l∈D

(U(l) + V (l)) ≤ sup
l∈D

U(l) + sup
l∈D

V (l), (39)
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for any functions U and V , we obtain:

sup
l∈D

∥∥∥∥∥P∗(l)− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

≤ sup
l∈D

∥∥∥∥∥P∗(l)− ρ∗

(
d0,

K∑
k=1

ϕ∗(dk)

)∥∥∥∥∥
2︸ ︷︷ ︸

=ϵ(bϕ)

+ sup
l∈D

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

.

Step 2.3: The inequality above holds for any ϕ ∈ H and
ρ ∈ V . Taking the infimum over all such functions on both
sides preserves the inequality:

ϵp = inf
ϕ∈H
ρ∈V

sup
l∈D

∥∥∥∥∥P∗(l)− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

≤ inf
ϕ∈H
ρ∈V

sup
l∈D

(ϵ(bϕ) (40)

+

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

)
= ϵ(bϕ)

+ inf
ϕ∈H
ρ∈V

sup
l∈D

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2︸ ︷︷ ︸

≜ϵ1

.

Step 2.4: To bound ϵ1, we add and subtract
ρ∗
(
d0,
∑K
k=1 ϕ

∗
nn(dk)

)
and apply the triangle inequality:

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

≤

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗(dk)

)
− ρ∗

(
d0,

K∑
k=1

ϕ∗nn(dk)

)∥∥∥∥∥
2

+

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗nn(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

.

Step 2.5: Applying the supremum over l ∈ D to both sides:

sup
l∈D

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

≤ sup
l∈D

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗(dk)

)
− ρ∗

(
d0,

K∑
k=1

ϕ∗nn(dk)

)∥∥∥∥∥
2

+ sup
l∈D

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗nn(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

.

Step 2.6: Using the Lipschitz continuity of ρ∗ with constant
Lip(ρ∗):

sup
l∈D

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗(dk)

)
− ρ∗

(
d0,

K∑
k=1

ϕ∗nn(dk)

)∥∥∥∥∥
2

≤ sup
l∈D

Lip(ρ∗)

∥∥∥∥∥
K∑
k=1

ϕ∗(dk)−
K∑
k=1

ϕ∗nn(dk)

∥∥∥∥∥
2

≤ sup
l∈D

Lip(ρ∗)

K∑
k=1

∥ϕ∗(dk)− ϕ∗nn(dk)∥2

≤ K Lip(ρ∗)ϵϕnn . (41)

Step 2.7: Combining the results from Steps 2.5 and 2.6:

sup
l∈D

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

≤ K Lip(ρ∗)ϵϕnn

+ sup
l∈D

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗nn(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

.

Step 2.8: Taking the infimum over all ϕ ∈ H and ρ ∈ V:

ϵ1 ≤ K Lip(ρ∗)ϵϕnn

+ inf
ϕ∈H
ρ∈V

sup
l∈D

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗nn(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2︸ ︷︷ ︸

≜ϵ2

.

Step 2.9: For ϵ2, since ϕ∗nn ∈ H, we have:

inf
ϕ∈H
ρ∈V

sup
l∈D

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗nn(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ(dk)

)∥∥∥∥∥
2

≤ inf
ρ∈V

sup
l∈D

∥∥∥∥∥ρ∗
(
d0,

K∑
k=1

ϕ∗nn(dk)

)
− ρ

(
d0,

K∑
k=1

ϕ∗nn(dk)

)∥∥∥∥∥
2

.

Step 2.10: Since the vector
(
d0,
∑K
k=1 ϕ

∗
nn(dk)

)
∈

Rm+bϕ = Y , we can bound ϵ2 as:

ϵ2 ≤ inf
ρ∈V

sup
y∈Y

∥ρ∗(y)− ρ(y)∥2

= ϵρnn .

Step 2.11: Combining all results from Steps 2.3, 2.8, and
2.10:

ϵp ≤ ϵ(bϕ) + ϵ1

≤ ϵ(bϕ) +K Lip(ρ∗)ϵϕnn + ϵ2.

≤ ϵ(bϕ) +K Lip(ρ∗)ϵϕnn + ϵρnn . (42)

Conclusion: Combining the results from Parts 1 and 2, we
have established that:

ϵ(bϕ) ≤ ϵp ≤ ϵ(bϕ) +K · Lip(ρ∗)ϵϕnn + ϵρnn , (43)

which completes the proof.
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APPENDIX G
SECOND-STAGE SUB-PROBLEM

The second-stage sub-problem is formulated as follows:

min
∑

i∈B
ci1 · (pgi )

2 + ci2 · pgi + ci3 (44)

s.t. pfij = gijv
2
i − vivj(gij cos θij + bij sin θij), (i, j) ∈ E , (45)

qfij = −bijv
2
i − vivj(gij sin θij − bij cos θij), (i, j) ∈ E ,

(46)

pgi − pdik =
∑

(i,j)∈E
pfij , i ∈ B, (47)

qgi − qdik =
∑

(i,j)∈E
qfij , i ∈ B, (48)

pgi ≤ pgi ≤ pgi , i ∈ B, (49)

qgi ≤ qgi ≤ qgi , i ∈ B, (50)

vi ≤ vi ≤ vi, i ∈ B, (51)

θij ≤ θij = θi − θj ≤ θij , (i, j) ∈ E , (52)

(pfij)
2 + (qfij)

2 ≤ (sij)
2, (i, j) ∈ E , (53)

|pgi − pg∗i0 | ≤ ∆pi, i ∈ B, (54)
var. pgi , q

g
i , θi, vi, i ∈ B. (55)

Here pg∗i0 is the given optimal first-stage active power
generation at bus i. pdik and qdik are the active and reactive
load at bus i in scenario k. pgi and qgi represent the active
and reactive power generation at bus i. vi and θi indicates the
voltage magnitude and angle at bus i. pfij and qfij are the active
and reactive power flow at line (i, j).

Constraints (45) and (46) define the active and reactive
power flow. The power balance is ensured by constraints (47)
and (48). Constraints (49) and (50) capture the active and
reactive power generation limits. The voltage magnitude and
phase angle limits are described in constraints (51) and (52).
Constraint (53) ensures the branch flow limit. Constraint (54)
ensures the ramping limits on active power generation. The
objective is to minimize the second-stage generation cost.

APPENDIX H
CHANCE-CONSTRAINED AC-OPF

We use the following chance-constrained AC-OPF problem
as our baseline:

min
∑
i∈B

ci,1 · (pgi0)
2 + ci,2 · pgi0 + ci,3

+
∑
i∈B

Eξ

[
ci,1 · (pgi (ξ))

2 + ci,2 · pgi (ξ) + ci,3
]

(56)

s.t. pfij0 = gijv
2
i0 − vi0vj0(gij cos θij0 + bij sin θij0), (i, j) ∈ E ,

(57)

qfij0 = −bijv
2
i0 − vi0vj0(gij sin θij0 − bij cos θij0), (i, j) ∈ E ,

(58)

pgi0 − pdi0 =
∑

(i,j)∈E
pfij0, i ∈ B, (59)

qgi0 − qdi0 =
∑

(i,j)∈E
qfij0, i ∈ B, (60)

pgi ≤ pgi0 ≤ pgi , i ∈ B, (61)

qgi ≤ qgi0 ≤ qgi , i ∈ B, (62)

vi ≤ vi0 ≤ vi, i ∈ B, (63)

θij ≤ θij0 = θi0 − θj0 ≤ θij , (i, j) ∈ E , (64)

(pfij0)
2 + (qfij0)

2 ≤ (sij)
2, (i, j) ∈ E , (65)

pfij(ξ̂) = gijvi(ξ̂)
2 − vi(ξ̂)vj(ξ̂)(gij cos θij(ξ̂)

+ bij sin θij(ξ̂)), (i, j) ∈ E , ξ̂ ∈ Ξ, (66)

qfij(ξ̂) = −bijvi(ξ̂)
2 − vi(ξ̂)vj(ξ̂)(gij sin θij(ξ̂)

− bij cos θij(ξ̂)), (i, j) ∈ E , ξ̂ ∈ Ξ, (67)

pgi (ξ̂)− pdi (ξ̂) =
∑

(i,j)∈E
pfij(ξ̂), i ∈ B, ξ̂ ∈ Ξ, (68)

qgi (ξ̂)− qdi (ξ̂) =
∑

(i,j)∈E
qfij(ξ̂), i ∈ B, ξ̂ ∈ Ξ, (69)

Pξ



pgi ≤ pgi (ξ) ≤ pgi , i ∈ B,

qgi ≤ qgi (ξ) ≤ qgi , i ∈ B,
vi ≤ vi(ξ) ≤ vi, i ∈ B,
θi,j ≤ θi(ξ)− θj(ξ) ≤ θij , (i, j) ∈ E ,

(pfi,j(ξ))
2 + (qi,j(ξ)

f )2 ≤ (si,j)
2, (i, j) ∈ E ,

|pgi (0)− pgi (ξ)| ≤ ∆pi, i ∈ B,


≥ δ.

(70)

var. pgi0, q
g
i0, θi0, vi0, p

g
i (ξ̂), q

g
i (ξ̂), θi(ξ̂), vi(ξ̂), i ∈ B, ξ̂ ∈ Ξ.

(71)

Here, ξ denotes the random load in the second stage, with
support set Ξ. ξ̂ is a realization of ξ. pdi (ξ̂) and qdi (ξ̂) are
the active and reactive load at bus i under demand ξ̂. pgi (ξ̂)
and qgi (ξ̂) represents the active and reactive power generation
at bus i under load realization ξ̂. vi(ξ̂) and θi(ξ̂) indicates
the voltage magnitude and angle at bus i under realization ξ̂.
pfij(ξ̂) and qfij(ξ̂) are the active and reactive power flow at line
(i, j) under realization ξ̂.

Constraints (57) and (58) define the active and reactive
power flow in the first stage. The power balance in the first
stage is ensured by constraints (59) and (60). Constraints (61)
and (62) capture the active and reactive power generation
limits in the first stage. The voltage magnitude and phase
angle limits in the first stage are described in constraints (63)
and (64). Constraint (65) ensures the branch flow limit in
the first stage. Constraints (66) and (67) define the active
and reactive power flow for a given load realization ξ̂ in
the second stage. The power balance in the second stage is
ensured by constraints (68) and (69). Constraint (70) ensures
the probability of inequality constraint satisfaction does not is
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greater than a predefined confidence level δ. In our simulation,
δ is set as 99% and 95% for the 118-bus and 793-bus test
systems, respectively. By allowing for a predefined probabil-
ity of constraint violation, this chance-constrained AC-OPF
formulation achieves a balance between solution robustness
and cost-effectiveness.

We use the data-driven method in [7] to solve this chal-
lenging chance-constrained AC-OPF problem. Instead of using
random scenario sampling, this method designed an iterative
scenario selection strategy to identify and add critical scenarios
to the scenario-based AC-OPF formulation, until a predefined
confidence level is achieved. See [7] for more details on this
data-driven method.
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