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Abstract

Projection-free first-order methods, e.g., the celebrated Frank-Wolfe (FW) algo-
rithms, have emerged as powerful tools for optimization over simple convex sets
such as polyhedra, because of their scalability, fast convergence, and iteration-wise
feasibility without costly projections. However, extending these methods effec-
tively to general compact convex sets remains challenging and largely open, as FW
methods rely on expensive linear optimization oracles (LOO), while penalty-based
methods often struggle with poor feasibility. We tackle this open challenge by
presenting Hom-PGD, a novel projection-free method without expensive (opti-
mization) oracles. Our method constructs a homeomorphism between the convex
constraint set and a unit ball, transforming the original problem into an equivalent
ball-constrained formulation, thus enabling efficient gradient-based optimization
while preserving the original problem structure. We prove that Hom-PGD attains
optimal convergence rates matching gradient descent with constant step-size to
find an e-approximate (stationary) solution: O(log(1/¢)) for strongly convex ob-
jectives, O(e™ 1) for convex objectives, and O(e~2) for non-convex objectives.
Meanwhile, Hom-PGD enjoys a low per-iteration complexity of O(n?), without
expensive oracles like LOO or projection, where n is the input size. Our framework
further extends to certain non-convex sets, broadening its applicability in practical
optimization scenarios with complex constraints. Extensive numerical experiments
demonstrate that Hom-PGD achieves comparable convergence rates to state-of-the-
art projection-free methods, while significantly reducing per-iteration runtime (up
to 5 orders of magnitude faster) and thus the total problem-solving time.

1 Introduction

We consider constrained optimization where the objective is smooth, possibly non-convex, and the
constrained set is compact convex. Although popular second-order methods, such as interior-point
methods [PWOOQ, [Wri97] and cutting plane methods [B™ 13|, achieve linear convergence rates, their
per-iteration computational complexity scales super-linearly with the problem size, typically on the
order of O(n?) due to solving a linear system. Consequently, these methods become impractical
for large-scale problems. Alternative approaches, such as projection-based gradient descent (PGD)
first-order methods (see, e.g., [Becl7, [ZPL.22| [Z1 22]]), provide a computational benefit for simple
convex sets where orthogonal projections can be performed efficiently, such as Euclidean balls and
boxes. Despite their slower convergence rate of O(1/¢) in the convex smooth setting and O(1/¢?) in
the non-convex smooth setting, these methods are favorable in practice due to their relatively low
per-iteration cost. However, the projection operation, i.e., solving a convex problem with a quadratic
objective over constraints, is computationally expensive except for simple constraint sets.
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Table 1: Summary of existing projection-free methods for solving optimization problems.

Settings: . . .2 Per-iteration = Convergence
Reference ‘ Ob;j. Ctr. Key Assumption Algorithm Step-sizel?] Complexity Ratel
Hadamard
[LMY23]| NC  Simplex - Parameterization Constant o(n) o( 73
+ Pertubed PGD
SC (Obj + Ctr Set) Sub-GD Al . o(™
ILG23] C c S (Obj + Ctr Set) b i) Implicit and QOO0 o( %%
. for the RD! Diminishing .
SC & S (Obj + Ctr Set) O(log 77)
. . Accelerate Sub-GD  Implicit or —0:5
[Gri24b] ‘ C C Upper Radial Obj Alg. for the RDY Vanishing MO O( )
[MHSY?25] | DC C - Frank-Wolfe Diminishing LOO o( 73
Theorem C C ND Minimizer o(™
Theorem sC C - H(Osnel ;PD Constant MO O(log %)
Theorem NC c . ’ o(™?

! Abbreviations: C = “convex”, NC = “non-convex”, DC = “difference of convex”, SC = “strongly convex”, S = “Smooth”, Obj =
“objective”, Ctr = “constraint”, GD = “gradient descent”, ND = “non-degenerate”, RD= “radial dual”, LOO = “linear optimization
oracle”, QOO = “quadratic optimization oracle”, MO = “membership oracle”.

2 Step-size: (i) vanishing step-size: depends on , (ii) diminishing step-size: decreases as poly(1=K) with the number of iterations K,
(iii) constant step-size: is independent of both and K, and (iv) implicit step-size: has implicit parameters such as smoothness and
optimal objective.

3 Convergence Rate: number of iterations for finding an -approximate stationary point for non-convex optimizations or an -
approximate optimum for convex optimizations.

* The radial dual (RD) of a convex constrained problem is an unconstrained min-max problem [Gri24al|Gri24b].

To circumvent these issues, projection-free methods based on the Frank-Wolfe (FW) algorithm
[FW 56| have been widely studied (e.g., [MZWG16, THZK21, Mha22, MHSY?23]]). These methods
employ a linear optimization oracle (LOOQ) at each iteration instead of projections, with the former
often being performed efficiently [CP21]. However, LOO can still be computationally expensive over
complex constrained sets; therefore, FW methods are confined to scenarios where the LOO is efficient.
Moreover, they exhibit oscillatory behavior near the solution, resulting in slow convergence [BRZ24/
FG16]. Beyond FW methods, penalty-based approaches [Ber76, ISCB ™97, [LMX22] struggle with
ill-conditioning as penalty parameters increase and perform poorly, particularly when dealing with
complex constraints. Recent advances explore projection-free strategies leveraging techniques such as
reparameterization [LMY23| [TT24,|CV25]] and radial dual reformulation [Gri24al |Gri24bl. These
methods highlight recent efforts to address the limitations of classical projection-free methods, but
remain restricted to structured constraint sets and may suffer from practical drawbacks, such as
impractical step-size choices (see Table[I]). Please refer to Appendix [Alfor a detailed discussion
of related work to reduce the per-iteration cost and accelerate convergence for solving convex-
constrained optimization. Despite the success of existing projection-free methods, the research gap
still remains:

Can we design a projection-free approach for optimization over a general compact convex set with
desirable properties, including fast convergence and cheap per-iteration cost?

In this paper, we propose a novel projection-free framework that positively answers this question.
Concretely, we make the following contributions:

B In Sec.[3] we design the novel projection-free method, termed as Hom-PGD, that re-parameterizes
the optimization over convex compact sets to equivalent ball-constrained optimization. By solving
the equivalent problem with gradient descent with closed-form projection and mapping the converged
solution back, we obtain the solution to the original constrained problem.

B In Sec. 4] we establish convergence and complexity analysis for Hom-PGD: O(1/¢) in the convex
setting, O(log 1/¢) in the strongly convex setting, and O(1/€?) in the non-convex setting, where
established convergence rates are optimal|"|under unaccelerated settings. Moreover, the per-iteration
complexity of Hom-PGD is cheap as O(n*) without linear/quadratic optimization oracles. We also
extend our framework to optimization over certain non-convex sets in Sec. [5

2Optimal convergence rate means it matches the lower bound on iteration complexity. (i) The optimal
convergence is O( ~2) in the non-convex smooth setting [CDHS20]; (ii) For constant step-size, the optimal
convergence rate for GD is O(log 1= ") in the strongly convex smooth setting and O(1= ) in the convex smooth
setting; see e.g. [AP23]].



B In Sec. [6] through extensive numerical experiments over convex and non-convex problems,
including applications to max-cut SDP problems, we demonstrate Hom-PGD outperforms existing
first-order approaches in computational efficiency, which achieve similar convergence rate but
significantly lower per-iteration cost (up to 3-5 orders of magnitude).

To the best of our knowledge, the proposed Hom-PGD is the first projection-free, first-order frame-
work capable of solving optimization over general convex compact sets while achieving the optimal
convergence rate under unaccelerated settings without expensive optimization oracles.

2 Problem Statement
We consider the following continuous convex constrained optimization problem:

m)gn f(x), st xek, P)

where X € R™ is the decision variable, f(-) is the objective function, and the constraint set L C R"
is compact and convex. For ease of analysis and without loss of generality, we assume the constraint
set K is defined by inequalitieﬂ as K = {x € R" | g(x) < 0} withg = (g1, , gm), Where
g; : R™ — R are functions.

Open Issues: Although convex optimization has been extensively studied, existing methods face
significant limitations when dealing with complex constraints. As discussed in Sec. |1} projection-
based approaches incur high computational costs beyond simple sets, while projection-free methods
such as FW and primal-dual approaches are largely restricted to structured convex sets. For example,
when solving semidefinite programming (SDP), the LOO required by FW involves solving an SDP
itself, defeating its purpose as a low-cost alternative. These challenges underscore the need for
projection-free algorithms that preserve fast convergence and maintain computational efficiency
across broader convex programs.

3 Homeomorphic Optimization Approach

Motivated by recent advances in low-complexity schemes and reparameterization techniques for
solving constrained optimization problems [LCL23, [LMY?23\ |PP23} [LCL24, RSW24| [LC25]], we
propose a novel approach that transforms the original constrained problem via a homeomorphic
mapping between the convex constraint set /C and the unit ball B. This transformation preserves the
essential problem structure while replacing the potentially complex constraint set with the geomet-
rically simple unit ball, thereby enabling efficient gradient-based optimization without expensive
projection operations.

Definition 3.1 (Homeomorphic Constrained Optimization). Given a homeomorphism : 5B — I,
we define the transformed optimization problem with objective function h(z) = (f o )(z) and

constraint set B = ~*(K) as:

mzin h(z), st zeB (H)
Homeomorphism (or homeomorphic mapping) is a bi-continuous bijection from two topological
spaces, guaranteeing the topological equivalence. It is a classic result that any compact convex set
is homeomorphic to a unit ball [Ges12| [Brel3], i.e., there exists a homeomorphism  such that
B= "!'K)and K= (B). Thus, we can transform any optimization problem EI over a compact
convex set into a ball-constrained program[H] In practice, this transformation relies on an explicit
homeomorphic mapping, which we will discuss how to obtain in Sec.[3.2]

Remark: The transformed problem has a non-convex objective function h(-) due to the non-linear
mapping even though the original objective is convex, but it features a simple constraint set as a
unit ball, leading to a closed-form projection. Moreover, under the homeomorphic transformation,
the original problem and its homeomorphic counterpart are equivalent, i.e., there exists a bijective
correspondence between their optimal solution sets P* and H*, where P* = {X | X € arg min{[Pl} }
and similarly for H*. Specifically, for any X € P*, there exists a unique z € H* such that x =  (2),
and vice versa. Thus, we can solve the transformed problem |H|without expensive projection to obtain
the corresponding optimal solution of the original problem

3Linear equality constraints can be removed without loss of generality, see Appendix for discussions.



Figure 1:Hom-PGD Framework: Hom-PGD conducts the standard PGD algorithm in the trans-
formed space by a homeomorphic mapping), where the transformed constraint Beis a simple
unit ball, and the transformed objective functiof) is non-convex but structured.

3.1 Algorithm Overview

As illustrated in Fig[ L, PGD in the original space
suffers from expensive projection operations durilgjgorithm 1 Hom-PGD

iteration over the constraint boundary. To solve prob-|nput: initial point zo, problen{H]with
lem[P] without expensive projection, we transform and maximum iteration numb&r
problen|P]into a ball-constrained optimizatif] by fork =0 to K do

a homeomorphic mapping. Then we apply regular Compute stepsizey

PGD to ef ciently solve the homeomorphic optimiza-  Update: zx+1 = & (2« kr h(zy))
tion[H]with a closed-form projection, thereby termed end for
projection—fre methods. Finally, we map the ob- Qutput: xx = (z«)

tained solution back to the original space to recover

the corresponding solution for the original problem.

We call the combination of homeomorphic transformation and regular PGIdasPGD, shown in
Alg. [0 Next, we discuss how to construct an explicifor a general compact convex sét

3.2 Construction of Homeomorphism

We introduce an explicit-form homeomorphic mapping between conveX setd unit ballB as

follows, termed Gauge mapping [TZ22, LLC25]:

De nition 3.2 (Gauge Mapping) Let g (x;x ) = inf f 0jx 2 (K x)gbe the

Gauge/Minkowski functionBMO08] given an interior pointx 2 int(K). The gauge mapping
:B!'K isde ned between a unit ball and a compact convex set:

(2) = kzk k(X x;x)

. . Liyy =
K(z;x)Z+X'SZZB’ (x) kx x k

(x x);82K: (1

First, gauge mapping establishes a homeomorphism

between any compact convex set and the unit ball, ensur-

ing thatk = (B) andB =  (K). Intuitively, this

mapping transforms the unit ball by rst translating it to

align with an interior point of the convex set, then scaling

points radially outward from this interior point until the

ball's boundary conforms to the convex set's boundary

(illustrated in Fig. 2). Moreover, the gauge mapping has

closed-formexpressions for common convex sets (lineakigure 2: Gauge mapping illustration.
guadratic, second-order cone, and linear matrix inequality

constraints) and can be ef ciently computed bigectionmethods for general convex constraints.
For a comprehensive property and computation of gauge mapping, we refer readers to Appendix B.

“The term “projection-free” speci cally refers to avoiding expensive projections onto original complex
constraint sets, a usage that aligns with standard conventions in the literature [LMY23, LBGH23].



Leveraging this explicit homeomorphic gauge mappingwe transform problen® to problem

H, and apply Hom-PGD (Alg. 1) to solve it without expensive projection. However, the gauge
mapping depends on the choice of interior point (shown in Def. 3.2). Different choices &f

yield distinct gauge mappings that alter the landscape of the transformed prdbéerd affect the
convergence behavior of Hom-PGD. As we will establish rigorously in Sec. 4, gauge mappings with
smaller Lipschitz constants favor faster convergence of Hom-PGD. Thus, we proceed to analyze the
Lipschitz properties of the gauge mapping as:

Proposition 3.3(Bi-Lipschitz Constants of the Gauge Mappindg)etK  R" be a compact convex
setand lek 2 int( K) be an interior point. De ne the inner and outer radii with respecixtoas

ri:=supfr 0:B(x ;r) Kg; ro:=inffr 0:K B (x ;r)g;

such thatB(x ;ri) K B (X ;ro). Then the Lipschitz constant (denotedlds)) of gauge
mapping associated withk satis es the following bounds:

. . . . 1
Forward Lipschitz: ,:=L( ) 2ro+ r2=r; Inverse Lipschitz: — := L( Y o 2=n:
1

Therefore, to reduce the Lipschitz constant of the gauge mapping and boost the convergence of
Hom-PGD, we can select a “central” interior point with large inner radius small outer radius,.

In practice, we may solve a convex problem by minimizing the constraint residual to nd a “central”
interior point approximately following [THH23] (refer to Appendix B for details).

4 Performance Analysis

In this section, we present a comprehensive performance analysis for Hom-PGD, including the
landscape analysis, convergence rate, and run-time complexity.

General Assumptions(with details in Appendix C.2): The objectifeand constrained functiorgs

in P are continuously differentiable and smooth. The homeomorphic mappiagnvertible with

a non-singular Jacobian matrix andis; »)-bi-Lipschitz continuous. Additionally, the Jacobian
matrix of (denoted ag ) exists and is Lipschitz continuous.

We remark that our theoretical results hold &mryhomeomorphism satisfying these assumptions, and
we construct a speci c homeomorphism, the gauge mapping, in practice. Moreover, gauge mapping
meets these assumptions (with details in Appendix B.3).

4.1 Landscape Analysis

First, under general assumptions, the composite funttienf in problemH inherits favorable
properties as follows (more propertiestoére included Lemma D.1).

Lemma 4.1. DenoteLn.o;Ln; 2;L asthe Lipschitz constant&@ifr f; ;J respectively. Theh
iSLn.o := Lt o 2 Lipschitz continuous anld is L,-smooth with_}, = %Lf + L Lto.

Next, recall that a point is said to be a stationary point of probleniny ok f (x) with convex set
K,ifr f(x )>(x x ) Oforanyx 2 K. Itis well-known that any stationary point is a global
optimum for a convex constrained optimization problem. A natural question adses:this property
also hold for the non-convex optimization probleirunder convex problef? For unconstrained
cases, this property does hold, as the funchios invex with the property that every stationary point
of an invex function is a global optimunMar85. For the constrained case, we provide the following
formal statement where the proof is deferred to Appendix D.6.

Proposition 4.2(Global Optimality ofH). Suppose probler is a convex optimization. ¥ is a
stationary point of problerid and LICQ (Def. D.3) holds a , thenx = (z ) is a stationary
point of problenP (thus a global optimum). Hence, is a global optimum.

We remark that the LICQ assumption is mild in our setting. For prol{lei the only constraint is

kzk? 1, so LICQ holds at any boundary point where the constraint is active. Moreover, since there
are no equality constraints, LICQ trivially holds at any interior point. Moreover, we derive that there
is a one-to-one correspondence for KKT points and non-degenerate stationary points lfe@vekn

H . The relevant de nitions, formal statements, and proofs are provided in Appendix D.5.



4.2 Convergence Analysis

In this section, we provide a theoretical convergence analysis of Hom-PGD (Alg. 1) for solving
problemH . Our main result demonstrates theiom-PGD achieves the same convergence rate as the
standard PGD for the (non-)convex problémunder mild regularity conditions, despite operating

on the non-convex formulatidi.

Before moving on, we recall some basic de nitions. Astationary poink for problemP is de ned
by kG(x )k where thegradient mappings(x) = Gi- (x) = L[x K (X r f(x))].
Note that in the de nition, we omit the dependence of the func@aonK and .

4.2.1 (Strongly) Convex Obijectivef

The following theorem provides the convergence analysis of Hom-PGD for convex optimiPation

Theorem 1. Suppose the strict complementary slackness condition (Def. D.4) holds for both problem
P andH, and the problenP is convex with a non-degenerétminimizerx . Letfzcg be the
sequence generated by Hom-PGD with step-si2e(0; H]' For suf cient small > 0, fz.gk_;

withK = O(Lp=) containsz®such thah(z% h?

Proof Intuition. Under the invertible mapping, = (X ) is also a non-degenerate point from
Lemma D.10. Consequently, it satis es local strong convexity or local PL condition, meaning
thath(z) h O (kG(z)k?) holds within a suf ciently small ball centered at. As a result,

it follows from Theorem 3 that PGD only requir€{1=) complexity to nd aO(" )-stationary
pointz®suchthah(z® h(z ) O (): The idea is motivated byt MY23], which applies speci ¢
Hadamard parameterization to transform a simplex-constrained optimization to a sphere-constrained
optimization. We extend their results to a general homeomorphic mappiagd proof details can

be found in Appendix E.1.

If the objective inP is strongly convex, we will have a faster (i.e., linear) convergence rate as:

Theorem 2. Suppose problem is convex with ; -strongly convex objectivie. Letfzcgx o be
generated by Hom-PGD with proper constant step-siz(0; Lh]. WithK = O( log1=) where
=Lp=( t 1),wehaveh(zx) h(z) ; andkzx zk .

Proof Intuition. If f is a strongly convex function over a convex set, it satis es a generalized PL
condition. The homeomorphic mapping preserves this generalized PL condition such that the linear
convergence can be establishedHorDetails can be found in Appendix E.2.

Remark. (i) The convergence rates derived in Theorem 1 and 2 match the lower bounds in the
unacclerated convex and strongly convex settings (referring to AB2J). (ii) Theorem 1 and
Theorem 2 demonstrate that the Hom-PGD algorithm not only maintains projection-free properties
over the unit ball, reducing per-iteration computational complexity; but also achieves the same
convergence rates as standard PGD when applied to the original convex optimization gPgblem
which is non-trivial since Hom-PGD operates on the non-convex objective in prdthlem

4.2.2 Non-convex Objectivé

For a non-convex objectivie, a classical result (e.g., Theorem 9.B&e§14) can be leveraged to
show that Hom-PGD algorithms can converge to -atationary point wittO (1= 2) iterations.

Theorem 3. Consider a problemmin,,z h(z) with a convex seZ. Supposéh is non-convex
and differentiable witH. ,-Lipschitz continuous gradient. Then the sequeiga)_, with K =
O(Lp=?) generated by Hom-PGD algorithm with a constant step-size (0; %] contains an

-stationary pointz®, i.e,kG(z9k  for somez®2 f z,gf_, .

Remark. (i) The convergence rate in Theorem 3 matches the optimal rate for smooth non-convex
optimization problems@DHS2(Q. (ii) While Theorem 3 also applies to (strongly) convex objectives,

it yields slower convergence than standard PGD in these cases, as it fails to exploit the convex structure
of problemP and the hidden convexity of problekh [FHH23. This highlights the signi cance of

SA minimizer of an optimization problem is non-degenerate if the Hessian of the Lagrangian function is
positive de nite in the critical cone of the minimizer. See Appendix D.4 for details.



our results in Theorems 1 and 2, where Hom-PGD achieves the same convergence rates of standard
PGD while avoiding expensive projection in the transformed domain. (iii) For non-convex objectives
satisfying regularity conditions such as ke propertyor error bound conditionslinear convergence

rates as in Theorem 2 can also be achieved. See Remark E.5 for further discussion.

In these sections, we establish convergence results for Hom-PGD across different problem classes
(Theorems 1, 2, and 3). The convergence rates depend on the Lipschitz constants of the constructed
gauge mapping, speci cally: (i) the forward Lipschitz constapt which relates to the parametey
established in Lemma 4.1 and appears in Theorems 1 and 3; and (ii) the inverse Lipschitz constant
1= 1, which appears in Theorem 2. As demonstrated in Prop. 3.3, the choice of interior point
directly in uences the Lipschitz constants of the gauge mappin@onsequently, different interior

points modify the Hom-PGD convergence rate by constant factors while preserving the fundamental
convergence order.

Additionally, our theoretical analysis assumes access to exact gradients and gauge mappings, which is
consistent with standard practice in the optimization literature (&BGH23]). However, for general

convex sets, the gauge mapping is numerically approximated using the bisection algorithm (Alg. 2)
to compute both its value and gradient within a speci ed error tolerarateeach iteration. This
numerical approximation introduces an additio®4l ) term in the optimality gap of convergence
results DGN14. Since can be chosen arbitrarily small, this additional error term remains negligible
and does not affect the fundamental convergence guarantees of our algorithm.

4.3 Complexity Analysis

In this subsection, we analyze the total run-time complexity of Hom-PGD, including initialization
complexity, per-iteration complexity, and last-step complexity.

Oracles. We list speci c oracles in Hom-PGD besides general ones (e.g., zeroth-order oracle for
explicit function evaluation).

» Membership oracleGivenx 2 R", this oracleM ¢ (x) := I(x 2K): R" I f 0; 1g returnsl if
and only ifx 2 K. This oracle performs only feasibility checking without requiring the solution of
optimization subproblems. For common convex sets including polyhedra and second-order cones,
the membership oracle can be implemented with computational complexity not excedifig
[Mha22], with signi cantly lower computational burden than LOO or projection in practice.

* Interior point oracle This oracle returns an interior point &f by solving a convex feasibility
problem. This requirement, common in projection-free framewdwWsdq22 Gri24a Gri24l, can
be addressed using rst-order methods wiitn?)® complexity or interior-point methods with
O(n%%) complexity. Notably, this oracle is only call@hcefor the entire optimization algorithm.

Basic operations in Hom-PGD(with details in Appendix B.4). Hom-PGD requires computing the
gradient ofh = f per iteration and transforming the nal solution via the gauge mapping.

» Computing gauge mapping: O(n). To compute the gauge mapping in the general case, one may
evaluate the gauge functior ( ;x ) to an accuracy with O(log 1= ) membership oracle calls,
plusO(n) operations for the scalar-vector product in Def. 3.2.

« Computing gradient oh: O(n?). Numerical differentiation techniques ( nite/automatic dif-
ferentiation BF97, BPRS18 LBGH23]) can be applied, e.g., computing each compomertt

i=1;2 ;n) requiresO(1) zeroth-order oracle calls éf andGO(n) cost for evaluating ,
yielding a total complexity o©(n?).

Total run-time complexity of Hom-PGD.

* Initialization complexity(IC): One interior point oracle call to obtain an interior pointkof

« Per-iteration complexityPiC): Each iteration cogD(n?), comprising gradient computationh(z)
atO(n?) and unit ball projection ad(n).

Last-step complexitt-sC): It costsO(n?) to map the converged solutian back to the original
spacevixk = (z).

» Number of iterationg#l ): Convergence rate varies from different settings, referring to Sec. 4.2.

®HereO( ) hides polynomial logarithmic factors.



In conclusion, the total complexity of Hom-PGD equal$@o+ #1  Pic+LsC = O(n? #l) . This
complexity is signi cantly lower than that of second-order methods, which typically i@qu?)
per-iteration cost, thereby highlighting the scalability of Hom-PGD to high-dimensional problems.
Moreover, our method achieves an optimal convergence rate under the rst-order setting, ensuring
both ef ciency and theoretical soundness.

5 Discussions

5.1 Beyond Vanilla Gradient Methods

Mirror gradient methods : Mirror descent methods use a mirror map to transform points into a
dual space, where optimization steps are performed. Essentially, these methods can be viewed as
generalized projection methodBT03]. For example, with a quadratic mirror map, it becomes
standard PGD; with a negative entropy mirror map, it recovers exponential gradient descent for
simplex-constrained problems. However, for general convex constraints, mirror descent often lacks
explicit mirror maps and suffers from high projection complexity, despite having convergence rates
comparable to ours [Becl7].

Advanced gradient methods.One may note that we can replace the unaccelerated gradient methods
with any advanced optimizers, such as momentum-based or Nesterov-accelerated methods, or the
Adam optimizer popular in deep learningB14]. Despite their potential for accelerating optimization

of the non-convex landscape in probléi analyzing the convergence behavior by utilizing the
hidden convexity structure remains challenging, which opens directions for future research. We also
conduct illustrative experiments comparing vanilla gradient descent and Adam in Section 6.4.

Second-order methodsWe may also consider second-order methods with projection to optimize
problemH . However, signi cant challenges arise from both computational and theoretical perspec-
tives. From a computational standpoint, evaluating the Hessian of the composite olfjective

requires computing a third-order tensor of the gauge mapping, which is both computationally ex-
pensive and memory intensive. From a convergence perspective, analyzing convergence over the
non-convex landscape to a global optimum becomes substantially more dif cult.

5.2 Extension to Non-Convex Constraints

Star-shaped setOur framework can naturally extend to optimization over non-convex sets where an
explicit homeomorphism exists such that (B) = K. For star-shaped sets, all points are visible

from a star centex [Leel(, allowing the construction of a gauge mapping that bijectively maps a
standard ball to the set. Such star-shaped constrained problems arise in machine learning tasks such
as’p-constrained adversarial attacks in neural netwoBEBMA21]. Applying Hom-PGD to such
problems maintains th® (1= 2) convergence rate for nding anstationary point per Theorem 3.

Ball-homeomorphic set.Our framework may also extend to non-convex sets that are homeomorphic
to a unit ball. However, determining if a non-convex set is ball-homeomorphic requires examining its
topological properties, which is challenging. While a homeomorphism exists for such sets, there is
generally no explicit form for the homeomorphism. Learning-based methods for approximating such
homeomorphisms [LCL23, LCL24] present promising directions for future research.

General non-convex setFor more general non-convex sets that may not be ball-homeomorphic
(e.g., disconnected sets), our framework remains applicable but without optimality guarantees. Given
an interior pointx in K, we can de neX as the largest contained star-shaped set with ca&nter
Similar to constraint restriction methodsNDT19], the optimality gap depends on the Hausdorff
distance betweeld andX.

6 Empirical Study

In this section, we conduct simulations to demonstrate the effectiveness of Hom-PGD on both convex
and non-convex constrained optimization problems. The detailed problem formulations, experimental
settings, algorithm hyperparameters, and supplementary experiment results are in Appendix F.

Baselines (i) PGD: Regular projected gradient descent applied to prol®emwhere the projection
operation is called at each iteration. YV: Frank-Wolfe methods, which solve an update direction
with a linearized objective and update the decision variables Alilyl : Augmented Lagrangian



(a) convergence rate (b) running time (s) (c) PGD iteration  (d) Hom-PGD iteration

(e) convergence rate (f) running time (s) (g) PGD iteration (h) Hom-PGD iteration

Figure 3: Performance for optimization oyeslyhedron (a-d) andstar-shapedset g-h), respectively.
All methods are executed with the same initial points and terminated by a maximum number of
iterations (0%). Complete results are in Appendix G.1 (Fig. 8 - 11).

methods for problen® that alternately update primal and dual coef cients for the unconstrained
formulation to problenP. (iv) RD: Radial-Dual framework, which applies radial-dual to formulate
the constrained problem into unconstrained min-max optimizatiorH¢m-PGD: Projected gradient
descent applied to the transformed probldnshown in Sec. 3.

6.1 lllustrative Examples: Optimization over Polyhedron and Star-shaped Set

We examine a two-dimensional illustrative optimization problem involving quadratic optimization
over both a ¢onve) polyhedron and anpn-convekstar-shaped set to demonstrate our method's

ef ciency. As shown in Fig. 3, Hom-PGD outperforms other rst-order algorithms in both settings.
The iteration trajectories in the transformed space reveal the mechanism behind this ef ciency:
Hom-PGD avoids complex projections while effectively performing gradient descent in a structured
landscape of problerd to the optimum, even though it is non-convex.

6.2 Solving Second-order Cone Programming (SOCP)

We next evaluate the performance of algorithms on SOCP, which encompasses fundamental convex
programs (LP, QP, convex QCQP) and has widespread applications in portfolio optimiBBd04]

and optimal power ow problemdjow144d. Problem instances are randomly generated following

the CVXPY documents. As shown in Fig. 4, our method not only converges rapidly to the target
error tolerance but also demonstrates signi cantly lower per-iteration costs @4d torders of
magnitude) compared to projection-based or Frank-Wolfe methods, since Hom-PGD does not need
complex optimization oracles such as projection or LOO during iterations. Further, we also use a
commercial solveilMOSEK, which typically applies primal-dual interior point methods to solve
convex programs. Notably, the solver cost4 seconds to solve th#000-dim instance, while
Hom-PGD takes less th&@00 seconds to reach®0 2 objective optimality gap.

6.3 Solving Max-Cut Semi-De nite Programming (SDP)

We further evaluate our method on the more challenging max-cut SDP problem. While max-cut is an
NP-hard combinatorial problem, SDP relaxation with randomized rounding achieves an expected
approximation ratio of 0.8783W95. We generate randofardos-Renyigraphs as test instances
[HSSO0§. Since the optimum of the max-cut SDP is typically low-rank, the gauge mapping encounters
non-differentiability at these solutions. To address this practical issue, we apply the smoothing
techniques described in Appendix B.3.2. As shown in Figure 5, our approach demonstrates ef cient
optimization even in high-dimensional decision spaé&€8 yariables) with positive semi-de nite cone
constraints. Notably, Hom-PGD exhibitskwerconvergence rate on SDP with linear objectives



(&) (n;m) = (100 ; 1000) (b) (n; m) = (1000 ; 2500)

Figure 4:Performance over SOCPn is the number of decision variables amds the number of
constraints. All methods are executed with the same initial points and terminated by a maximum
iterations (®°) or running time 600seconds). Complete results are in Appendix G.2 (Fig. 12-14).

(@) n =302 (b) n =502

Figure 5:Performance over SDP there aren = O(N ?) decision variables wheg is the graph
size. All methods are executed with the same initial points and terminated by a maximum of iterations
(10P) or running time 600seconds). Complete results are in Appendix G.3 (Fig. 15-19).

compared to SOCP with quadratic objectives. This behavior aligns with our theoretical analysis in
Theorems 1 and 2, where strongly convex (quadratic) objectives yield faster convergence rates than
convex (linear) objectives. The ALM methods solv%the Burer-Monteiro SDP formul &3]

with log-rank {og N ) and Barvinok-Pataki (bp)-rank 2N ) [Bar95 Pat98 BVB20]. Despite the
scalability of this low-rank formulation, it incurs violation on additional equality constraint and high
iteration cost for each inner minimization. However, the per-iteration complexity of our method still
outperforms other approaches, resulting in comparable convergence in terms of total running time.

6.4 Scalability Tests and Ablation Study

We rst evaluate the scalability of gauge mapping computation across various constraints and
dimensions in Fig. 6, demonstrating ef ciency (less tlta®1 seconds) up t8000-dimensional
constraints. Our ablation study further examines critical framework components: (i) interior point
selection (Fig. 20), con rming that central points (smaller Lipschitz) accelerate convergence as
predicted by our theory analysis in Sec. 4.2; and (ii) gradient method variants (Fig. 21), revealing
that advanced optimization techniques (e.g., AdKR14]) further enhance performance for solving
non-convex probleril , suggesting promising directions for future research.

7 Conclusion and Limitations

In this work, we proposélom-PGD, a projection-free method that transforms constrained opti-
mization over general convex (and certain non-convex) sets into a ball-constrained problem via a
homeomorphism. Hom-PGD achieves optimal convergence ratesOith) per-iteration com-

plexity without expensive projections or oracles. Numerical results show competitive convergence
with signi cantly lower iteration costs. Despite its ef ciency, there are sevbngitations to be
addressed in future work: (i) Extending Hom-PGD to more general non-convex sets is hon-trivial, as
discussed in Sec. 5. (ii) From the convergence theory perspective, while Hom-PGD achieves optimal
convergence rates under unaccelerated settings, it remains an open question whether acceleration
techniques (e.g., Nesterov-style methods) can be incorporated to attain optimal accelerated rates. The
challenge stems from the non-convexity of the transformed probierfiii) The gauge mapping

used in this work serves as a simple and explicit homeomorphism but may not be the optimal choice
in terms of conditioning or convergence behavior. Exploring alternative homeomorphisms tailored to
speci ¢ problem structures could further improve performance.
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A Related Work

We discuss related work on methods for reducing computational costs and achieving speedups in
constrained optimization, organized into three parts: (i) classical projection and projection-free
methods, (ii) recent advances, and (iii) work related to ball-constrained optimization.

A.1 Classical Methods

In convex optimization, three classical approaches have been widely studied: Frank-Wolfe methods
[FW* 56], which avoids projection through linear minimization oracles over constrained sets; primal-
dual methodsIDFF54, which address primarily linear constraints through simultaneous updates
to primal and dual variables; and penalty methdgisrf g, which incorporate constraints into the
objective function using penalty functions [SC87]. Each approach has its limitations.

Frank-Wolfe methods. Frank-Wolfe (FW) methods are rst-order optimization algorithms that offer
several attractive properties: they are easy to implement, projection-free, af ne-invdugaunity
KLLJS21, Pen23,and their iterates naturally form sparse convex combinations of extreme points
in the feasible region, making them particularly valuable for various machine learning applications
[NFSA14 JTFF14 BZK18, MHK20, THZK21]. Convergence analysis of classic FW methods
have been widely studied P66, DR70, Dun79 GM86]. However, FW methods face two key
limitations: they require an ef cient linear minimization oracleR2], and they often exhibit slower
convergence rate8RZ24, FG14. Speci cally, under theANolfe's lower boundetting Wol70Q], the

FW algorithm cannot achieve convergence rates better@an'* ) forany > 0. Overcoming

this fundamental barrier requires either algorithmic modi cations or additional strong assumptions
[GH15 GH16 BPTW19 CP2Q WKP23 WPP2]. For advanced convergence analysis, one could
refer to [Pen23, WPP24, MHSY25].

Penalty methods.Penalty methods struggle with ill-conditioning as penalty parameters increase and
perform badly, especially for complex constraints. Primal-dual methods are primarily used to handle
linear constraintsoj89, Meh92 CP11, and their second-order variants face scalability issues due
to high computational complexity.

First-order primal-dual methods. First-order primal-dual methods iteratively update primal and
dual variables using inexact gradient steps (see, ¢iZlLl7, CP11). However, analyzing the
convergence of such methods remains a challenging problem, particularly for nonconvex objectives
[ZL22]. Most existing convergence results focus on problems with linear constrair@sty, CP11.

A widely used technique to address this challenge is error-bound andlySidq Pan97, which

has been effective in establishing convergence rates for rst-order methods in the convex setting
[LT92, HL17]. However, these results typically provide only local convergence guarantees—ensuring
convergence only when iterates are suf ciently close to the solution set—and depend on an error-
bound constant that is often unknown or dif cult to estimate. Recent wokR(, ZL22, ZPL22]
introduces the smooth augmented Lagrangian primal-dual algorithm for constrained optimization.
While this method achieves an optimal convergence rate matching the lower bound of optimization
complexity for nonconvex objectives, it incurs additiopabjection complexityn each iteration.

A.2 Recent Advances

To reduce the cost and accelerate the convergence for solving (non-)convex optimization over convex
sets, recent novel projection-free methods and other advanced techniques involve inexact projection,
radial dual formulation, re-parameterizing optimization problems, and uncovering hidden convexity.

Inexact projection. In many cases, the projection operator lacks an analytic solution or is com-
putationally expensive to compute exactly, motivating the analysis of inexact projected methods.
For convex optimization, such methods achieve the same convergence rate as PGD if the cumula-
tive projection error is bounde®sRB11 PN1§, with new results derived under speci c settings
[PI2]]. For nonconvex objectives with convex constraints, their convergence has been analyzed in
[BMRO3, WL06, ZWWY20]. Recent advances further generalize inexact projection operators to
broader settings [FLP22, AFP23].

Radial duality. Beyond classical projection-free methods, recent advancements have introduced
novel approaches based on gauge and radial duality theory. Radial duality theory for nonnegative

19



optimization problems®ri24a Gri24ld demonstrates that constrained optimization problems can be
reformulated as unconstrained problems using the gauge of their constraints. This framework has led
to the development of new families of projection-free methods with optimal convergence guarantees
[LG23], as well as relaxed condition${524 that enable more ef cient line search operators for the
reformulated unconstrained problems.

Reparameterization. Reparameterization optimization problems aim to mitigate challenging prop-
erties, such as non-smoothness or non-convexity, via invertible transformations while preserving
equivalent optima. Parameterization is widely used in optimization and learning tasks, including
semi-de nite programmingQif21], low-rank optimization MMBS14, HLB20], and risk minimiza-

tion [BRTW2Z. Recent advancements include parameterizing simplekP3] and polyhedron

[TT24] optimization via Hadamard transformation to reduce projection complexity, smooth over-
parameterization to accelerate non-smooth optimization algorithms [PP23], parameterizing discrete
data as continuous for generative learnibdKP* 24], and analyzing the optimization landscape
under parameterization transformations in non-convex settings [LKB24].

Hidden convexity. Hidden convexity refers to transformations that reveal the convex structure of non-
convex sets or functions, which has been exploited in problems such as rotation matrix optimization
[RSW24, non-linear least squareBP19, revenue management and inventory cont@HHY 22,

and quadratically constrained quadratic programming (QCQP) with Toeplitz-Hermitian quadratics
[KS15. For non-convex stochastic optimization with hidden structure, projected gradient-based
algorithms can achieve the same convergence rate as in convex optimization for both strongly convex
[FHH23 and convex objectivesJHHY22] under certain assumptions. Furthermore, QCQP, which

is generally NP-hard, can be solved in polynomial time when hidden convexity is present [KS15].

A.3 Ball-Constrained Optimization

To improve algorithmic performance and reduce the computational cost of constrained optimization,
recent work has explored the use of ball-constrained optimization. The idea dates back to the ellipsoid
method GLS81], which iteratively encloses the feasible region in shrinking ellipsoids that contain the
optimal solution. Despite its theoretical appeal and linear convergence, the ellipsoid method suffers
from high computational complexity & n* , making it impractical for large-scale problems. More
recently, £JJ 20, GLRR29] studied acceleration techniques using ball-optimization oracles for
speci ¢ problem settings. Inherently, ball-constrained optimization exhibits favorable properties;
for example, solving quadratic problems over a ball using a combination of bisection and Newton's
method can achieve a convergence rat®@bg log(1=)) [Ye94, Ye01], which matches the fast

rate of Newton's method for unconstrained proble®BY04]. These developments highlight the
potential of ball-constrained techniques in designing ef cient and scalable optimization algorithms.
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B Homeomorphism of Convex set via Gauge Mapping

In this section, we provide the omitted details in Sec. 2 and Sec. 3.

B.1 Handling Constraint Set with Equality

We rst explain how to apply our framework to handle constraints with linear equality constraints as
mentioned in Sec. 2. Consider the constrainedsas follows

K=fxja(x)=0;a1(x) 0 :gm(x) 0Og
whereq() = (q;%;  ;0n,) Withg :R" ! R are linear/af ne functions.
Note that the rank alq is constant for alk, i.e.,

rank(Jq(x))=r1 8x 2K:

Thenf g(x) = 0gis of dimensiom r by the Constant-Rank Level Set Theordrh12]. In other
words, we can use a subset of decision variable® R" " and reconstruct full decision variable
[x1;x2] 2 R" via the equality constraint, whese =  (x1) andq ([x1; (Xx1)]) = 0. Such a
reconstruction process ensures the feasibility of the equality constraint. Then the costraimbe
reformulated as

K®=1fx12R" "jau(xs; (X)) O gm(Xs; (X1)) Og
It follows from the reconstruction that

(x;x2 = (x2)) 2K, x32K*:

Thus, we can assume the constrained set has no inequalities without loss of generality.

B.2 Gauge Mapping for Convex Set

We rst recall the de nitions of gauge function/mapping.
De nition B.1 (Gauge/Minkowski FunctionrgMO08]). LetC R" be a compact convex set with a
non-empty interior. The gauge/Minkowski functiog : R" int(C)! R gisde nedas
c(X;x ) =inff 0jx2 (C x)g;
wherex 2 int( C).

Building upon this foundation, we de ne the gauge mapping between two compact convex sets:

De nition B.2 (Gauge MappingTz22]). LetZ;C R" be compact convex sets with interior points
z 2int(Z) andx 2 int(C), respectively. Then

1) the gauge mapping : Z ! C isde ned as:

z(z
c(z

(2) = ZZ_;E;(Z zZ)+x;22Z;

2) and the inverse gauge mapping® : C ! Z is given by:

c(x x;
X

_ )
0= z (X 'Z)

(x x)+z;x2C:

We have the following remarks based on the de nition.

* In essence, the gauge mapping scales the boundary of a convex set from an interior point to another
convex set and with translation to its interior point.

» WhenZ is a unit ball, the gauge mapping in Def. B.2 is simpli ed as Def. 3.2:

kzk

cx x;x)
c(z;x )Z

+X ; 822B; Y(x) = Kk

(2) = (x x);82¢C:
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B.3 Properties of Gauge Mapping

The gauge function satis es the following properties.

Proposition B.3(Basic Properties of Gauge Functiojet Cbe a compact and convex set. For all
x;y 2 R" and 0, gauge function ¢( ; x ) given an interior poink 2 int( C) satis es:

* Non-negativity: c(x;x ) 0.

* Positive homogeneity:c( X;X )= c(X;Xx ).

Subadditivity: c(x +y;Xx ) c(X;x )+ c(y;x ).

» Convexity.

Differentiability: Gauge function is twice differentiable almost everywhere.

Upper/lower bounds: c(Xx; X ) 2 [kxk=rq; kxk=r;].

Lipschitz continuousk c(x;x ) c(y;x )k +kx yk:

Proof. We show them one by one in the following.
1)2) The de nition can directly derive non-negativity and positive homogeneity.
3)To show subadditivity, let
x= c(x;x ) and  y= c(y;x):
By the de nition of the gauge function, there exist pointsy 2 C  x such thatx = 4u and
y = yVv:Now, consider the sum:+ y = ,u+ v:Write this sum as

X+y=( x+ y) X _u+ Y
Ty xt oy

SinceC x is convex (as a translation of the convex 9t the convex combination

\Y

X _u+ Y _v2C x:
y xt oy
Thus,x +y 2 ( x+ y)(C x ) which implies by the de nition of ¢ that c(x + y;x )
x + y:Since y and  can be arbitrarily approximated by sequences converging (®; x )
and ¢ (y;x ) (if the in mum is not attained exactly), we conclude (x + y;X ) c(X;x )+

c(y;x):
4) Convexity is induced by Positive homogeneity and Subadditivity.
5) Differentiability is from the fact that Convex functions over a compact set are twice differentiable
almost everywhere [Eval8].
6) By the de nition of gauge function (Def. B.5), we have:
kxk

m 2 [kxk:ro, kX k:ri]

c(x;x )=

7) By the subadditivity, we have:
c(X;x ) cly;x ) cex yix )+ cly;x ) clysx )= clx y;x) kx o yk=r
Similarly, we have:
cly;x ) c(x;x) oy xix) kx yk=r
Thus, we have
Kobix ) olyix )k kx yk

O

Based on the non-negativity, positive homogeneity, and subadditivity, the gauge function generalizes
the concept of a horm. For a gethat is symmetric about the origin, the gauge functigfx; 0)

de nes a norm. In particular, whe@= B, = fx 2 R" jkxk, 1gis the unit ball of thep-norm,

we have g, (x;0) = kxKkp.
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B.3.1 Proof of Proposition 3.3: Bi-Lipschitz Constants of Gauge Mapping

Next, we prove Proposition 3.3, stating that the gauge mapping is bi-Lipschitz continuous with
constant depending an andr,.

Proof of Proposition 3.3.We begin with the forward gauge mapping from the 2-norm Balb Cas

kzk

————7+Xx ;8228B
c(z;x)

(2) =

Differentiating (z) with respect t@ (using the product and quotient rules) yields

kzk |+ zz> kzk . (%) >
czx)  czx) czx )t Fe® '

Taking the operator norm and applying the triangle inequality gives

kzk N kzk kzk?
c(z;x) c(z;x) c(z;x )2
r2
ot Ig+ 70;
i

J (2) =

J (2) rzc(zx)

where in the last inequality we have used the facts that (igf@rB one haskzk 1, (ii) the
gauge function satis esc(z;x ) 2 [kzk=r,; kzk=r;], and (iii) kr ; c(z;x )kis bounded byl=r;.
In summary, we obtain
2
1@ e+
i
which proves that the forward Lipschitz constant oatis es

2
Lip( ) 2ro+ rr—o

Next, consider the inverse gauge mapping ftého the 2-norm ball as

cx x;x)

1 —
() = kx x k

(x x);82C:

Differentiating with respect ta gives

| (x x )x x )
kx x k2

kx x k

X X

o xk T c(x x;x)

J 1X)=r1 (X X ;x)

Taking norms and again using the triangle inequality leads to
> I (x x )x x )
X X kx x k2

J 1(x) rc(x x;x)m + c(x x;x) T~

Using the boundc(x X ;X ) 2 [kx X k=ro;kx X k=ri] and the projection matrix related
term has norm at modtkx  x k), we have

1 1 2
J —+ — = —:
+(X) Fi fi ri

Thus, the inverse Lipschitz constant is bounded by

Lip( b rg

This completes the proof. O
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B.3.2 Smoothing Technique for Gauge Mapping

Moreover, we have the following property for gauge mapping as a corollary from Proposition B.3.
Corollary B.4. The gauge mapping de ned in Def. B.2 is twice differentiable almost everywhere.

This corollary follows directly from Proposition B.3 and aligns with our general assumptions (see
Appendix C.2).However, the existence of a zero-measure set of non-differentiable points creates a
gap between our theoretical requirements and the current formulaBoninstance, in max-cut SDP
problems, low-rank optimal solutions lead to non-differentiable points on the PSD cone constraint
boundary due to eigenvalue multiplicity at the maximum eigenvalue, causing convergence behavior to
oscillate around the optimum. While these points may have no practical impact on most engineering
problems, mathematical rigor demands that we address this discrepancy.

To bridge this gap, we introduce a smoothing technique. Recall that the gauge magipamg the
unit ball B to a convex se€is computed (see Appendix B.4) as:

_ 1
(@)= c (x ;z=kzk) zrx

where (¢ is the inverse distance function (Def. B.5).

In practice, most constraints we encounter are listed in Table 2. The non-smoothnesaifl
thus ) arises from the use of the max operator (including the ReLU op€dr#itgomvhen handling
multiple constraints. We de ne;(x ;v) suchthat ¢ (x ;v) =[ i(x ;v)]* in Table 2. Hence,
each ; is smooth. We then expresg(x ;V) = ]I-’n%ame i(x ;v);0gand, letting n+1 =0, we

simplify this as
c(x jv)= max f i(x ;v)g;
I m

with loss of generality. In the following, for convenience, we xx and write j(v) instead of
i(xX ;v).
We smooth ¢ using the log-sum-exp approximation (also called Nesterov smoothing) with parameter
> 0 following [Gri24b, Nes05]:
|
0 | !
(v)= log exp iV ;

with the corresponding gradient

X exp(i(v)=)
roo(v)= ir i(v) where ;=P ! ;
- v ' iexp(j(v)=)
By replacing the objectiva = f withh = f where  (2) = ——pzgy Z* X We

obtain a twice-differentiable homeomorphism. The smoothing introduces an optimality @gp Jof
[Nes05 Gri24H (here the hidden constant is dependent on the Lipschitz constéptwhich can be
made arbitrarily small by choosingsuf ciently small.

B.4 Computation of Gauge Mapping

For computational purposes, we introduce a point-to-boundary distance function and its inverse.

De nition B.5 (Point-to-Boundary DistancdHH23]). LetC R" be a compact convex set and
x 2 int(C). Forany unitvectov 2 S" 1 = fu 2 R" j kuk = 1g, we de ne the interior-point-to-
boundary distance functiofe : int((C) S" ! R o along directiorv as

dc(x ;v) =supf Ojx + v2Cg
The inverse distance functiory : int(C) S" ! R pisdenedas c(x ;v):=1=d:(x ;V).
We then have the following rules for computing the gauge mapping with the help of the point-to-

boundary distance function.
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 This distance function relates to the gauge function as:

kxk
c(x;x )= c(x ;x=kxk) kxk= do(X x=kxK)
» Further, considering the positive homogeneity, we have:
1
clxkxkix ) = clx ix=kxk) = Gm 25l

» The gauge mapping betweBrandC can be simpli ed as:
(z) = de(x ;z=kzk) z+ x ; 8z2B
X X

1 - . .
)= de(x ;(x x )=kx x k)’ Bx2C

Therefore, we can compute the inverse distance function to obtain the gauge mapping. In practice,
we can compute the inverse distance functigfix ; ) as follows.

* Closed-form for common constrained detr various common constraint types, Table 2 provides
closed-form expressions of the inverse distance function and Fig. 6 show the actual computational
cost for it. Most matrix calculations can be computed and stored of ine before being applied online
givenv.

* Bisection-based algorithm for general constrained.séthen the inverse distance function lacks
a closed-form expression, we employ an ef cient bisection algorithm detailed in Alg. 2. This
algorithm supports batch processing, enabling ef cient parallel computation for multiple inputs
simultaneously.

Figure 6: lllustration of gauge function calculation time as constraint dimension varies.

B.5 Gauge Mapping in Hom-PGD

Optimizing the interior point in Hom-PGD. As shown in Sec. 4, one can select a central interior
point with large inner radius; or smaller outer radius, to reduce the Lipschitz constant of the
gauge mapping thereby boosting the convergence rate of Hom-PGD. Here, we introduce two types
of interior points which maximize; and minimizer 4, respectively, below.

» Chebyshev center: maximizes the minimum distance from the point to the boundary of the set for a
large inner radius;:
X =argmax min kx yk:
x2K y2 @
* Min-max center: minimizes the maximum distance from the point to the boundary of the set for a
smaller outer radius,:

X =argmin max kx yk:
x2K y2 @K
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Table 2: Closed-form Expressions for Inverse Distance Functions [THH23]
‘ Inverse Distance Function

Constrained Set ‘ Formulation

Linear Matrix Inequality ‘ fx: M, xi Fi+Fo Og eig L™ ( S)L

c(X V)
Linear ‘ fx:a’x bg ‘ P
Quadratic | fx:x"Qx+a x by \ (1-root(AQ Bo;Co))"
Second Order Cone \ fx kA7 x+ pky, a x+ bg \ (1=root(As;Bs;Cs)) "
P
|
.

. T
Intersections ‘ c= 1 maxf c(x ;v)g
! Notation:x;a 2 R",b2 R,Q 2 S, A 2 R" " p 2 R",Fg; ;Fy 2 R™ ™M X 2 R" ";()" =
max( ;0).

q —
X2 X % 4x1%x3 . .
— g denotes the roots for quadratic equation.

SAQ =V Qu;Bg=2x" Qu+av;Co=x"Qx +a’x b
“As = (AV) (A”v) (a*v)?; Bs =2(A”x +p) (A”v) 2@ x + b(a’v); Cs=(A>x +
P)” (A% x g+ p) (@ x + b’

2 root( X1;X2;X3) =

P
®H=Fo+ i":1 x;Fi;H '=L>L;S=" D, viFi.eig(X)= 41; ; n denotes the eigenvalues satisfying
det( X 1) = Note that only the maximum eigenvalue is needed. Thus, power iteration methods can be applied to compute
it ef ciently.

6 Note that allv -independent terms can be computed only once and stored for use.

Algorithm 2 Bisection Algorithm for Inverse Point-to-Boundary Distance
Input: A compact convex s, an interior poinix 2 C, and a unit vectoy .

1: ;=0,and ;=1

2: whilej uj 10 3do

3: ifx + , v2Cthen

4: increase lower bound:, u

5: double upper bound: 2 m
6. else

7 bisection: , =( |+ y)=2

8: ifx + , v 2Cthen

9: increase lower bound: m
10: else

11: decrease upper bound; m
12: end if

13: endif

14: end while

Output: inverse distance:c(x ;v) 1= n

According to the de nitions, the Chebyshev center maximizeand the min-max center minimizes

ro. For certain convex sets, one can ef ciently compute these centers. For instance, for a polyhedron,
one can nd the Chebyshev center by solving an LP (see é88Y04]). However, for general
convex sets, computing the Chebyshev center entails solving a convex optimization problem that may
be very hard due to the in nitely many constraints where each corresponding to a boundary point of
the set.

In practice, we may minimize the constraint residual to nd an approximate central interior point
following [THH23]. Concretely, we solve the following convex program to obtain an interior point
x 2K :=fg(x) 0g.

(x ;)= argmax
st: g(x) 1;
> 0

Note that in the main experiments, we set 10 2 as a constant to solve this convex feasibility
problem to obtain an interior point (which may be close to the boundary). In the ablation study, we
solve this residual maximization problem to obtain a “central” interior point for comparison.
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Computation of basic operations in Hom-PGD.We now summarize the practical methods used to
compute the key operations in Hom-PGD, including the gauge function/mapping and the gradient of
h=f

» Computing the gauge functiork ( ;x ): Compute the inverse distance functiogp(x ; ) via
Algorithm 2 or using the closed form when available.

» Computing the gauge mapping Derived from De nition B.2, given ¢ (;x ).

» Computing the gradient df = f . Approximated using numerical differentiation methoddh If
has a closed-form, the gradient can be computed using automatic differentiation methods (see e.qg.,
[BPRS1§). For general cases, we adopt the nite d|fference method for computing the gradient of
the gauge function in [LBGH23], i.e., for=1;2;:::;

F oo = O ei) h(x)

given a proper small number 0wheree; denotes the standard basis oRé&r.

Next, we summarize the complexity for computing the above basic operations.

Proposition B.6. With the zeroth-order oracle df and the membership oracle, the computational
complexity of the basic operations in Hom-PGD is as follows.

(i) Computing gauge functiorg ( ;X ) to an error costsO(log 1=).
(i) Computing gauge mapping (x) costsO(n).
(iif) Computing the gradient ofi = f costsO(n?).

Proof. We show them one by one in the following.

(i) This is a classical result of the bisection-based algorithm. U8i(igg 1= ) number of calls to the
membership oracle, we can get ap -approximate solution to the gauge functign( ; x ). One
could refer to, e.g., [LCL23, LBGH23, Mha22] for a detailed proof.

(ii) From Def. B.2, computing requiresO(1) complexity to evaluatec( ;x ) andO(n) complexity
to compute the scalar-vector proddei(x ; ) z.

(iif) From the nite difference method described above, computing each partial derivative
requires evaluatin, which involves a zeroth-order oracle callftand a computation of the gauge
mapping . Therefore, computing each;h(x) (i =1;2;:::;n) costsO(n), leading to a total of
O(n?) to compute the gradient mappingh. O

C Preliminaries for Technical Proof

In this section, we summarize the related basic concepts, notations, assumptions, and fundamental
propositions and lemmas.

C.1 Basic Concepts
We list the basic concepts used in this paper below.

 Indicator function. Forasef R", the indicator functionx : R" ! R is de ned as

1 if x 2X;

x (X) = 1 if x 2X:

» Distance between a point and a set. For a closed s2tR" and anyx 2 R", the distance between
x andX is de ned asdist(x; X) = inf yox kx yk.

 Orthogonal projection. For a closed 3€t the orthogonal projection of a poirt2 R" ontoX is
denedas x(x)=argminyox kx yk.

» Function convexity. For a differentiable functibn X R" ! R, itis said to be convex if one
of the following holds:
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1) Jensen's inequality. Forwith O Lwehaved ( x+(1 )y) fX)+@ Hf(y)
forallx;y 2 X.
2) rst-order condition.f (y) f(x)+ hrf(x);y xi;8x;y 2X.
3) monotone gradienfr f(x) r f(y)T(x y) Oforallx;y2X.
» L-Smoothness. A differentiable functién: X R" ! R is said bel -smooth if one of the
following holds:
1) zeroth-order conditiorf. ( x + (1 ) f xX)+(1 ) (y) Li 1 YKy xk?,
forallx;y 2 X; 2 [0;1]
2) rst-order condition.f (y) f(x)+ hrf(x);y xi+ 5ky xk? forallx;y 2X.
3) Lipschitz gradientkr f (y) r f(x)k Lky xk, forallx;y.
e -Strong convexity. A differentiable functidn: X R" ! R s said be -strongly convex holds
if one of the following holds:
1) zeroth-order conditiorf. ( x + (1 ) f (x)+(1 @y) 5 @ )ky xk?,
forallx;y 2 X; 2 [0;1]
2) rst-order condition.f (y) f(x)+ hrf(x);y Xxi+ 5ky xk?, forallx;y 2 X .
3) strictly monotone gradienhr f (y) r f(x);y xi ky xk? forallx;y 2X.
« Stationary point. Consider a progrdmminy f (x); s.t; x 2 Xg wheref is differentiable an
is a convex set. Let> 0. Then a poink is called a stationary point for the program if
x (X rfx)=x;
or equivalently (see e.g. [Becl14])
hrf (x );x xi 0;82X:
« Jacobian matrix. Suppose: R" ! R™ is a function such that each of its rst-order partial
derivatives exists ofR". Then the Jacobian matrix &f denoted)s 2 R™ ", is de ned as

Ji =( %)ij :
+ A Hessian of a functiof : R" ! Risdenedasr *f =( @giéx)ij 2 R" ", if its second-order

partial derivatives exist. Moreover, for a mappingR" | R™ with existed second-order partial
derivatives of each componeit(i =1;2; ;m). The Hessian of is de ned as

H(f)=(r 2fa; 51 %fn):
C.2 Basic Assumptions and Notations

In the following, we make assumptions throughout the paper.

» Assumptions ori and constraintg; (i =1;2; ;m) in problemP:
1) f is Ly, o Lipschitz continuous, i.ekf (x) f(y)k Lyt okx ykforanyx;y.
2) f in problemP is differentiable and.; smooth.
3)f > 1 wheref :=minyxx f(x).
4) Eachg; is L ;0-Lipschitz continuous, differentiable, ahg, -smooth.
» Assumptions on the homeomorphic mappingR" ! R":
1) s differentiable with non-singular Jacobidn( ),
2) is( 1; 2)-bi-Lipschitz continuous for , 1> 0,i.e.,
1ku vk k  (u) (v)k oku vk
Then the Jacobian matrid, () andJ :() will satisfy
kJ (2)k 2; 8z; kI 1(x)k i; 8x:
1
3) hasL -Lipschitz continuous Jacobian matrix, i.e.,

kJ (u) J (v)k L ku vk; 8u;v:
4)  has continuous Hessian, i.e.,
H@=(r? 4 5r? )
exists and is continuous.

In addition, we summarize the commonly used notations in this paper in Table 3.
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Table 3: Summary of Notations. The notations shown in the table is for prablamd we use the
same type notations for problei.

Notation | De nition
k k 12-normk  ky
B unit ball centered a@
Lt o Lipschitz constant of
Ls L+ -smooth property of
f ¢ -strong convexity of
1, 2 bi-Lipschitz constant of
D distortion of ,i.e., »= 1
L Lipschitz constant of
int( K),@ the interior,boundary dk

C.3 Basic Facts

In this section, we list the fundamental facts we will use in this paper.

Proposition C.1(Global Optimality Condition, see e.gBBV04, Bec17). For convex constrained
optimizationf miny f (x); s.t.x 2 Xg, X is a global optimum if and only ¥ is a stationary point
of the problem, i.e.,

hrf(x );x xi O

Proposition C.2 (Properties of Orthogonal Projection, see eBed14). The projection operator
c over a closed and convex sétatis es the following properties.

1) Optimality condition:8y 2 C, hx c(x);y c(X)i 0.
2) Non-Expansivenesg&: ¢(x) c(y)k k x yk.
3) Monotonicity:h ¢(x) cly);x yi O

We have the following lemma related toto help with the computation.

Lemma C.3. Supposd isL Lipschitz,i.e.kd (u) J (z2)k L ku zkforanyu andz.
Then, we have

k (u) (z) J 2)(u 2k LZZKZ; 8u;z:

One can refer to Lemma 1.2.3 {N.8] for the proof.
Next, we list the following rules for basic computation:

« Jacobian equivalencd: :(x)=J (z)forz= (x).
* Chain rule for computing gradient bf= f

rh(z)=J @7°rf( (2)=3 (2)7r f(x):
 Chain rule for computing gradient of
rf(x)=J 1(x)°r h(z)=J (2)r h(2):

 Chain rule for computing Hessian bf= f

X of
r*h(z)=d 27r?%( 23 @+ @( @r? i(2):

i=1
D Landscape Analysis

In this section, we provide landscape analysis to understand important relationships between problem
P andH.
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Figure 7: lllustration of the action of homeomorphism on a polyhedron. The left gure is the
polyhedral constraints of problem. Each color of line represents a constraint inequéityx hg

for somei. Under the homeomorphic mapping the constrained set is transformed to a ball (right
gure). Each constraint inequalityG; (z)  Og (colored differently) is non-convex in general.

D.1 Action of Homeomorphism on a Constrained Set

Recall that the constrained setds= fx 2 R" j g(x) Ogwithg = (01;92; ;9mn) Whereg;
i=1;2 ;m) is a convex function. For problei,

B= MKY=fz2R"j (2)2Kg=fz2R"jG(z):= g( (z)) Og

whereG; might be non-convex even for convgx However,B is assumed to be convex (actually a
ball set) in this paper. One can refer to Fig. 7 for an illustration.

Moreover, we assume there are no redundant inequaliti€siie., there is ng; such that it can be
represented as the positive linear combination of other inequalities. In this case, any feasibte point
satisfyingg (x) = 0 for somei is on the boundary of the skt. Moreover, we have

\
fx2Kjg(x)=0;0(x)60g fx2Kj o(x)=0;g(x)60g=;
foranyk 6 j. NoteB = fz | Gj(2) 0i=1;2 img = fz j kzk? 1g. Moreover,

fGi(2) 0;i = 1;2; ;mg also has no redundant constraints by the non-singularity of the
Jacobian of and similarly,

\
fz2BjGj(z)=0;Gk(z) 60g fz2BjGk(z)=09g=;

foranyj 6 k. Hence ifz 2 B satis esG;(z) = 0 for somei, it lies on the boundary d8. Clearly,
we have
Gi(z)= kzk? 1 at z°2B;Gi(z9=0; ()
and
r Gi(z)=2zr 2Gi(z) =21, at z°2B;Gi(z%=0: (3)
wherel , is the identity matrix oh by n.

D.2 Properties of Functionh = f

Lemma D.1 (Properties oh = f ). Under the general assumptions Ci2= f has the
following properties.

1) hisLp.o:= L. o 2 Lipschitz continuous.
2) hisLp-smooth witiLy, = 3L¢ + L Ly o.
3) Iff is convex, theh is *-weakly convex with, = L+ oL

4) Iff is ¢ -strongly convex. Them satis es the quadratic growth condition with, = -5+ on
the ball seB, i.e.,
h(zy h mpkz 2z k% 8z2B: (4)
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Proof. We prove them one by one in the following.
1) We can directly derive from basic de nitions:

kh(u) hk kf( () f( (v)k
Lr.ok (u) (v)k
Lt.oL ku vk:
2) FromL ¢ -smoothness df, we have
kr f(x) r f(y)k Likx yk: (5)

Then we derive wittk = (2);v = (y),
krh(z) r h(v)k= J (27rf(x) J (v) rf(y)
= 3@t r fN+Q @ I (V) rfy)

J@@fx)r f@y) + @ @ I ) rf(y)
2Lt kK (2) (V)k+ L Ltokz vk
2L + L Lgo kz vk:

LetL, = 3L¢ + L Ly 0. We have the conclusion.

3) One hope to show( ) + %hk +vk? is a convex function, i.e.,
h(v) + ‘Ehkvk2 h(z) + %kzk2+ hr h(z) + “hz;v  zi; 8z;v:
This is equivalent to show
h(v) + ‘Ehkv zk? h(z)+ hrh(z);v zi; 8z;v:

We drive withx = (z);y = (v) as follows,

hrh(z);v zi= rJ (2°f(x);v z

hr f(x);J (z2)(v 2)i

hri(x); (v+ @+ (v 2i+hrf(x); (v) (i
kr f(xX)k k (v) (2) J (&)(v 2k+ hrf(x);y xi
Lol kz vk2+f(y) f(x)

= LroL kz vk®+ h(v) h(2)

where the rst inequality is from triangular inequality and the second inequality is from Lemma C.3
and the convexity of .

4) Note that optimality implies stationarity. By the strong convexity pfor anyx 2 K andx 2 K
we have

f(x) f(x)+hrf(x);x xi+7ka x K f(x)+7ka x K%

Here the last inequality is from the global optimality condition C.1.
Withx = (z), we have

h(z) h(z )+ 7fk (z) (z)k¥ h(z)+ 7* kz 7 K%
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D.3 Stationary Points and KKT Points

Recall that the stationary poirf of a setK is de ned by the variational inequality:
hrf(x);x x% 0;8x2K: (6)

Besides, a tupléx; ) is said to satisfy the Karush—Kuhn-Tucker (KKT) condition of problrif
the following holds

xn
rf(x)+ ir gi(x)=0;
= ()
g(x) 0 i=1;2, m
0, iG(x)=0; i=1;2 ;m
where is the dual variable corresponding to inequality constraints.

De nition D.2 (KKT Stationary Point) A pointx is said to be a KKT stationary point &f if there
exists suchtha(x ; ) satis es KKT condition (7).

Actually, these two de nitions are equivalent under mild conditions, which will be discussed later.
Before moving on, we introduce related de nitions.

De nition D.3 (Constraints Quali cation) Let x be feasible for a problem with constraint set
fxja(x) 0q(x)=0;fori=1;2, ;m;andj=1;2 ;pg

and putA(x) := fij g (x) = 0g. We say that

1) the linear independence constraint quali cation (LICQ) holds éind writeLICQ( x) ) if the

gradients _ _
ra()i2AX); rqg)(=1;::::p)
are linearly independent.

2) the Mangasarian-Fromovitz constraint quali cation (MFCQ) holds éind writeMFCQ(x) ) if
the gradients

rgi(x)>d<0(i2A(x)); rqgx)”d=0(j =1;:::;p):

De nition D.4 (Strict Slackness)lt is said that the strict complementary slackness condition holds
for problemP, if

;>0 for g(x)=0;
and for problenH , if

>0 for kz k=1:
De nition D.5 (Slater's Condition) It is said that the Slater's condition holds for a problem with
constrained seK := fgi(x) 0;i = 1;2; ;mag, if there existsxy such that for alli =
1,2 ym,
gi(xo) < O

It is established that the variational inequality (6) and the KKT system (7) coincide with a strong
relationship if certain constraints quali cation holds. One could refeHBJQ FFK98 Tob84q for
detailed discussion. We summarize the conclusion in the following proposition.

Proposition D.6. We have the following relationship between (6) and (7).

1) If x is a solution of the variational inequality (6) and a certain constraint quali cation (e.g.,
LICQ, MFCQ, see Def. D.3) holds at , then there exists such that the tupléx ; ) satisfy the
KKT system (7).

2) Supposé andg (i =1;2; ;m) are convex and Slater's condition D.5 is satis edxIfis a
solution of the variational inequality (6), then there existssuch that the tupléx ; ) satisfy the
KKT system (7).

3) If (x ; ) satis es the KKT system (7) anplis convex, thew satisfy the variational inequalities

(6).

Proof. One can refer to e.g.Tpb86 HP9( for item (1) and (3) and refer to e.g. Theorem 3.78
[Becl7] for item (2). O
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D.4 KKT Conditions of Problem P andH
We rst introduce the following de nition.

* The normal con&s(x) of a closed and convex sktatx 2 K is de ned as
Nk (x)=fy :hy;z xi Oforanyz 2Kg :
» The tangent con& (x) of a closed and convex sktatx 2 K is de ned as
Tk(X)=clfy:9 > 0stx+ y 2Kg
wherecl( ) denotes the closure of a set.

* The critical coneCk (x) of a closed and convex sktatx 2 K with related to a objective function
f isde ned as
Ck(x)= d2Tk(Xx):rf(x)>d=0

To de ne the second-order KKT condition for the optimization problems, we rst recall that the
critical cone of problen can be written as [NW99]
x VT d=0: . L a
d2Ck(x), rg(x )Td 0; forall?ZA(x)W!th >0
rg(x) d 0, foralli2A (x ) with ; =0:

Here is the Lagrangian multiplier of inequality constraigtsandA (x ) is the index of active
constraints. Moreover, Btrict complementary slacknelslds, the critical cone is simpli ed as

Ck(x)=fd2R"jr g (x )Td:O; foralli 2 A (x )g

Supposestrict complementary slacknebslds for problemP andH. Then, we can write KKT
conditions for problen® andH in the following.
First-order KKT condition®onx . The Lagrangian of is

X

Le(x; )=f(x)+ i (x):

i=1

The rst-order KKT conditions ofP are: there exists such that

X
rf(x)+ iroi(x)=0; (8a)
=1
g(x) 0 i=1;2, ;m (8b)
0, jg(x)=0; i=1;2 ;m: (8c)

Second-order KKT conditiorenx . It adds the following condition
Worilp(x; )w O 9)

for anyw satisfyingw” r gi(x ) =0 withi 2 A (x ).
First-order KKT condition®onz . The Lagrangian off is

Lu(z; )= h(z)+ (kzk?® 1):
The rst-order KKT conditions oH are: there exists such that

rh(z)+2 z =0; (10a)
kz k1, (10b)
0; (kz k¥ 1)=0: (10c)

Second-order KKT conditioonz . It will add the following condition.
dr2Ly(z; ) o0 (11)
foranyd 2 Cg(z ). Here recall that
_ RY if z 2 int(B);
Ce(z )= fd:d>z =0g;, ifz 2 @:
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D.5 Relationships of KKT Points between ProblenP and H

Lemma D.7. We have that is a KKT stationary point oP if and only ifz is also a KKT stationary
point ofH .

Proof. 1) First, we assume that is a KKT stationary point oP . By assumption, there exists
such that the KKT condition holds (8) holds. Then we have

X0
J(z)yrf(x)+ iJ (z)rg(x)=0;
i=1
g( (z)) 0 i=1;2 ;m

0, jg( (z)=0; i=1;2 ;m
This is equivalent to
xo
rh(z)+ irGi(z)=0; (12a)
i=1
Gi(z) 0 i=1;2 ;m (12b)
0; ;Gi(z)=0; i=1;2, ;m (12c)
P
Let = ,_; ;.Accordingtothe eq. (2,3), eq. (12a) is actually

rh(z)+2 z =0:
By assumption, eq. (12b) is equivalent to
kz k> 1

Note that ifG;(z ) < Oforalli,then =0 andthus =0.Inthiscase, (kz k> 1)=0.Ifz
makes at least or®; (z ) = 0, thenwe hav&z k? = 1. Inthis case, we also have(kz k* 1)=0.
Hence, eq. (12c) imply

0; (kz k* 1)=0:
In conclusion, there exists ;  such the KKT condition holds.
2) Now, we assume ;  satisfy KKT condition for problentd , i.e.,

rh(z)+2 z =0;

kz k* 1,

0; (kz k¥ 1)=0:
If z 2 int(B), thenGj(z ) < Oforalli and =0. Inthis case, there exists = 0 such that the
KKT condition of problemP holdsatx = (z); aseq. (10).

If z 2 @B, then there exists atleaston2 f 1;2; ;mgsuchthaGj(z )=0 and > 0from
strict complementary slackness. Denéte= fi : Gj(z ) =0g9. Notewedene ; =0 ifi 2A and

i = TAj. Thenwe have ; suchthateq. 12 holds which impligs = (z );  make the
KKT condition of problemP holds.

O

Lemma D.8. Suppose strict complementary slackness condition holds for both prébland
H. Thenx is a second-order KKT stationary point Bf if and only ifz = Y(x )is also a
second-order KKT stationary point &f.

Proof. From Lemma D.7, there exists and such that(x ; ) holds for rst-order KKT
condition of P ifand only if (z ; ) holds for rst-order KKT condition ofH . Hence, it suf ces to
show the equivalence of condition 11 and 9.

1) Let's rst supposex is a second-order KKT stationary point, i.e., eq. (9) holds.

Note
r2Lu(z; )=r?hz)+2 lg;
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wherel , is identity matrix of sizen n. We just need to show”rL 4(z ; )d Ofor any
d 2 Cg(z ). Recall that

xX @f
r?h(z)=J3 (z)r?( (z)I (z)+ @( ZzNr? i(z);
i=1 !

and

2. _ > 2. X @g 2 L =10 .
reGi(z)=J ()rg( (z)J (z)+ ——(@@)hr° «(z); k=1;27 m
o @k
From eg. (2), note that
r?Ge(z )=21,:;8k2A(x )\f k:Gx(z )=0g:

FromLemmaD.7, = , ;. Thenwe have

xn
rLu(z; )=r2n(z)+ 1 2Gi(z) (13a)
i=1
X
=3 Z)YrA( (@) )+ I (z) irPe( ) (z) (13b)
i=1

X @f x o
+ %( @)r2 (z)+ igf( @2 z) (130

k=1 @ k=1 i=1

From rst-order KKT stationarity ofP, i.e.,

X
rf(x)+ irg(x)=0;
i=1
We have 0
@f @g
— (x )+ . —=(x )=0:
@k ( ) - 1 @k ( )
Hence for anyd 2 Cg(z ), we have the second term (13c) is equadto

Now we note it's trivial thaiCxk (xX) =Cpg(z )= R"if z 2 int(K) wherex = (z ). Hencein
this case ifd 2 Cg(z ), we willhaved (z )d 2 Cx(x )

If x 2 @.ThenA(x )6 ;.Ford 2 Cg(z ),i.e.,d>z =0, we have
@ @))’rgx)=d>3 (z)rg(x)=d>Gij(z)=2d>z =0; fori2A(x);
ord (z)d2Cg(x).

So ford> 2 Cg(z ), we have the following holds about the rsttermofLy(z ; ).
|

o !
@ (2)d)r?( (z)J (z)d+@ (z)d) ir?g( (z) J (z)d o©
i=1
where the last ' ' is from the assumption that is the second-order KKT stationary point of
P. Hence, we have”r 2L(z ; )d Oforanyd™ 2 Cg(z ),i.e,z = (x)isalsoa
second-order KKT stationary point.

2) Let's suppose is a second-order KKT stationary point and show thats a second-order KKT
stationary point.

If z 2 int(B), the proof is trivial because = 0 according to the similar analysis. So we assume
z 2@ . DeneA(z)=fi:Gij(z)=0g,and ; =0fori 2A(z), ; = FA(z)jfor
i2A(z).

Note for anyw 2 Cx (x ), we have

0=wrg(x)=w>J Yz)rGz)=0 Yz)w)’z; fori2A(x )= A(z):
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HencelJ %(z )w 2 Cg(z ). Then foranyw 2 Ck (x ),
wWor2lp(x ; w
xXn
=wor 2f(x )w+w” T 2gi(x )w
i=1
=@ YzZ)w)?J @)rHx) (z) Yz )w

xXn
L0 Mzw2d @) e (2)3 Mz w
i=1
xXo XX
+0 Nz )W) %( @Nr? (z)+ i%

k=1 k=1 i=1
=@ 'z)wW)Luz; N Hz)w 0

( @Nr? @)l Yz)w

where the sum of last term of the secord is exactly0 and the last ' ' is from the assumption that
z is a second-order KKT stationary point.

O

De nition D.9 (Non-degenerate KKT Stationary Poin#) second-order KKT poink of P is said
to be non-degenerate if there existssuch that

d>r?L(x ; )d>0

forall06 d 2 Ck(x ). Here the Lagrangian function is

xo
Lx; )=f(x)+ iGi(X):
i=1
Lemma D.10. Suppose strict complementary slackness holds for proBleandH . Thenx? is
a non-degenerate KKT point of optimizati®nif and only ifz” satisfyingx” = (z ) is also a
non-degenerate KKT point of probleh.

Proof. 1) Suppose is a non-degenerate KKT stationary point. Note thatda? Cg(z ), we
haved (z )d 2 Ck(x ) from the proof of Lemma D.8. Moreover, froth (z ) 6 0 we have

J (z )d 60 ifandonlyifd 6 0. Then the conclusion is trivial from eq. (13) in the proof of Lemma
D.8.

2) Now, we suppose is a non-degenerate KKT stationary point. It follows from the proof of
Lemma D.8 that for anw 2 Cy (x ), we havel (z )w 2 Cg(z ). Hence, the conclusion is also
trivial from the proof of item (2) of Lemma D.8.

O
D.6 Global Optimality Property of Optimization Problem H
Proposition 4.2. Suppose problerR is a convex optimization. Then the following holds.
1) If x is a stationary point (thus a global optimum) in probl&mthenz = Y(x )is aglobal

optimum in problend andhr h(z );z zi 0.

2) If z is a stationary point of problerdl and LICQ holds at , thenx is a stationary point of
problemP (thus a global optimum). Hence, is a global optimum.

Proof. 1) Due to the global optimality of , we have
f(x) f(x);82K:
Hence with the homeomorphismandx = (z), we have
f( (z) f( (2):822B8;
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that is
h(z) h(z);8z2B:

Thereforehr h(z );z z i Oreferring to Prop. C.1.

2) By assumption, LICQ holds at . Hence by Proposition D.6, there exists a tu@@e ) such
that the KKT condition of problentd holds. It follows from Lemma D.7, there exists such
that(x ; ) also satisfy the KKT condition of problef. Then it follows from the convexity of
g=(01; ;9n)thatx isaglobal optimum oP. From the above conclusion (item (13), is also
a global optimum. O

E Convergence Analysis
In this section, we will provide omitted details in Section 4.2.

E.1 Proof of Theorem 1: Convex Case

De ne foranyz, T(z) := T gn 1(2) = fd : d”z = 0g and denoteroj,(d) = Proj 1, (d) =
d (d”2z)z. Wede ne
grad h(z) := Proj ,(r h(z))
and
hessh(z) =Proj, (r?h(z) r h(z)>z 1,) Proj,:

Moreover, we de na gh(z) = r h(z) if z 2 int(B) andr gh(z) = grad h(z) if z 2 @. Similarly,
dener 3h(z) = r 2h(z) if z 2 int( B) andr 3h(z) = hessh(z) if z 2 @B.

With these notations, the de nition of the second-order KKT stationary poirior H is equivalent
to the following (see e.g. [LMY23])

rgh(z)=0;mineig(r 3h(z)) O©;

wheremin eig( ) represents the minimum eigenvalue. Moreoxelis non-degenerate if in addition
min eig(r 2h(z )) > 0.

We rst give some help lemmas in the following.
Lemma E.1(Local PL Condition) Supposé is twice continuously differentiable.
1) Ifz 2 @ is a non-degenerate minimizer for, there exists := (z )and := (z ) such that
PL inequality holds locally, i.e.,
h(z) h(z) Zikgrad h(z)k?

foranyz2B(z ; )\ @B.

2)If z 2 int( B) is a non-degenerate minimizer fbk, there exists := (z )and := (z ) such
that PL inequality holds at the balB(z ; ), i.e.,

1
h(z) h(z) Z—kr h(z)k?
foranyz2B(z ; ).
Proof. For item (1),z is on the boundary dB. We canconsiden: @ = S, ;! R. Becausa
is a non-degenerate minimizer, by continuity there exists aBfall; ) anduporz 2B(z ; )\ @B
we havehessh(z) is positive de nite, i.e.h is -strongly convex over the ball. Hence PL inequality
holdsoverz 2B(z ; )\ @B (referto e.g. Lemma 11.28 [Bou23]), i.e.,
h(z) h(z) Zikgrad h(z)k?

foranyz2B(z ; )\ @B.

It's easy to show item (2). Actually, by continuity there exists a Bflt ; ) upon whichr ?h(z) is
positive de nite, i.e.h is -strongly convex over the ball. Hence PL inequality holds over the ball
(refer to e.g. [KNS16]). O
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De nition E.2 (Approximate Stationary Point)A pointx is called -stationary point for problem
miny ok f (x) with convex seK, if the gradient norm mapping

G(x)=Gi1= = =[x «k(x rf(x))]

satis eskG(x)k for proper > 0.

Lemma E.3. Supposeg andz™ = g(z r h(z)) for some > 0 are both on the boundary .
If the gradient norm mapping

G@)= G @)= Sz 7]
satis eskG(z)k , thenkgradh(z)k O ().

Proof. From properties of the orthogonal projection C.2, we have

z rhz) zt= z*
forsome O, or
r h(z) = G(2) G (2)+ —z=¢G(2) + ¢,z

wherec; =1 > 0 (for small enough ) andc, = = . We have then

gradh(z)=r h(z) hr h(z);ziz

= ¢G(z2) hciG(2);ziz:

Thus,

kgradh(z)k 2ckG(z)k O ():

O

Lemma E.4. Supposd is twice continuously differentiable arzd is a unique minimizer (stationary
point) forH. Then for any > 0, there exists an > 0such thatz isan stationary point can
implykz z k<

Proof. We suppose there does not exist suck» 0. Then for any := 1=k, we can nd an
stationary poingy such thakzy z k . As B is compact, we may assumag ! z 2 B. Thenz
is a stationary point by continuity of the gradient norm mapping:

kG(2)k = kG(lim z)k= lim kG(z)k lim =0:

This contradictkz, z k . O

Theorem 1. Suppose the strict complementary slackness condition holds for both prBbéemdH
and we suppose the probldmis convex and has a non-degenerate minimizerLetf z, g be the
sequence generated by Hom-PGD with step-si2e(0; Lh]. For suf cient small > 0, fz.gk_;

with K = O(Lp=) containsz® such that
hz% h’

Proof. From Lemma D.10z” is also a non-degenerate stationary point.
1) We rstassume 2 @B.
By Lemma E.1, there exists > Oand such that for ang 2 B(z?; *)\ @B,

h(z) h(z) zikgrad h(z)k?:

Moreover, we assume this is small enough to satisfy the condition that for ang B (z?; ),
z r h(z) is outside the ball, which implies” = g(z h (z)) 2 @. This exists by the
continuity ofr h and noter h(z )= z forsome > 0 (where >"is from strict complementary
slackness condition). Hence if PGD can nd an approximate stationary pdhB (z”; ?), we can
assume®2 @B.
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From Lemma E.4, there exists > Osuch thatifzisan stationary pointthea 2 B (z°; ).

So, suppose> 0is small engugh thaIp < wherec > Ois a xed constarH determined later.
By Theorem 3, PGD nd%a “-stationary poing®2 @, withinK = O L,=(" )? = O(1=)
'Berations, i.e.kG(z9k ¢ . From Lemma E.3, we can choose propeuch thakgrad h(z9k

2 .

Asc® < we knowzCis also an -stationary point withirB (z?; ).

h(z% h(z?) zi kgradh (29K Zi(p )2
2) The case whem 2 int( B) is similar.
By Lemma E.1, there exists > Oand > Osuch that forany 2 B(z”; ?),

h(z) h(z) Zikr h(z)k?:

From Lemma E.4, there exists > Osuch thatifzisan stationary point thea 2 B (z7; ).

Similarly, suppose> 0is small engugh thatp < wherec > Qisa xed co&stant determined
later. By Theorem 3, PG nds @ -stationary poinz® within K = O 1= )? = O(1=)

iterations, i.e.kG(z9k ¢ . Because is in the interior ofB, hence whez®is close enough
toz ( is sufcient small), thepgradient norm mappi(z9 is exactlyr h(z%. So we can choose

properc such thakr h(z%k 2
As cp < we knowz%is also an  stationary point withirB (z”; ). Then we have

h(z9 h(z?) zikgradh(zo)kz zi(pzi)2

E.2 Proof of Theorem 2: Strongly Convex Case

In this section, we show Theorem 2. Actually, Theorem 2 is a corollary of the following theorem.

Theorem 4. Supposé is ; -strongly convex an is a convex set. Then the updating sequence
f zxg by Hom-PGD algorithm with a constant step siz& (0; ih], converges to a global optimum
pointz? linearly, i.e.,

h(z<) h(z) K(h(zo) h(z)):dist(z;B) %K(h(zo) h(z))

where =1 thl 2 (0;1).

Proof. By strong convexity of , and convexity oK, one can show thdt satisfy proximal PL
condition ovelK (see e.g. Appendix G [KNS16]), i.e.,

D,(x; ;) 2¢(f(x) f(x))
where

Y — ; . fa 2 .
D, (x; ;f)= Z;nzkn hr f (x);y X|+2ky xke
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Next, we show thah = f also satis es the proximal-PL condition ovBr. We derive with
X = (2);y = (u) asfollows

hr h(z): u zi+Lf;°2L ki zk?
=3 @@z 2K

hrf( (2);d @)(u 2)i+ Lf:OZL ku k2

=hrf( (2); w+ (2+J (u 2)i+hrf( (2); (u) (2)i + Leiol ku zk®

2
Lf;OZL ku zk®+ hrf(x);y xi+ Lf;;L ku zk?
=hrf(x);y xi+¥ Y(y) H(x) °
hr f(x);y xi+2LfLka xk?;
21
where

the 2-nd line is from the chain rule of the gradient,

the 3-rd line is from property of inner product, i.e., for vecipb and matrixA, hA> a; bi = ha; Abi,
the 4-th line is based on simple caculation,

the 5-th line is from Lemma C.3, and the transformation (x);y = (u),

the 6-th line is from the inverse transformation *,

and the last line is from the bi-Lipschitz property of

Brie y, we get

hrh(z);u zi+ Leol i 22 hr f(x);y xi+ 2I';Lll‘ky xk? (14)
Next, we assume; = % ¢ without loss of generality. This is becauseif< ¢, we
have
hrh(z);u  zi + %ku A br f(x)y xi+ ky XK
or
Liol n 0

. . . 2 . . . 7f 2
25%1 hr h(z);u zi + ku zk 2;2:? hrf(x);y xi+ 2ky xk

2
2(f(x) f )=2(h(z) h):
Thatis, ifc; < ¢, we directly get the conclusion thiatsatisfy proximal PL condition oves:
D .(z;Lt.oL ;h) 2L:toL (h(z) h(z)):

In the following, we assume; . By Lemma 1 in KNS16, for any convex seK and differ-
entiable functiorf , D , (x; ;f) is monotone increasingin,i.e.,.D , (X; 1;f) D (x; 2;f)
given 1 > 0. Hence, we have

D,(x;c;f) D (x5 #:f) 2¢(Ff(x) f):
Then it following from Eq. (14) that

1 : . . o 1 o t :
LﬂTDB(Z,Lf;OL ) SPbaenf) D06 nf) 20 f):

Hence we havé satisfy proximal PL condition oveB:

f

5-((@ h@z): @5

D,.(z;LroL ;h) 2LgoL C—f(h(z) h(z )) =2
1
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Finally, we show the linear convergence rate of the projected gradient descent algorithm. We derive

Zk+1 = B(zZk 1 h(z))
=argmin ku (z«  r h(z))K?
u2B o

= argmin hrh(zg);u zki + ku 7, k2
u2B

=argmin hrh(zg);u zi+ 1ku zkk2 ;
u2B
where the 2-nd line is from the de nition of orthogonal projectionthe 3-rd and last line is from

simple calculation.
This implies

ED B(z;g;h): hr h(zy); Zk+1 zki+1kzk+1 zek? h h(zy); Zk+1 zki+L—hkzk+l 7 k2
(16)

where the last inequality is from the selection of stepsiz2 (0; ih] andrecallL, = 3L q +
L Lt o fromProp. D.1.

Then the iterative of PGD satis es,

h(zes1) h(ze)+ hrh(ze);zker  zid + L7hkzk+1 zik?

DB(zk;g;h)

h(zd 3
h(Zk) EDB(ZK;Lf;oL ,h)

h@z) —5—(h@) hE));

where

the 1-st line is from thé ,-smoothness df,

the 2-nd line is from Eq. (16),

the 3-rd line is from monotone increasing propertyof (z; ;h) and the choice of 2 (0; Lh],
and the last line is from the proximal PL condition Eq. (15hof

Take = ﬁ

hzea) hz) @ —)(h@) h(z ):

Then we rewrite

h(z«) h(z) *(h(zo) h(z)); where =1 lez
h

From quadratic growth condition D.1, we have

dist(z¢ ;B ) %(h(zK) h(z )) %K(h(z@ h(z )):

Let K(h(zo) h(z)) .Wehave

log 1= 1
K = = 1 | 1=
O(fgg=)= 0 @ ) 'log
where the last="holds when is closed tdl. O

Remarke.5. It follows directly from the proof that the assumption of strong convexity can be relaxed.
It suf ces for the objective to satisfy the proximal-PL condition over togvexconstraint seK

in order to achieve the convergence rat©gfog 1= ). Moreover, there exist many alternative and
equivalent assumptions for the proximal-PL condition. We list some commonly used equivalent
assumptions below, where the proof of the equivalence can be referred to, e.g, [KNS16].

41



» Proximal error bounds (Proximal-EB): There exists 0 such that
1
X J—

kx xk k ¢ x rox 1
K P [ L¢

r f(x)

WherexKn is the orthogonal grojection of onto the optimal solution sé¢ andproxg(x) =
argmin, g(u) + %ku xk? . Moreover, note that for> 0, we haveprox , = .

» Kurdyka- ojasiewicz (KL) condition: There exists; > 0 such that

H 2
52rgplfgx)ksk 2 (F(x) F)

whereF (x) = f (X)+ k(x) and@KXx) is the Frechet subdifferential [RWO09]. In this case,
@rx)=fr f(x)+ | 2@«(x)9

where@y (x) can be simli ed asNg (x), with N (x) = fy : hy;z xi  0;8z 2 Kg for
x 2 K andNk (x) = ; for x 2K . Note that KL condition can imply PL conditioki( f (x)k?
2 ¢ (f(x) f))butthe converse does not hold in general.

F Experiments Setting

F.1 Problem Formulations and Instance Generation

Optimization over polyhedron: We rst consider a two-dimensional optimization over a convex
polyhedron to illustrate the effectiveness of our methods. The problem is de ned as:

X2
LminU wi(xi 1? st: a’x by i=1;::n (17)
X
i=1

wherex 2 R? is the decision variablay; is the positive coef cients, antd; U 2 R? represent the

lower and upper bounds on the variables.2 R? andb 2 R represents the coef cients imj,

linear constraints. The homeomorphic counterparts are derived by a closed-form gauge mapping as
discussed in B.4.

Optimization over star-shaped set We then consider a two-dimensional optimization over a
non-convex star-shaped set to illustrate the effectiveness of our methods. The problem and its
homeomorphic counterpart are de ned as:

mn L2 w2 = min 2wz 2) 1)
i=1 WilXi = iz1 Wil in
X _ z (18)
st kxk n (X) (= st: kzk 1
@=[zz n (222 n 2L 1(X) =[x1= ;n (X);X2= :n (X)I; (19)

wherez;x 2 R? and .n IS a non-linear function with parameters 0andn 2 Z*, de ned

as o ([x1;x2]) :=1+ sin(narctan(x,=x1)). Under the homeomorphic mapping the non-
convex-constrained optimization problem can be transformed into a ball-constrained non-convex
optimization. We then compared different iterative algorithms over this problem.

Second-order cone programming We then consider convex second-order cone programming
(SOCP), which encompasses linear programming (LP), quadratic programming (QP), and convex
quadratically constrained quadratic programming (QCQP) problems. This formulation has wide
applications in portfolio optimization and optimal power ow problems [Low14a, Low14b].

) 1 .
_min Ex>Qx+p>x st: kGix+ hik ¢’ x+d; i=1;:1;Ngc (20)
X

wherex 2 R" is the decision variableg 2 R" " is a symmetric positive semide nite matrix,
p 2 R" is a vector of linear cost coef cients, aiid U 2 R" represent the lower and upper bounds
on the variables. For the second-order cone constréint® R™i " andh; 2 R™ de ne the af ne
function inside the norm, while; 2 R" andd; 2 R de ne the af ne function on the right-hand side.

42



The parameteng, represents the number of second-order cone constraints in the problem. The total
number of constraints also includes the upper/lower bound on the decision variables.

Max-cut semide nite programming : We consider an important class of SDP in the max-cut problem.
Given a graplG = fN ; Egwith node set 2 N and edge sdf;j ) 2 E, the max-cut SDP problem
is formulated as:

X
1m<;:(1x L (1 x)=2 (22)
(i )2E
st: x5 =1; i=1; n (22)
X 0 (23)

where X 0 indicates thaiX is positive semide nite. De ne the upper triangle off-diagonal

elements i asy 2 RN * N)=2 then the SDP can be equivalently reformulated in Linear Matrix
Inequality (LMI)-based form as:

X
max 1 y)=2 (24)
LY e
X
st: |1+ vk Ak O; (25)

k

whereA  is a symmetric matrix with zeros on the diagonal and with a 1 in(ifje) and(j;i)
positions corresponding to theth off-diagonal entry, and zeros elsewhere. Given such an LMI-
based formulation, we can construct the homeomorphic counterpart based on a closed gauge mapping
as discussed in B.4. Note that a “central” interior point for such a PSD cone is naturally the zero
vectory = 0.

We also consider solving the well-known Burer-Monteiro (BM) factorization-based semide nite
program via augmented Lagrangian methdlQ3]. Let X = VV T, whereV 2 RN " andr is
the selected rank, then we have the following low-rank SDP:

X

XLnVa\t/xT ) 1 x5)=2 (26)
(i )2E

st: x5 =1; i=1; n 27)

1 X 1 (28)

our experiments, we consider both log-rank=(log( N )) and Barvinok-Pataki (bp)-rank &
2N ) factorization-based SDP methods [Bar95, Pat98, BVB20].

F.2 Baseline Algorithms and Hyper-Parameters
We implement the baselines as follows:

* PGD:

Xk+1 = k(X Kl f(xk)) (29)

where ¢ denotes the orthogonal projection onto the feasibleksety > 0 is the step size

at iterationk, andr f (xx) is the gradient of the objective function at poki. The quadratic
projection problem is solved via MOSEK for convex problems and by ALM for non-convex
problems.

* FW:
s = argminhr f (xg);si; (30)
s2K
Xke1 =(1 )Xk + kSk; (31)

where ¢ 2 [0;1]is the step size at iteratidn The linear minimization problem is solved via
MOSEK for convex problems and by ALM for non-convex problems.

* ALM:
Xk+1 = argminff (x) + K900+ « 1[5 g (32)
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k+1 = k+ k 9(Xk+1)]+; (33)

where | is the Lagrange multipliergy(x) represents the constraint functions, apd> 0is the
dual step size. The inner unconstrained optimization problem is solved by gradient descent.

* RD:
Yk+1 = Yk kI maxff (yk); «(Yk)9 (34)

wheref is the radial dual of the objective function angd is the gauge functiorGri244. The
solution is mapped to the original space after convergenge asy =f (y ) viaradial dual.

* Hom-PGD:

zZkee = Bz wr FO (z) (39)

where g denotes the projection onto unit b8l and is the homeomorphism. The solution is
mapped to the original space after convergence as (z ).

* MOSEK: A commercial interior-point optimizer that solves conic optimization problems ef ciently
using highly optimized primal-dual interior-point methods with predictor-corrector techniques and
sparse linear algebra. Note that we use an Academic license for MOSEK.

Gradient calculation: For simple quadratic objective functions, gradients are calculated via closed-
form formulations. Other non-trivial gradient calculations across the various algorithms are im-
plemented using auto-differentiation in PyTorch. We note that replacing auto-differentiation with
closed-form gradient implementations could further improve the computational ef ciency of the

algorithms.

Step-size Theoretically, different algorithms employ their own step size selection strategies, such as
explicit dependence on smoothness and convexity parameters, or implicit step sizes that depend on
the optimal objective valuedri24h]. For practical implementation, we initialize a xed step size
(e.g.,10 3) and decay it by a factor of 0.999 if the objective value does not decrease, which helps
identify a suf cient step size for convergence. Although more sophisticated backtracking line search
methods or adaptive step size schemes could accelerate convergence, we do not implement these for
the sake of fair comparison.

Computational Environment: We conduct our experiments across two computational platforms to
accommodate different problem scales. For small-scale illustrative examples, we execute algorithm
comparisons on a MacBook Pro 2023. For larger-scale SOCP and SDP experiments, we implement
all algorithms in PyTorch and execute them on an Ubuntu server equipped with an NVIDIA A800
GPU and an AMD EPYC 7763 64-Core Processor.
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G Supplementary Experiments Results

G.1 |lllustrative Examples

(a) convergence rate (b) running time (s) (c) constraint violation (d) per-iter. time (s)

Figure 8: Convergence performance for optimization over polyhedron.

(@) Hom-PGD (b) Hom-PGD (c) PGD (d) FW (e) ALM (f) RD

Figure 9: Iteration trajectory for optimization over polyhedron. Hom-PGD (a) and RD (f) are also
mapped to the original space to visualize their trajectories.

(a) convergence rate (b) running time (s) (c) constraint violation (d) per-iter. time (s)

Figure 10: Convergence performance for optimization over a star-shaped set.

(@) Hom-PGD (b) Hom-PGD  (c) PGD (d) FW (e) ALM (f) RD

Figure 11: Iteration trajectory for optimization over a star-shaped set. Hom-PGD (a) and RD (f) are
also mapped to the original space to visualize their trajectories.
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