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Abstract

We study optimization over non-convex constraint
sets that are homeomorphic to a ball, encom-
passing important problem classes such as star-
shaped sets that frequently arise in machine learn-
ing and engineering applications. We propose
Hom-PGD™, a learning-based and projection-
efficient first-order method that efficiently solves
such problems without requiring expensive projec-
tion or optimization oracles. Our approach lever-
ages an invertible neural network (INN) to learn
the homeomorphism between the non-convex con-
straint set and a unit ball, transforming the orig-
inal problem into an equivalent ball-constrained
optimization where projections admit efficient so-
lutions. We establish that Hom-PGD™ achieves
an O(e~?) convergence rate to an (e+O(/€inn))-
approximate stationary solution, where €;,, de-
notes the homeomorphism learning error. This
rate significantly improves upon existing meth-
ods for optimization over non-convex sets, while
maintaining a per-iteration complexity of only
O(W) for W INN parameters. Extensive ex-
periments, including QCQP, chance-constrained
power-system optimization, and non-uniform ad-
versarial attacks, demonstrate that Hom-PGD™
achieves competitive solution quality while deliv-
ering speedups of up to one order of magnitude.

1. Introduction

We consider a class of non-convex constrained optimiza-
tion problems where the constraint set is homeomorphic to
a unit ball, also known as ball-homeomorphic (BH) sets.
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BH sets encompass any compact convex set and a class of
simply-connected non-convex sets, such as star-shaped and
geodesic-convex sets. This problem is fairly general and cov-
ers numerous optimization classes, including standard con-
vex programming (Boyd et al., 2004), chance-constrained
programming (Nemirovski & Shapiro, 2006; Pagnoncelli
et al., 2009), and £,-constrained regression (Xu et al., 2010;
Jiang et al., 2016). These optimization problems naturally
arise in real-world applications in machine learning and
engineering, such as chance-constrained power grid opti-
mization (Pagnoncelli et al., 2009) and non-uniform ad-
versarial attacks in neural networks (Erdemir et al., 2021).
While convex constrained optimization has been extensively
studied and can be solved efficiently, this paper focuses on
optimization over non-convex constraint sets, which present
significant additional challenges.

Optimization over non-convex sets is highly challenging.
Even establishing the feasibility of a general non-convex
set can be NP-hard (Park & Boyd, 2017). Furthermore, in
many real-time operational scenarios, one must repeatedly
solve the same class of problems with varying parameters,
introducing uncertainty and variability in a setting known as
parametric optimization (Grancharova & Johansen, 2012).
This scenario poses significant computational challenges.

Traditional approaches to non-convex constrained optimiza-
tion include convex relaxation (Low, 2014a;b; Diamond
et al., 2018; Anstreicher, 2012), reformulation-linearization
(Sherali & Adams, 2013), and sequential convex approx-
imation (Marks & Wright, 1978; Beck et al., 2010; Tran
et al., 2013; Scutari et al., 2014). However, they may require
expensive subproblems/oracles, can be conservative, or rely
on structural assumptions not available for general BH con-
straints. Recent state-of-the-art works (Lin et al., 2022;
Kume & Yamada, 2024; Ma et al., 2019) have proposed effi-
cient alternatives under various structural assumptions with
established convergence guarantees, yet challenges remain,
including slower convergence rates, expensive per-iteration
oracles, and reliance on strong assumptions.

Reparameterization has emerged as a powerful technique
for transforming difficult optimization problems into more
tractable forms. The core idea is to apply invertible or
smooth mappings that preserve optimal solutions while alle-
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Table 1. Summary of parameterization or iterative methods for (non)-convex constrained optimization.

Settings . Parameterization . Per-iteration Convergence
Reference Obj. Ctr. Key Assumption Techniques Algorithm Complexity Rate
(Lietal,2023) | NC  Simplex Perturbed RGD O(n) O(e ?)
. . Hadamard .
(Chok & Vasil, 2025) | C Simplex Transformation Cauchy-simplex O(n) O( Y
(Tang & Toh, 2024) | (N)C  Polyhedra  Full-rank constraints. RGD + PGD RO + PO N/A
C Non-degeneracy. Gauve O(e Y
(Liu et al., 2026) SC Convex Ma fn PGD over ball O(n?)+MO  O(loge )
NC pping O ?)
. . Small local concavity 1
(Barber & Ha, 2018) | SC NC coefficients of constraints. PGD PO O(loge )
. Certain non-singularity. Proximal-point O(e %)
(Lin et al., 2022) we e Initial feasible points. penalty method SCO0 O 4
o v Contraction and triangle O(e b
(Barik et al., 2023) SIV v inequality w.r.t. invexity. Invex PGD Invex PO O(loge 1)
. Invertible . >
Theorem 1 NC NC Ball-homeomorphic. Newral Network Bisected-PGD O(W)+MO O(e 9)

! Abbreviations: C = convex, NC = non-convex, WC = weakly convex, SC = strongly convex, IV = invex, SIV = strongly invex, Obj = objective, Ctr =
constraint, GD = gradient descent, PGD = projected gradient descent, RGD = Riemannian gradient descent, SCOO = strongly convex optimization
oracle, MO = membership oracle, PO = Projection oracle, RO = Retraction oracle.

2 Convergence rate: Number of iterations for finding an e-approximate global optimum or stationary point for convex and non-convex optimization

problems, respectively. Here O( ) hides logarithmic factors.

3 Complexity: Here W denotes the size of the neural network we use to learn a homeomorphic mapping, referring to Sec. 3. In practice, we choose
W = O(n°) where n is the problem size. Notably, Membership oracle (MO) enjoys the lowest complexity compared with other optimization-based

oracles in general settings (Mhammedi, 2022).

viating difficulties arising from non-smoothness or complex
constraints. This approach has been successfully applied
in semidefinite programming (Cifuentes, 2021), low-rank
optimization (Mishra et al., 2014; Ha et al., 2020), and risk
minimization (Bah et al., 2022). Recent extensions address
optimization over simplices (Li et al., 2023), polyhedra
(Tang & Toh, 2024), and compact convex sets (Liu et al.,
2026), as well as smoothing non-smooth objectives (Poon &
Peyré, 2023) and modeling discrete data (Davis et al., 2024).
However, most existing applications are confined to convex
settings and require carefully hand-crafted transformations.
See Table 1 for a summary of those methods.

For more complex non-convex constraints, recent work
(Liang et al., 2024) proposes using invertible neural net-
works (INNs) (Papamakarios et al., 2021) to learn constraint
reparameterizations. However, this line of work focuses on
single-step projection in the transformed space to correct
infeasible neural network predictions, rather than iteratively
solving the original optimization problem from an initial
point. Consequently, convergence analysis—a central con-
cern for iterative optimization—remains unaddressed. We
also refer readers to Appendix A for a more detailed dis-
cussion on reparameterization and non-convex constrained
optimization.

Despite recent progress in constrained optimization, a fun-
damental research gap remains: “Can we design an ef-
ficient algorithm for optimization over non-convex ball-
homeomorphic sets that achieves fast convergence while
avoiding expensive projection/optimization oracles?”

In this work, we provide an affirmative answer by proposing
Hom-PGD™, an efficient method for solving parametric
optimization over non-convex BH sets. As detailed in Sec. 3,
it leverages an INN to learn a homeomorphism between a
unit ball and the BH constraint set, reformulates the original
non-convex problem into an equivalent ball-constrained one,
applies projected gradient descent in the transformed space
where projections admit efficient solutions, and maps the
convergent solution back to the original domain.

We establish convergence and complexity guarantees for
Hom-PGD™ in Sec. 4. It finds an € + O(,/€iny )-stationary
point in O(e~2) iterations, where ¢;,, denotes the INN
learning error. This convergence rate improves upon exist-
ing first-order methods for optimization over non-convex
sets (see Table 1); It achieves a per-iteration complexity
of O(W), where W is the number of INN parameters, and
setting W = O(n?) empirically performs well. This demon-
strates the scalability of our method compared to existing
approaches requiring expensive optimization oracles.

We evaluate Hom-PGD™ on non-convex QCQPs, chance-
constrained power-grid optimization, and non-uniform ad-
versarial attacks in Sec. 5. Across these settings, our method
consistently improves computational efficiency over exist-
ing approaches, achieving faster convergence with lower
per-iteration cost. Together, these results show that our INN-
driven reparameterized optimization with learned homeo-
morphism provides a practical and theoretically grounded
route for first-order optimization over non-convex ball-
homeomorphic constraint sets.
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Figure 1. Hom-PGD™ Framework. It applies projection-based Figure 2. Illustration of a coupling layer in the INN. The in-
GD methods in a transformed space via an INN-learned home- put is split as z = [z ,Z>x]. The forward pass computes
omorphism (), where the transformed constraint set B is an X = [z k, o(Z k) Zsk+ o(z )], and the inverse is
approximated ball and he is the transformed objective. The iterative Z = [X &, (X>& o(X 1))/ o(X k)]. Here 4 and ¢ are
trajectory is visualized in the transformed homeomorphic space and regular NNs (e.g., fully-connected) that take input parameter ~ and

also mapped back to the original space for comparison. X  to produce element-wise scaling and translation for X .

2. Problem Statement
We consider parametric constrained optimization problem:

m)in f x), stxek, P)

where X € R” is the decision variable and € © C R s
the input parameters. The objective function f (-) is contin-
uous and smooth, and the constraint set X C R™ is com-
pact. For ease of analysis and without loss of generality, we
assume the constraint set KC is defined by inequalities' as
K ={xeR"|g (x) <O} withg = (g1, . ,gm, ).
where g;, : R” - R (fori = 1,2,-.-,m) are continu-
ous functions. We further impose the following topological
assumption on the constraint set C .

Assumption 1. The set  is homeomorphic to a unit ball
B={||z||]o <1}, denotedas K = B,V € ©O.

Homeomorphism (or homeomorphic mapping) is a bi-
continuous bijection from two topological spaces, guaran-
teeing the topological equivalence. The non-convex BH
constraint is fairly general, covering a broad class of com-
pact and simply-connected non-convex sets®, and many real-
world applications as discussed in Sec.1.

While convex optimization has been extensively studied,
optimization over non-convex constraint sets such as (P)
remains challenging. Existing methods typically require
strong regularity assumptions, or suffer from slow conver-
gence rates, or incur high per-iteration costs due to expen-
sive projection or optimization oracles. In this work, we
exploit the ball-homeomorphic structure for non-convex
constraints and propose an efficient first-order method with
fast convergence while avoiding expensive projections.

! Certain equality constraints can be removed without loss of
generality, see Appendix B.1 for discussions.

2For example, any contractible manifold with simply connected
boundary over R™ forn 6 (Smale, 1962).

3. Homeomorphic Optimization Approach

Motivated by reparameterization frameworks for solving
optimization problems efficiently over convex sets (Li et al.,
2023; Liu et al., 2026), we propose to transform the orig-
inal non-convex problem (P) through a homeomorphism
between the constraint set  and a unit ball B, preserving
the problem structure while simplifying the constraint set.

Definition 3.1 (Homeomorphic Constrained Optimization
(Liu et al., 2026)). Given a homeomorphism B> K,
we define the transformed parametric optimization problem
with objective function & (z) = f ( (z)) and constraint
setasaunitball B= ~'(K )as:

mzin h (z), st zeB. H)

Under Assumption 1, we can transform any optimization
problem (P) over a (non-convex) BH set into a simple ball-
constrained program (H) via homeomorphism. Notably, un-
der the homeomorphic transformation, the original problem
and its homeomorphic counterpart are equivalent, i.e., there
exists a bijective correspondence between their optimal solu-
tion sets P* and H*, where P* = {X | X € arg min{(P)}}
and similarly for H*. Specifically, for any X € P*, there
exists a unique z € H* such that X = (z), and vice versa.
Thus, we can solve the equivalent problem (H) without
expensive projection to obtain the corresponding optimal
solution of the original problem (P).

However, constructing homeomorphic transformations for
general BH constraints remains non-trivial. Existing repa-
rameterization methods rely on explicitly constructed trans-
formations tailored to specific constraint structures. For
instance, the Hadamard transformation (Li et al., 2023)
maps a simplex to a sphere, while the Gauge mapping (Liu
et al., 2026) transforms a compact convex set to a unit ball.
Despite their success in specific settings, these methods face
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fundamental limitations: (i) explicit or analytical homeo-
morphisms do not exist for general non-convex BH sets;
and (ii) constructing different homeomorphisms for varying
constraint sets incurs prohibitive computational overhead
when input parameters change frequently, limiting their ap-
plicability in real-time operational settings.

To address these limitations, we propose Hom-PGD™, il-
lustrated in Fig. 1. Our method leverages an INN to trans-
form the original non-convex constrained problem into a
ball-constrained problem across varying input parameters
(Sec. 3.1 and 3.2). We then apply projected gradient descent
(PGD) to solve the reformulated problem (H). Under an
exact homeomorphism, projection onto the unit ball admits
a closed-form solution. In practice, however, the INN pro-
vides only an approximated homeomorphism, so we apply
a bisection scheme to compute projections onto this approx-
imated ball. Complete algorithmic details are provided in
Alg. 1 and 2.

3.1. Homeomorphic Parameterization via INN

We utilize an invertible neural network (INN) to learn the
homeomorphic mapping for general BH sets. An INN is a
neural network ® : R” — R™ whose inverse ®~! is both
well-defined. To handle input-dependent homeomorphisms

, we adopt conditional INNs (Winkler et al., 2019; Lyu
et al., 2022), which treat the parameters as additional
inputs and learn augmented mappings & : B — KC , where
KC denotes the target constraint set under . For a detailed
introduction to INNs, see Appendix B.2.

We employ standard coupling-layer INNs (Fig. 2) for their
computational efficiency (Jin et al., 2024; Ishikawa et al.,
2022; Lyu et al., 2022). Crucially, coupling-layer INNs
can universally approximate any (differentiable) homeomor-
phism given sufficient depth (Jin et al., 2024; Ishikawa et al.,
2022; Lyu et al., 2022), providing theoretical justification
for learning the homeomorphic mapping.

3.2. INN Training for Obtaining the Homeomorphism

We now describe how to train an INN to approximate the
homeomorphism between the BH constraint set and the unit
ball. Following (Liang et al., 2023), we train an INN ® by
maximizing the following loss function:

L@)=0(@ (B)-MP(@ (B)-X2R(@) O

where A1, A2 > 0 are balancing coefficients and the three
terms are defined as follows:

t> Volume term: ¥ (& (1)) is a computable approximation
of the log-volume term log V (® (B)).

> Penalty term: P (® (B)) is the penalty term for the
constraint violation of ® (B) C K .

&> Lipschitz term: P (® ) is a computable approximation
of the log-Lipschitz term log L (® ).

Details on computing these terms are provided in Ap-
pendix B.4. Intuitively, the first two terms encourage the
transformed set to maximize volume while remaining within
the BH constraint, thereby yielding the target homeomor-
phism. The third term regularizes the Lipschitz constant,
which improves optimization performance in the subsequent
stage (see Sec. 4.2 for formal analysis).

We then uniformly sample from a unit ball to prepare the
training data for the loss function. Further, to train the INN
for learning the homeomorphism under different , we uni-
formly samp]lg,input parameters { ;}/, and train the INN
following +; fil L(® ,). After finite-sample training, the
trained INN only approximates the homeomorphism, i.e., it
does not perfectly map the constrained set to the unit ball, or
vice versa. However, for our purposes on algorithm design
in the next section, it suffices that the following validity
condition holds:

Definition 3.2 (Valid INN). The INN approximated map-
ping ® is valid for £ if & (0) € K , i.e., it maps the
origin in the unit ball to a feasible point in IC .

Theoretically, validity extends to all € © given that it
holds for a finite covering { ;}2, (Liang et al., 2023).
Empirically, we observe that validity is consistently sat-
isfied across both training and test inputs, which is ex-
pected since the loss encourages the entire mapped set
to be feasible ® (B) C K , while validity only requires
the origin to map to a feasible point ® (0) € K . If
® (0) ¢ K , validity can be enforced via a shifted INN:
o’ ()= (-)—® (0)+x°, where X° € KC is an interior
point. Such an interior/feasible point requirement for worst-
case feasibility guarantees aligns with existing works on
non-convex constrained optimization (Barber & Ha, 2018;
Lin et al., 2022).

3.3. Hom-PGD™: Projected Gradient Descent with INN

In the ideal setting with perfect homeomorphism, we per-
form regular PGD to problem (H) where the constrained set
is a unit ball. However, in practice, due to the non-perfect
training, the INN homeomorphic mapping is inexact, i.e.,
® # | thereby transforming KC into a non-perfect (and
a non-convex)® ball B = ®~1(K ). To clarify the refor-
mulated optimization problem we address, we denote the
reformulated version induced by the INN as follows:

min H (z), st zeB. (Hinn)
z

where H = f o® . Itis worth noting that the orthogonal

projection onto the approximate ball B is computationally

challenging. To mitigate this, we employ a bisection-based

3Here “non-perfect ball” means the learned ball B is just an
approximate ball, i.e., the shape is close to a unit ball, thus might
exhibit non-convexity (e.g., see Fig. 1).
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Algorithm 1 Hom-PGD™

Algorithm 2 BP Operator

Input: initial point zy, valid INN & , reformulated prob-
lem (H;,,,), and maximum iterations K
for k = 0to K do
Compute stepsize «y, and gradient VH (zj)
Gradient descent: 751 = 2, — oy VH (Z)
Projection: Ziy1 < BPB~ (Zk+1) if ¢ (Zk+l) §§ K
end for
Olltpllt: X =@ (ZK)

projection operator to approximate the orthogonal projection
in each iteration, formally defined below.

Definition 3.3 (Bisected projection). The bisected pro-
jection operator BP3(z) for z € R™ is as BPjz(z) €
segment(0z) N B for z ¢ B and BPs(z) =zforz e B,
where 0 is the origin.

We note the following properties of the bisected projection
operator: (i) The bisected projection may have multiple
solutions when the line segment intersects the boundary oB
at multiple points; in such cases, the operator returns one
of the valid solutions. (ii) The projected solution can be
computed efficiently using bisection methods (Alg. 2) with
linear convergence rate (Liang et al., 2023). Importantly,
each bisection iteration requires a simple feasibility check
(i.e., membership oracle queries). (iii) When the trained
INN satisfies validity conditions (Def. 3.2), the composition
® (BPj(z)) guarantees feasibility in /I for any z € R™.

We then apply the PGD with the bisection projection opera-
tor for the INN-transformed problem (Hjy;,) (shown in Alg.
1). Finally, we map the obtained converged solution back to
the original space to recover the corresponding solution for
the original problem.

4. Performance Analysis

In this section, we present a comprehensive performance
analysis for Hom-PGD™, including the landscape analysis,
convergence rate, and run-time complexity.

General Assumptions and Notations (detailed in Ap-
pendix C.2): For notational simplicity, we fix the input
parameter and omit it, writing f in place of f (-), and
similarly for other functions and mappings. We assume that:

* The objective f and each constraint function g; (i € [m])
are Ly o-Lipschitz (Lg; o resp.) continuous, and Lj-
smooth (L, resp.).

* The homeomorphic mapping is invertible, bi-Lipschitz
continuous, and has a non-singular, Lipschitz continuous
Jacobian matrix, denoted by J .

Input: input point z, lower bound /5; = 0, upper bound
B, = 1, and maximum iterations B
fort =0to B do

Bisection: S, = (8; + (u.)/2
. BlFﬁmv it @ (ﬁm~2)€’C7
Update: Bu < Bm, otherwise.
end for

Output: 2 =3, - z

We remark that the learned INN & inherently satisfies the
same assumptions as , including bi-Lipschitz continuity
over compact domains and the existence of the Jacobian, by
the design of the INN architectures (Appendix B.3). More-
over, the composited function H = fo® and G; = g; 0 ®
for i € [m] inherit the same regularity properties as f and
g;. Thus, by Lemma D.1, we can make the following as-
sumptions without loss of generality:

* The learned INN is (Ig, ug )-bi-Lipschitz continuous and
Lg-smooth.

* The composited functions H = fo® and G; = g; 0 ¢
(i € [m]) are Ly o-Lipschitz (Lg; o resp.) continuous,
and Lp-smooth (Lg; resp.).

Furthermore, we make assumptions on the training errors
of the INN, which is essential for convergence analysis:

Assumption 2 (INN Approximation Errors). We assume the
INN-approximated homeomorphism ® : R® — R™ has (i) a
bounded approximation error: B(0,1 — €;n,) € 1K) C
B(0,14€mnn), || —@|| < €inn, and (ii) a bounded Jacobian
approximation error: ||J — Jg| < €inn.

Remarks Assumption 2 formalizes the approximation qual-
ity required from the learned INN & to the target homeo-
morphism  with L = (B). At the set level, it requires
the learned image ®(B) to be close to the true feasible set
K, which can be measured through a Hausdorff-distance
condition. At the map level, it requires the induced function
and Jacobian approximation errors to be controlled, since
these errors directly enter the KKT residual and convergence
bound.

This assumption is plausible for two reasons. First, recent
universality results for INNs show that, with sufficient depth
and width, INNs can approximate smooth diffeomorphisms
arbitrarily well under Sobolev-type norms (Jin et al., 2024;
Ishikawa et al., 2022; Lyu et al., 2022). Such approxima-
tion controls both the function approximation error and the
Jacobian approximation error, providing a theoretical basis
for the error terms in Assumption 2. Second, our training
objective in Eq. (1) is designed to learn a map from the unit
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ball B to the constraint set /C, so the Hausdorff-distance con-
dition can be encouraged and empirically checked through
sampled feasibility and coverage tests. Therefore, the as-
sumption serves as the technical bridge between INN train-
ing quality and the convergence guarantee of Hom-PGD™.
Refer to Appendix E.1 for a detailed discussion.

4.1. Landscape Analysis

In this subsection, we analyze the landscape of (H) under
the homeomorphic transformation. The following lemma
establishes a one-to-one correspondence between KKT sta-
tionary points (Def. D.2) of (P) and (H), where the relevant
definitions and the proofs are provided in Appendix D.3.

Proposition 4.1. Suppose the strict complementary con-
dition holds for both problem (P) and (H). Then X* is a
first-order, second-order and non-degenerate KKT station-
ary point of (P) if and only if Z* is a corresponding KKT
stationary point of (H) where X* = (z*).

The significance of this proposition lies in its ability to
establish a fundamental equivalence between the solution
properties of two distinct formulations of an optimization
problem. Specifically, it guarantees that the optimality con-
ditions under the Karush-Kuhn-Tucker (KKT) framework
are preserved under a homeomorphism.

4.2. Convergence Analysis

We present the convergence guarantees for Hom-PGD™,
with proofs deferred to Appendix E.2.

Theorem 1 (Convergence of Hom-PGD™). Let INN ®
satisfy Assumption 2. Then Hom-PGD™ with constant
step-size a € (0, ﬁ] can find an ¢ + O /Lyge€ip, -
approximate KKT stationary point (Def. E.1) for problem
(P)in © Lye? iterations.

To contextualize the significance of this result, we compare
it against established complexity bounds over convex and
non-convex constraint sets. For non-convex optimization
over convex constraints, established methods like PGD
and augmented-Lagrangian approaches (Beck, 2014; Zhang
et al., 2022; Liu et al., 2026) achieve O(¢~?) rates. Un-
der perfect INN training (¢;,, = 0), our result recovers
this result. The additional O +/Lgé€in, term reflects INN
approximation error and is consistent with analyses of opti-
mization under inexact oracles (Devolder et al., 2014; Bar-
ber & Ha, 2018; Liu et al., 2025).

Optimization over non-convex constraints is substantially
harder. Existing PGD-type methods require restrictive as-
sumptions such as bounded local concavity (Barber & Ha,
2018), hidden convexity (Barik et al., 2023; Fatkhullin et al.,
2023), or specialized manifold structure (Balashov et al.,
2020). Proximal-point-based algorithms (Boob et al., 2019;

Ma et al., 2019; Lin et al., 2022) achieve @ge*S complex-
ity under non-singularity assumptions and O(e~*) without
them.

Our key insight is that the BH structure closes this complex-
ity gap. Although X may be highly non-convex, the homeo-
morphic mapping ¢ transform the problem into an (approx-
imately) ball-constrained problem, enabling the use of con-
vex optimization techniques in the transformed space. The-
orem 1 thus achieves the convex-constraint rate of O (e~?2)
for non-convex constrained problems—a significant theoreti-
cal improvement. Moreover, since Ly = ube r+L Lgg
depends on the forward Lipschitz constant ug of the INN
(Lemma D.1), the Lipschitz-regularized training scheme in
Section 3.2 can improve the convergence rate by a constant
factor. Therefore, the BH structural assumption is both prac-
tically motivated by real-world applications and analytically
useful: it enables convex-constraint-style iteration complex-
ity guarantees for a broad class of non-convex constrained
problems.

4.3. Run-time Complexity

We analyze the run-time complexity of Hom-PGD™. Since
INN training is performed offline as a one-time cost, it
does not affect real-time performance; we defer its analysis
to Appendix B.5. Once trained, the mapping & can be
directly applied for any given parameter . Below, we focus
on online complexity.

Oracles. Hom-PGD™ relies on the Membership oracle
besides regular zeroth- and first-order information oracles.
The Membership oracle M (X) : R™ — {0, 1} returns 1
if and only if X € K. The membership oracle is generally
more efficient than optimization oracles (Mhammedi, 2022),
particularly for non-convex constraint sets.

Basic operations. Let W denote the size of the INN (i.e.,
trainable parameter count). The complexity of each basic
operation is as follows (see Appendix B.3 for details):

(i) Computing BP5(-): O(W'log(1/¢)). This bisection-
based operator is computed via Alg. 2, which converges
linearly (Liang et al., 2023). Each iteration requires one
forward pass through the INN and 1 membership oracle
queries for C .

(ii) Gradient of h: O(W). By the chain rule, Vh(z) =
Ja(2) TV f(X). The Jacobian Jg is obtained via backpropa-
gation at a cost of O(W).

Total run-time complexity. Given a trained INN &, the
online cost of Hom-PGD™ consists of the following compo-
nents.

(i) Per-iteration cost: @(W) Each iteration evaluates the
transformed gradient Vh(z) = Js(z)" V£(X) and com-
putes the bisected projection. Both operations require INN
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forward/backward evaluations and membership-oracle callgompare Hom-PGD with IPOPT on scalability(iii) We
leading to a per-iteration cost &f(W), whereW denotes consider real-world power grid optimization under uncer-
the number of INN parameters. tainty with joint chance constraints (JC@)) We examine

non-uniform adversarial attacks, which induce non-convex
a1i>erturbation sets but admit a closed-form homeomorphic

mapping.(v) We conduct ablation studies including INN
complexity and optimality gaps. Detailed experimental set-
(i) Iteration count:l. The iteration count is governed by tings, problem formulation, data generation, baseline de-
the convergence guarantee in Section 4.2. scription, and supplementary results are provided in Appen-
dices F and G.

(i) Final mapping:O(W). After convergence, the solution
in the transformed space is mapped back to the origin
domain by one forward pass through

Therefore, the total online complexity @(W1), plus a
one-time nal mapping cosD(W). Baselines For non-convex constrained optimization prob-
lems, we consider the following baselines following the
state-of-the-art work considering optimization over non-
convex constrained sets (Lin et al., 2022).HBM (Cartis

et al., 2011):exact penalty methodteratively solve sub-

which givesw = O(n?). This architectural choice is em- : R
irically supported by the approximation-quality results in proble_ms _by a(_j_dmg a penglty for constram_t V|olat|_ons to
P the objective. (iDALM (Sahin et al., 2019; Xie & Wright,

Section 5 and Append|x G.1, where .SUCh INN?aCh'eVPZOw; Birgin et al., 2003)augmented Lagrangian meth-
small set-approximation errors and high feasibility rates

across the tested constraint families. Thus, under the acr>dsfor problemP that alternately update primal and dual

. ; . . variables for an unconstrained Lagrangian formulation. (iii)
chitecture used in our experiments, Hom-PGBas online . ) . . :
; . 2 . . PPP (Lin et al., 2022):proximal-point penalty methoitera-
per-iteration costO(n<). This scaling is favorable com- . : o .
. 3 : . tively solves subproblems by augmenting the objective with
pared with second-order methods wi{n®°) per-iteration . . .
. . . . proximal term and quadratic penalty terms. Hom-
costs, while retaining the practical expressiveness needed A .
: . ! GD" shown in Sec. 3.
approximate the considered BH constraint sets.

Remarks The above bound is stated in terms of the INN
sizeW and is independent of the of ine training cost. In our
implementation, we use a three-layer INN with wid(n),

4.4 Discussion and Remarks 5.1. lllustrative Examples over Non-convex QCQP

. : . As shown in Fig. 3, in the randomly generated non-convex
Beyond ball-homeomorphic constraints While we as- . .

. . . QCQP instances, our Hom-PGDmethod achieves fast
sume the constraint set is homeomorphic to a ball, our

. T convergence compared to other rst-order algorithms. In
framework can, in principle, be extended to general com:

pact non-convex sets with non-empty interior, albeit withterms of running time, compared to methods requiring ex-

. T pensive inner minimization problems such as Lagrangian or
a potentially large worst-case optimality gap due to INN : . : : X
L ; . proximal-point methods, we only need bisection to project
approximation errors. Speci cally, we have the following

. . : infeasible solutions back to the transformed constraint set,
key observationg(i) For non-BH constrained sets, one can . . .
. . . . . reaching linear convergence with low complexity through
still train an INN to learn an invertible mapping from the

unit ball to a ball-homeomorphisubsetof the constraint membership oracle queries.

set, ideally, the largest subset via volume maximization inNVe train one INN to transform the constraint set under
the loss function in Sec 3.2. This INN still yields a re- different input parameters and deploy it for optimization,
formulated problemH i, ) equivalent only to a restricted amortizingthe homeomorphism construction complexity
version of the original problem (Lee et al., 2016@)) The  across different constraints and reducing online complexity.
Hom-PGD (Alg. 1) can still be applied to the reformulated Furthermore, our method empirically works for non-BH
problem {H i, ) under the valid INN condition(iii) The  constraint settings as long as the valid INN conditions hold,
convergence rate of Theorem 1 still holds, but the stationarglespite lacking tight theoretical bounds on INN approxima-
point corresponds to the restricted problem over the subseton error i, , as discussed in Sec. 4.4.

Consequently, the optimality gap with respect to the original

problem cannot be directly quanti ed. 5.2. Scaling tests of Hom-PGD vs IPOPT

.. We scale our method to high-dimensional QCQP problems
5. Empirical Study (which may be non-homeomorphic) along two axes: the

We conduct extensive experiments to demonstrate the ¢fumber of decision variablesand the number of quadratic
ciency of Hom-PGD' . (i) We evaluate Hom-PGDon constraintsm, yielding O(n? m) proplem parameters.
quadratically constrained quadratic programming (QCQP5—|om-PGD‘ demonstrates superior scaling compared to the

problems(ii) We scale the QCQP problem dimension andWell-optimized second-order industrial solver IPOPT.rAs
increases by two orders of magnitude (101L000), IPOPT's
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(a) Convergence with respect to iterations and running time.

(m) | (10;10) (10;100) (10 ;1000)
IPOPT l -1.481 -0.941 -1.377
Hom-PGD* -1.446 -0.927 -1.295
(n;m) | (30;10) (30;100) (30 ;1000)
IPOPT l -0.751 -0.829 -0.699
Hom-PGD* -0.737 -0.811 -0.682
(m) | (50;10) (50;100) (50 ;1000)
IPOPT -0.665 -0.635 -0.602
(b) ALM iter. (c) Hom-PGD iter. Hom-PGD" l -0.634 -0.620 -0.590

Figure 3. lllustrative examples of Hom-PGDfor solving QCQP.  Figure 4. Scalability analysis of Hom-PGD with constraints

The optimality gap is evaluated over the IPOPT solver. One INNm 2 f 10; 100; 1000y and variables 2 f 10; 30; 50g. Problem

is trained to map the unit ball to the constraint set under differentimensions scale @(m n?). The gure shows average per-
input parameters (detailed in Appendix G.1). Performance compainstance solving time; the table reports average converged objective
isons under various inputs, including non-convex BH and non-BHvalues.

constraints, are included in the Appendix. G.3.

and achieving exact chance constraint satisfaction. This
per-instance time grows steeply—most notablyrfer 50,  ef ciency stems from our bisection-based projection algo-
where runtime jumps from 3 to 70 seconds. In contrastiithm requiring only function evaluation (membership or-
Hom-PGD exhibits near-constant runtime asscales and  acle) without gradient calculations for constraints, unlike
only mild growth withn, owing to ef cient GPU-accelerated other rst-order methods that require both evaluations at
INN computation and batched constraint veri cation. So-each iteration, with computational burden growing linearly
lution quality remains competitive: Hom-PGDachieves  with scenarios.
an average objective gap of 2.9% on average with zero
constraint violations. These results demonstrate that Hon%.4. Non-Uniform Adversarial Attack

PGD" maintains ef ciency as problem size grows, while

IPOPT's computational cost escalates rapidly, particularlyVe next test Hom-PGD on non-uniform adversarial at-
for largen andm. tacks, where the inner maximization searches for pertur-

bations under feature-dependent budgétg) = f

kW k, pp 0 X+ 1g. HereW encodes
channel-spatial weights; f& < p < 1, the feasible re-
Modern power grids face uncertainties from renewablegion is non-convex, making projection-based PGD dif cult,
generation and load uctuations, requiring generator setwhile Hom-PGD uses a closed-form homeomorphic pa-
tings that ensure safe operation with high probability. Thisrameterization from the unit ball to preserve feasibility. We
leads to non-convex joint chance-constrained (JCC) formulaevaluate on CIFAR-10 with a trained CNN aNd = 500
tions, which are computationally prohibitive for large-scale correctly classi ed samples, comparing against the PGD
grids when solved exactly via mixed-integer programmingbaseline in (Erdemir et al., 2021) that uses radial feasibil-
(Pagnoncelli et al., 2009), as integer variables and oper#y scaling instead of exact Euclidean projection. Detailed
tional constraints scale with both scenarios and grid size. settings and more visualizations are in Appendix G.4.

5.3. Chance-Constrained Optimization for Power Grid

Our method demonstrates strong performance on this chalable 3 reports the quantitative results, and Fig. 5 provides
lenging problem. As shown in Table 2, we signi cantly qualitative examples on CIFAR-10. Hom-PGDs most
outperform baselines in running time while maintaining effective in the non-convex regimes: fpr= 0:5, it in-
approximately 3% optimality gap compared to GUROBI creases the attack success rate fib@% to 14:6%, and

8
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Table 2.Performance comparison over JCC optimal power ow. Table 3. Non-uniform adversarial attacks on CIFAR-10 under
weighted', constraints.

| 100scen. | 1000 scen.
P—— X P . p Method Adv. acc# Succes$ Timeliter#

Case Method | Obj. Vio. Time| Obj. Vio. Time (%) (%) (s)

MIP 0.679 O 95 failed
. EPM 0.690 09 76[0.933 1 801 o5 | FO2 20 oo o
2 AWM 0.693 0.9 141/0.927 1 1452 om- : ; :
) PPP 0.698 0.9 7510927 1 799 1 PGD 97.2 2.8 0.04138
Q Hom-PGD" (0.688 0 44 |0.768 0 246 Hom-PGD 83.6 16.4 0.04237

MIP 7.43 0 1259 failed 5 PGD 79.4 20.6 0.04141
" EPM 863 1 109|865 1 1107 Hom-PGD 80.0 20.0 0.04239
3 ALM 866 1 205|867 1 2061
S PPP 862 1 108866 1 1102 4 PGD 78.6 21.4 0.04133
8 Hom-PGD' |7.66 0 103|856 0 396 Hom-PGD 79.2 20.8 0.04229

1 —
! performance comparison over JCC optimal power ow Results use a shared xed subsethof= 500 correctly
on PGLIB 200- ar?d 500-bus systemSWitliOpO and classi ed CIFAR-10 samples. PGD uses radial feasibility

scaling for its projection step; full experimental details and

1000 uncertainty scenarios. L9 A !
gualitative examples are in Appendix G.4.

2 (Obj., Vio., Time) denote the objective value, chance-
constraint excess violation, and inference time (in sec-
onds), respectively.

3 GUROBI is applied to compute the optimum with equiv-
alent mixed-integer programming (MIP) formulations
in 3,600 seconds . All rst-order baseline methods
are executed in a maximum @00 iterations.

forp=1, from 2:8%to 16:4%. For the convex weighted

*» and "4 regions, Hom-PGD performs comparably to
PGD. Across all settings, the per-iteration time remains
nearly unchanged, showing that the homeomorphic repa-
rameterization improves attack generation when projection
is challenging while adding negligible computational over-
head.

5.5. Ablation Study and Sensitivity Analysis Figure 5. Qualitative adversarial examples on CIFAR-10 under
weighted non-uniform ;-, perturbation constraints. It shows

With details in Appendix G.2, we analyz@) INN Complex-  sampled successful attacks for the corresponding method.

ity: varying INN depth (1/3/5 layers) affects approximation

error, Lipschitz constants, and downstream optimization,

with 3 layers achieving the best trade-ofji) Bisection

Iterations fewer iterations reduce per-iteration cost but may

increase the optimality gap.

uniform adversarial attacks in Section 5, where it consis-
tently achieves faster convergence and lower per-iteration
cost than existing methods. These results demonstrate
that INN-based reparameterization with learned homeo-
6. Conclusion and Limitations morphisms offers a practical and theoretically grounded
approach to rst-order optimization over non-convex ball-

In this work, we proposed Hom-PGD a fast projection- homeomorphic constraint sets,

ef cient for optimizing over non-convex constraint sets
homeomorphic to a ball. Exploiting the topological struc-There are severdimitations remain for future work: (i)
ture of constraint sets, we leverage INN as a homeomoitNN-based homeomorphism learning theoretically incurs
phism to transform the problem into a (approximately)high worst-case complexity. Developing tighter bounds
ball-constrained optimization problem where projectionsfor learning homeomorphisms could improve practical ef-
admit efcient solutions. We prove that HOm-PGD ciency. (ii) Our convergence guarantee yields an+(
achieves a®( 2) convergence rate to an{ O(" n))-  O(" Tinn))-approximate stationary point. This square-root
approximate stationary solution, where the rate signi cantlydependence for INN errors,, may be suboptimal. (iii)
improves upon existing methods for optimization over nonWhile designed for Euclidean ball-homeomorphic con-
convex sets. We evaluat®om-PGD* on non-convex QC- straints, our framework may also extend to manifold-
QPs, chance-constrained power-grid optimization, and norconstrained problems with favorable topology conditions.

9
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A. Related Work

Non-convex optimization is notoriously challenging and is NP-hard in general. To better understand its structure and design
more ef cient algorithms, researchers have explored strong structural assumptions that enable convergence, sometimes
even to global optima, as well as advanced techniques such as reparameterization and hidden convexity. We review these
developments in the following sections.

A.1. Conditions for Global Convergence in Non-convex Optimization

Invexity. Invexity (Hanson, 1981) is a generalization of convexity, with a property that stationary points are global optima
(Martin, 1985; Ben-Israel & Mond, 1986). The classical theory of invexity is detailed in (Mishra & Giorgi, 2008). Recent
work (Barik et al., 2023) develops projected invex gradient descent algorithms that nd global optima for invex programs
under certain assumptions. Additionally, the invex structure has been applied to learning tasks, such as image reconstruction
(Pinilla et al., 2022; Pinilla & Thiyagalingam, 2024), to achieve global optima instead of merely critical points.

PL/KL conditions. Kurdyka- ojasiewicz (KL) condition (Lojasiewicz, 1963a; Kurdyka, 1998) is widely used to analyze
local convergence in non-convex minimization. The Polyajasiewicz (PL) condition (Polyak, 1963; Lojasiewicz, 1963b),

a global variant of the KL condition, ensures that stationarity implies optimality and serves as a suf cient condition for
global linear convergence in non-convex problems. This condition has been applied to non-convex, non-smooth optimization
(Bento et al., 2024) and learning tasks such as training neural networks (Reddi et al., 2016; Lei et al., 2019) and stochastic
risk minimization (Foster et al., 2018). Theoretical studies have explored the relationship between (generalized) PL and
other conditions (Karimi et al., 2016), the calculus of KL functions (Li & Pong, 2018), and convergence rates for functions
satisfying the KL condition with varying exponents (Frankel et al., 2015).

Quasar-convexity. Quasar-convexity (Hardt et al., 2018) is a relaxation of convexity parameterize@b{@; 1], with

= 1 implying star-convexity. This property arises in various optimization and learning tasks such as the objectives in,
learning linear dynamical systems (Hardt et al., 2018), positive semide nite matrix completion (Ge et al., 2016), and neural
network training tasks (Zhou et al., 2019; Kleinberg et al., 2018). For quasar-convex objectives, gradient-based methods can
achieve a comparable convergence rate as convex objectives to a global optimum, with convergence analyses available for
standard algorithms (Gower et al., 2021; Guminov et al., 2017) and accelerated methods (Guminov et al., 2017; Hinder
et al., 2020; Nesterov et al., 2018a; Fu et al., 2023).

A.2. Non-Convex Constrained Optimization

For optimization problems with non-convex constraints, convergence guarantees for standard PGD algorithms are rarely
provided. The existing literature often imposes extremely stringent conditions, such as assumptions on local concavity
coef cients (Barber & Ha, 2018) or adopts a manifold optimization framework (Balashov et al., 2020; Balashov, 2021;
Boumal, 2023).

In fact, convergence analysis for non-convex constrained optimization is generally scarce and frequently relies on inconsistent
or overly restrictive assumptions, not just for projection-based algorithms but across other approaches as well. To address
these challenges, several works have proposed alternative methodologies, including regularized subgradient methods (Ma
et al., 2020), inexact Lagrangian augmented methods (Sahin et al., 2019; Xie & Wright, 2019; Birgin et al., 2003) and
proximal-point-based algorithms (Boob et al., 2019; Ma et al., 2019; Lin et al., 2022). Among these works, the state-of-the-
art work (Lin et al., 2022) achieves the fastest convergenceXate?®) for non-convex optimization problems with weakly

convex constraints, under some regularization assumption. We refer readers to this paper for a comprehensive discussion of
the assumptions and convergence analysis in related work.

A.3. Recent Advances for Non-Convex Optimization

To reduce the cost and accelerate the convergence for solving (non-)convex constrained optimization, recent novel projection-
free methods and other advanced techniques involve inexact projection, radial dual formulation, reparameterizing optimiza-
tion problems, and uncovering hidden convexity.

Inexact projection. In many cases, the projection operator lacks an analytic solution or is computationally expensive to
compute exactly, motivating the analysis of inexact projected methods. For convex optimization, such methods achieve the
same convergence rate as PGD if the cumulative projection error is bounded (Schmidt et al., 2011; Patrascu & Necoara,
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2018), with new results derived under speci c settings (Patrascu & Irofti, 2021). For nonconvex objectives with convex
constraints, their convergence has been analyzed in (Birgin et al., 2003; Wang & Liu, 2006; Zhang et al., 2020). Recent
advances further generalize inexact projection operators to broader settings (Ferreira et al., 2022; Aguiar et al., 2023).

Radial duality. Beyond classical projection-free methods, recent advancements have introduced novel approaches based
on gauge and radial duality theory. Radial duality theory for nonnegative optimization problems (Grimmer, 2024a;b)
demonstrates that constrained optimization problems can be reformulated as unconstrained problems using the gauge of
their constraints. This framework has led to the development of new families of projection-free methods with optimal
convergence guarantees (Liu & Grimmer, 2023), as well as relaxed conditions (Samakhoana & Grimmer, 2024) that enable
more ef cient line search operators for the reformulated unconstrained problems.

Reparameterization. Reparameterizing optimization problems aims to mitigate challenging properties, such as non-
smoothness or non-convexity, via invertible transformations while preserving equivalent optima. Parameterization is widely
used in optimization and learning tasks, including semi-de nite programming (Cifuentes, 2021), low-rank optimization
(Mishra et al., 2014; Ha et al., 2020), and risk minimization (Bah et al., 2022). Recent advancements include parameterizing
simplex (Li et al., 2023) and polyhedron (Tang & Toh, 2024) optimization via Hadamard transformation to reduce
projection complexity, smooth over-parameterization to accelerate non-smooth optimization algorithms (Poog, & Peyr
2023), parameterizing discrete data as continuous for generative learning (Davis et al., 2024), and analyzing the optimization
landscape under parameterization transformations in non-convex settings (Levin et al., 2024).

Hidden convexity. Hidden convexity refers to transformations that reveal the convex structure of non-convex sets or
functions, which has been exploited in problems such as rotation matrix optimization (Ramachandran et al., 2024), non-
linear least squares (Drusvyatskiy & Paquette, 2019), revenue management and inventory control (Chen et al., 2022), and
quadratically constrained quadratic programming (QCQP) with Toeplitz-Hermitian quadratics (Konar & Sidiropoulos, 2015).
For non-convex stochastic optimization with hidden structure, projected gradient-based algorithms can achieve the same
convergence rate as in convex optimization for both strongly convex (Fatkhullin et al., 2023) and convex objectives (Chen
et al., 2022) under certain assumptions. Furthermore, QCQP, which is generally NP-hard, can be solved in polynomial time
when hidden convexity is present (Konar & Sidiropoulos, 2015).

B. Learning Homeomorphism via INN

In this section, we provide the omitted details in Sec. 2 and 3.

B.1. Handling Constraint Set with Equality
We rst explain how to handle equality constraints as mentioned in Sec. 2. Consider the constraltedséollows
K =1fxjag (x)=0:91; (x) 0, :gm (x) Og
whereq = (01;%;  ;Gn,,) With continuous functions;; (x): R" ! R with respect tox and .
Suppose the rank of the equality constrained function is constant forZa , i.e.,
rank(Jq(x))=r1, 8x 2K :

Thenfqg (x) = Ogis of dimensiom r by the Constant-Rank Level Set Theorem (Lee & Lee, 2012). In other words,
we can use a subset of decision variablgR R" " and reconstruct full decision varialbe;; x2] 2 R" via the equality
constraint, where, = (x1) andq ([x1; (x2)]) = 0. Such a reconstruction process ensures the feasibility of the
equality constraint. Hence, the constrdfnt can be reformulated as

S=fx12R" "jor; (Xx1; (X1)) O iom (X1;  (x1)) Og:
It follows from the reconstruction that
(X1;x2= (X2)) 2K , X3 2KS:

It is noteworthy that the constant rank assumptiorgfaf) holds globally for linear equalities and locally for nonlinear
manifold equalities (see, e.g., (Lee, 2010; Boumal, 2023)), which encompasses a majority of practical optimization
applications. Based on the foregoing analysis, this paper assumes that the constraihethsktdes only equality
constraints. For a detailed discussion on managing linear equalities, nonlinear inequalities, and manifold equalities, the
reader is referred to Appendix A and Appendix B in (Liang et al., 2023).
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B.2. Introduction of Invertible Neural Networks

The INN : R" ! R"isaclass of neural networks that is a continuous bijection. It is a nite composition of invertible
layers, where each layer is also a homeomorphic mapping with tunable parameters. In the following, we introduce several
commonly used invertible layers for INN, and refer readers to (Papamakarios et al., 2021) for a more comprehensive
introduction.Moreover, denotél" the set of homeomorphisms fréf to R".

Remark. In this work, we follow the GLOW architecture (Kingma & Dhariwal, 2018) for INN design, which consists of a
composition of nite af ne coupling layers and invertible linear layers. Speci callyldayer INN is de ned as

— | 1 1

where each layer! = féoup L7 (j 2 [1]) consists of an invertible linear transformatioh(x) = Q; x for some rotation
matrix Q; and a coupling layefrcoyp Of xed splitting strategyk = bn=2c.

This structure offers several key advantages: (i) it admits closed-form forward and inverse computations through neural
network propagation, (i) it enables closed-form calculation of Jacobian singular values, which are essential for computing
the log-determinant and Lipschitz constant required in our INN loss function, and (iii) af ne coupling layers are universal
approximators for any differentiable homeomorphism (Teshima et al., 2020). Given these theoretical and computational
advantages, we adopt the coupling layer-based INN architecture for our framework.

B.3. Computational Issues of Invertible Neural Networks

In this section, we analyze the computational issues of INNShere are several requirements for the Invertible Neural
Network (INN):

* (i) The forward and inverse mappings of the INN must be ef ciently computable, as they are required to map solutions
between the original space and the transformed space within Hom-PGD

* (i) The Jacobian of the INN must be computable, as it is essential for evaluating the gradient of the composite function
H=f in the Hom-PGD algorithm.

« (iii) The singular values of the Jacobian matrix must be accessible, as they are necessary for estimating terms in the loss
function de ned in Eq. (6) during the INN training process.

* (iv) The INN should have bounded distortion to ensure the worst-case performance for homeomorphic projection.
Furthermore, the INN should be a universal approximator of homeomorphic mappings. This enables it to handle complex
transformations involving a broad range of constraints.

Since this paper adopts the coupling-layer-based INN architecture, we focus our analysis speu caIIy on this type of INN.
For conciseness of notations, we xand omit it. For ai-layer INN denoted as= ! , we denote
xl = 1 1 xi 1 forj=2; ;landx®= x. Moreover, we denot&/ as the size (number of parameters) of an INN.

() In each af ne coupling layer, the forward and inverse could be computed directly by the de nition, i.&. ¢, 2
R"; x5 2 R"2) with ny + n; = n and two arbitrary NNs > 0; :R"t! R"2, we have
Forward :  (y1;Y2) = (X1;X2 (X1)+  (x1));
Inverse :  (X1;X2) =(y1;(Y2 (Y1) = (V1))

where=is applied element-wise to vector computation. For the conditional layer, we augment the input pararasters
()and (). Therefore, the complexity of computingand % is O(W).

)

(i) The Jacobian of such a composited mapping and its determinant can be expressed as

Y _ Y _
J (x)= Ji x; jdetd (x)j= detJ; x!
i=1 j=1

For each af ne coupling layer, the Jacobian can be expressed as
— Ni 0 .
@ @ diag( (x1)
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wherediag(v) returns a diagonal matrix whose diagonal elements are given by the vedtdollows that the complexity
of computingl (x) isO(W).

(i) For each layer, the Jacobian determinant can be expressed as the product of singular values:

. hd .
detd ; xI = i Jd X!
i=1
where () ::: () > Oare the sorted singular values of the Jacobian matrix of the mappiqipatx. By the
design of each af ne coupling layer, such an invertible transformation has a closed-form expression of singular values,

which is1 or elements of (x1). Therefore, the complexity to compute the determinant or singular values of an coupling
layer INN is stillO(W).

(iv) The bounded distortion property of an INN constructed with af ne coupling layers is inherently guaranteed by its
architectural design. Moreover, its universal approximation capability for homeomorphic mappings over compact domains
has been established in the existing literature. These two properties are formally stated below.

Proposition B.1. Suppose is an INN composed of af ne coupling layers. Then:

(i) is capable of approximating any-dimensional differentiable homeomorphism over a compact domain, given a
suf ciently large number of layers (Jin et al., 2024; Liang et al., 2024; Ishikawa et al., 2022).

(i)  exhibits bounded distortion, where the bound depends on the number of layers (Liang et al., 2024).

B.4. Unsupervised INN Training

We denote

H":=f :R"! R"j isahomeomorphisgpH"(K ;B):=f 2H"j (B)= K g:

Moreover, the feasible sét" (K ;B) is equivalent to the set of optimal solutions to the problem (Liang et al., 2023; 2024):

mzrﬁxn logV( (B) st (B) K )

whereV ( (B)) computes the volume of set (B) and the constraint means that the se(B) is a subset oK . While

there might be multiple homeomorphisms in theld&(K ;B) (e.g., through composition with rotations over the ball, we

get an additional such homeomorphism), we wish to learn one with minimum Lipschitz constant. To this end, we de ne the
Lipschitz constant of a mapping over a seK as

k (z)  (uk
L( )= sup ———: 4
( ) z6 uFZ)K kz uk ( )
Intuitively, the minimum Lipschitz homeomorphical (MLH) mapping problem can be reformulated to the following bi-level
problem:
n}iﬂ]n logL( ) s.t. 2 argmaxf Problemin (3)g: (5)

We employ the following loss function and maximize it to train an INNwith | layers for learning the homeomorphic
mapping in an unsupervised manner:

L( )=9( (B) P( (B) 2R(C ) (6)
where 1 and » are positive coef cients to balance among the three terms. For ease of analysis of how to compute the three
terms, we denote dnlayer INNas = ' ::: 2 1 where each layer is either a bi-Lip af ne coupling layer or an

invertible linear layer.

() ¥ ( (B)) is a computable approximation of theg-volume termlogV (  (B)) in (3) as:
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1 £ xx _
V( B)= log i J; Z dz+logV(B) (7)
V(B) &, _
i=1 j=1
wherezi = 1 1zl 1 forj=2; :l,andz!2B;J; Z denotes the Jacobian matrix of () atzl .

(i) P( (B)) is the penalty term for the constraint violation of (B) K in (3) as:
z

P( (B)= BkReLU(g( (2); Dkq dz; (8)

where ReLU() = maxf0; g and g( (z); ) calculates the residual for each inequality constraint as

[ ( (); );iinom (0 (2; )

(iii) p 1K is a computable approximation of thag-Lipschitz termlog L LK as:

8 9
< )d ) =
P )=sup . log, 3, Z | €)
z2z - . ’
j=1
wherezi = 1 1 Zl 1 forj=2; :l,andz!2Z = Y(K).

We have the following bounds for the approximations (Liang et al., 2023; 2024). The two approximation terms in (7) and (9)
satisfylogV( (B) ¥( (B)) andlogL( ) B( ).

The above proposition implies that the loss function in (6) is actually a lower bound to the Lagrangian of the problem in (5).
Therefore, we can maximize the loss function in (6) to approximate the MLH mapping under the equivalent reformulation in
(5). Further, to train one conditional INN 2 H "* 9 to learn the -dependent MLH mappings for any2 , we generalize

the loss in (6) to

LO= E [LC )]

where 2 is uniformly sampled. For the INN training, we prepare quasi Monte Carlo (QMC) sarﬁmlg'\é_l B to
approximate the integration in (7) and (8). When evaluating the distortion in (9), since we may naf kriovadvance, we
sample fronz = (K ) B overaunitballa$z giN:l . In each iteration, we sample a batch of collected data and
employ the Adam optimizer to maximize the loss functiof) , similar to training standard NNs (Kingma & Ba, 2014).

B.5. Of ine Complexity to Obtain a Trained Valid INN

In this section, we will discuss the theoretical complexity of obtaining a trained, valid INMhich approximates
where (B) = K for the optimizatiorP.

Complexity of obtaining a valid INN. To obtain a valid invertible neural network (INN) given a ball-
homeomorphic constrained g€t , one must incur the following cost.

» Training. Training a neural network is an unconstrained non-convex optimization, which is NP-hard to nd a global
optimum in general. In practice, we use Adam optimizer to maximize the loss function, similar to the process of training
regular NNs (Kingma & Ba, 2014). Typically, the run-time is poly}) to nd an approximate stationary solution.

» #Samples oB. As discussed in Sec. B.4, one will prepare sampieg B to approximate the integration (7), (8) and
(9) using QMC. The integration error for the QMC approacB®is(log N)" =N whereN is the number of samples,

which is faster in the rate of convergence than Monte Carlo using a pseudorandom sequence (Dick & Pillichshammer,
2010).

* INN size. For the INN size to approximate a bi-continuoudimensional homeomorphism to an errpthe theoretical
upper boundd( ") derived from (Jin et al., 2024) is high due to the worst-case analysis. Meanwhile, the lower bound
is an open question so far. Note that the theoretical bound of INN size is high and grows exponentially with the input
dimensionn due to a worst-case analysis. However, in practice, the target homeomorphism may be much simpler,
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requiring signi cantly fewer parameters for the INN to approximate it effectively. For instance, in our empirical study, we
found that approximately three coupling layers with wi@tfn) are suf cient to learn the homeomorphic mapping from a
non-convex set to a ball.

Remark. Although training the INN of ine incurs additional computational cost, this expense is only one-time and can

be amortized over numerous online problem instances. Moreover, modern deep learning frameworks, such as PyTorch
coupled with GPU acceleration, render the training process ef cient (e.g., less than 10 minutes for high-dimensional chance-
constrained problems). Once the INN is appropriately trained, the framework achieves a convergence rate comparable to
optimization over convex constraint se® 2 with a low per-iteration cost, signi cantly improving on state-of-the-art
ratesof0 4 orO 2 under regularity conditions (see Table 1 for details).

In practice, it is often necessary to verify whether a constrained set is homeomaorphic to a ball. This question can generally
be divided into two cases:

(i) Special cases with known topological properti€ertain sets are naturally homeomorphic to a ball, such as compact
convex sets (Bredon, 2013) and star-shaped sets (Appendix B.6). In particular, for compact convex sets, an explicit
ball-homeomorphic mapping can be directly constructed using the gauge mapping, as discussed in (Liu et al., 2026). For star-
shaped sets, a ball-homeomorphic mapping can also be constructed; however, it may depend on certain unknown parameters
speci c to the star-shaped set. As a result, it is often more practical to use an INN to approximate the homeomaorphic
mapping. Further details are provided in Appendix B.6.

(i) General non-convex setBor general compact non-convex constrained sets, we may apply topological data analysis
(TDA) (Chazal & Michel, 2021; Otter et al., 2017) to determine whether the set satis es the ball-homeomorphic property.

Remark. While verifying the ball-homeomorphism property through sampling and topological data analysis can be
computationally expensive, explicit veri cation is often unnecessary in practice. Many common constraint sets—including
convex and star-shaped sets—possess known topological properties that naturally guarantee ball-homeomorphism.

More generally, our method can be applied whenevewr#hid INN condition(De nition 3.2) is satis ed, which requires
only thatthe INN maps the center of the unit ball to a feasible point in the constrainf\saliscussed in Section 4.4, our
theoretical guarantees (feasibility preservation and convergence rate) hold under this valid INN condition alone.

This makes ball-homeomorphism veri catiorsaf cient but not necessanyrerequisite—the valid INN condition provides

a more practical and veri able criterion that can be easily checked without expensive topological analysis. In essence,
practitioners need only verify that their trained INN satis es the valid INN condition, which is straightforward to evaluate
through simple feasibility checking.

B.6. Homeomorphisms from a Star-Shaped Set to a Ball

De nition B.2 (Star-shaped setA set is called a&tar-shapedset if it has the property that all interior and boundary points
are visible from a poink (calledstar centej in the set. Note that the set of star centers of a star-shaped set might have
multiple and even in nite elements.

For the geometric, analytical, combinatorial, and topological properties of star-shaped sets, and their broad applicability in
many mathematical elds, we refer readers to (Hansen et al., 2020) for a comprehensive discussion and review.

Importantly, a star-shaped set is homeomorphic to a unit ball. The formal statement is given below, where one could refer to,
e.g., Page 60 (Gonnord & Tosel, 1998) and Theorem 237 of the handbm@dksis Il by Dirk Ferus, for its proof.

Proposition B.3. Open star-shaped sets are diffeomorphic to open balls, where a diffeomorphism is a smooth homeomor-
phism.

For a star-shaped s8t usingx as the center, one can construct an explicit homeomorphighat continuously and
bijectively sends points i to points in a unit balB. Such a homeomorphism is termed a gauge mapping (Tabas & Zhang,
2022a;b; Liang & Chen, 2025; Li et al., 2025; 2026; Liu et al., 2026) de ned below.

De nition B.4 (Gauge mapping)SupposeS is a star-shaped set with star center Let s(x;x ) =inf f Ojx2
(S x )gbe the Gauge/Minkowski function (Blanchini & Miani, 2008) given a star cexte? int( S). The gauge
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mapping :B!S isde ned between a unit ball and a compact star-shaped set:

kzk

s(x X ;x)
s@x) "

X : 8z2B; x)y= =222 J(x x ); 8x28S: (10)

(2) = kx x k

Based on the explicit construction of homeomorphisms between the unit ball and a star-shaped set, the gauge mapping can
be ef ciently computed by evaluating the gauge function using a bisection-based algorithm (Liu et al., 2026). Moreover, it is
important to note that the above construction depends on the center of a star-shaped set. However, in general, nding a star
center of a star-shaped set is very challenging and can be NP-hard (O'Rourke & Supowit, 1983; Lee & Lin, 1986). In such
cases, one can utilize an INN to learn the ball-homeomorphic mapping directly as discussed in Sec. 3, avoiding the need to
verify whether the star-shaped set is ball-homeomaorphic.

C. Preliminaries for Technical Proof

In this section, we summarize the related basic concepts, notations, assumptions, and fundamental propositions and lemmas.

C.1. Basic Concepts

We list the basic concepts used in this paper below.

« Distance between a point and a set. For a closel s2tR" and anyx 2 R", the distance betweenandX is de ned as
dist(x; X) =inf yox kx yk.

» Orthogonal projection. For a closed 3t the orthogonal projection of a poirt2 R" ontoX is de ned as x (x) 2
argminyox kx  yk.

» Function convexity. For a differentiable functibn. X R" ! R, itis said to be convex if one of the following holds:
1) Jensen's inequality. Forwith O 1, we havef ( x +(1 y) fXx)+(1 ) (y) forallx;y 2 X.
2) rst-order condition.f (y) f(x)+ hrf(x);y xi;8x;y 2X.
3) monotone gradienfr f(x) r f(y)T(x y) Oforallx;y2X.

» L-Smoothness. A differentiable functién: X R" ! R s said be.-smooth if one of the following holds:
1) zeroth-order conditiorf. ( x + (1 y) f x)+(1 ) (y) % (1 Yky xk?, forallx;y 2X; 2

[0; 1].

2) rst-order condition.f (y) f(x)+ hrf(x);y xi+ 5ky xk? forallx;y 2X.
3) Lipschitz gradientkr f (y) r f(x)k Lky xk, forallx;y.

« Weak convexity. A functiorf : RY ! R is said to be weakly convex with constaat > 0 if the functionf (x) +
(s =2)kxk? is convex.

« Jacobian matrix. Suppo$e R" ! R™ is a function such that each of its rst-order partial derivatives existR'bn
Then the Jacobian matrix 6f denoted); 2 R™ ", is de ned as); = ( %)ij .

+ A Hessian of a functiofi : R" | Ris de ned asr f = ( @?7@;);)” 2 R" " ifits second-order partial derivatives
exist. Moreover, for a mappinfj: R" !  R™ with existed second-order partial derivatives of each compahnent
i=1;2 ;m). The Hessian of is de ned as

H(f)=(r ?f1; 1 2f):

C.2. Basic Assumptions and Notations

Remark. For conciseness of notation, we x the input parametén problemP (andH) and omit it, by which we write
v sfgish;Ktoreplace ;  ;f ():;a: ();h ();K respectively. Inthe following, we make assumptions throughout
the paper.
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» Assumptions ori and constraintg; (i =1;2; ;m) in problemP:

1) f is Ly, o-Lipschitz continuous, i.ekf (x) f(y)k Lyt okx ykforanyx;y.
2) f in problemP is differentiable and. ¢ -smooth.

3 f > 1 wheref :=minyx f(X).

4) Eachg; is L ;o-Lipschitz continuous, differentiable, ahg, -smooth.

» Assumptions on the homeomorphic mappingR" ! R":

1) s differentiable with non-singular Jacobidn( ),
2) is( 1; 2)-bi-Lipschitz continuous for 1> 0,i.e.,

tku vk k  (u) (v)k 2ku  vk:

Then the Jacobian matrig, () andJ () will satisfy
1
kd (2)k 2; 8z; kI 1(x)k —; 8x:
1

3) hasL -Lipschitz continuous Jacobian matrix, i.e.,
kJ (u) J (v)k L ku vk; 8u;v:

4)  has continuous Hessian, i.e.,
H@=(r? o ir? )

exists and is continuous.

Remark. Given a compact constrained $etwe can relax these global assumptions to hold on a compact domain, including
Lipschitz continuity and smoothness. Speci cally, we only reqtii@nd to be Lipschitz continuous on a compact set
containing the feasible constrained &et The following are detailed explanations. In our convergence analysis of the
Hom-PGD algorithm, we only require that the composite functien=f satis es: (i) Ly -smoothness, and (ii)

L . o-Lipschitz continuity on the iterates (with both constants depending on the Lipschitz constaseafLemma D.1).
Since each iteratey is feasible in the balB, the update,,, = z kI H (zx) remains in a compact sbt (which
containsB ) for bounded ¢ andkr H (z)k. Thus, it suf ces forH to be smooth and Lipschitz continuous oér, meaning

thatf need only be Lipschitz continuous on the compact(sét ) K .

In addition, we summarize the commonly used notations in this paper in Table 4.

Table 4.Summary of Notations. The notations shown in the table is for prolfleand we use the same type notations for probitem

Notation |  De nition
k k [2-normk ks
B unit ball centered a
Lt o Lipschitz constant of
L¢ L+ -smooth property of

f ¢ -strong convexity of

1, 2 bi-Lipschitz constant of
D distortion of ,i.e., »= 1
L Lipschitz constant of
int( K),@& the interior,boundary ok
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C.3. Basic Facts

In this section, we list the fundamental facts we will use in this paper.

Proposition C.1 (Properties of Orthogonal Projection, see e.g., (Beck, 20T projection operator ¢ over a closed
and convex set satis es the following properties.

1) Optimality condition:8y 2 C, lx c(X);y c(xX)i 0.
2) Non-Expansivenesk: ¢(x) c(y)k k x vyk.
3) Monotonicity:h ¢(x) cly);x yi O
We have the following lemma related toto help with the computation.
Lemma C.2. Supposd isL Lipschitz,i.e.kJ (u) J (2)k L ku zkforanyu andz. Then, we have

k (u) (z) J @2(u 2k LZZkZ; 8u;z:

One can refer to Lemma 1.2.3 (Nesterov et al., 2018b) for the proof.

Next, we list the following rules for basic computation:

« Jacobian equivalencé: :(x)=J (z)forz= (x).

Chain rule for computing gradient bf= f

rhz=3 @7rf( (2)=3 @7r f(x):

Chain rule for computing gradient 6f

rf(x)=J :(x)°r h(z)=J 2)°r h(2):

Chain rule for computing Hessian bf= f

xXo
Ot )2 (2

@)= @ @0 @ o

i=1
D. Landscape Analysis

In this section, we provide landscape analysis to understand important relationships between prlaledn( ).

D.1. Action of Homeomorphism on a Constrained Set

Recall that the constrained setds= fx 2 R" jg(x) Ogwithg =(0:;09; :0m)Whereeacly (i =1;2; ;m)is
a continuous function. For problerfl {,

B= YKY=fz2R"] (2)2Kg=1fz2R"jG(z):= g( (z)) Og

whereG; is non-convex in general. Howevés,is assumed to be convex (actually a ball set) in this paper. One can refer to
Fig. 6 for an illustration.

Moreover, we assume there are no redundant inequaliti€ésiie., there is n@; suchthakK = fx jg i(x) 0gwhere
g i=(%; ;0 1;G+,; ;9m). Inthis case, any feasible poitsatisfyingg (x) = 0 for somei is on the boundary
of the setK. Thus, we have

\
fx2Kjg(x)=0;0(x)60g fx2Kjg(x)=0;g(x)609=;
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Figure 6. lllustration of the action of homeomorphism on a star-shaped set. The left gure shows the star-shaped constraints of problem
(P). Each color of line represents the boundary characterized by a constraint inefj@atity b g for somei. Under a homeomorphic
mapping , the constrained set is transformed to a ball (right gure). Each constraint inequ@lifg) Og (colored differently) is
non-convex in general.

foranyk 6 j. NoteB=fzjGi(z) 0;i=1;2;, ;mg=fzjkzk® 1g. MoreoverfG;(z) 0;i=1;2; ;mg
also has no redundant constraints by the non-singularity of the Jacobiaarud similarly,
fz2Bj Gj(z)=0;Gk(2) 609\ fz2BjGk(z)=0g=;
for anyj 6 k. Hence ifz 2 B satis esG;(z) = 0 for somei, it lies on the boundary d8. Clearly, we have
Gi(z)= kzk?* 1 at z°2 @;G;(z%=0; (12)

and
r Gi(z)=2z;r 2Gij(z) =21, at z°2 @;G;i(z%)=0: (12)

wherel , is the identity matrix ofh by n.

D.2. Properties of Functionh = f

Lemma D.1 (Properties oh = f ). Under the general assumptions Ck2= f has the following properties.
1) hisLpo:= L. ¢ 2 Lipschitz continuous.
2) hisLp-smooth with., = 3L¢ + L Ly o.
3) Iff is convex, theh is "y -weakly convex with, = L. oL

Proof. We prove them one by one in the following.

1) We can directly derive from basic de nitions:

kh(u) h(v)k kf( () f(C (V)k
Lr.ok (u) (v)k
Lt.oL ku vk:

2) FromL¢ -smoothness df, we have
kr f(x) r f(y)k Likx yk: (13)
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Then we derive wittx = (z);v = (y),
kr h(z) r h(vk= J @ rfx) J (v) rf(y)
=J@@fx)r fyN+Q @ I (V) rf(y)
J @@t r fy) + @@ I (V) rf(y)
oLi k (2) (v)k+ L Lsokz vk
2Ls + L Lro kz vk
LetL, = 3L¢ + L Ly 0. We have the conclusion.

3) One hope to shol( ) + 2k +vk? is a convex function, i.e.,
h(v) + Ehkvk2 h(z) + Ehkzk2+ hr h(z) + “nz;v  zi; 8z;v:

This is equivalent to show .
h(v) + gkv zk?> h(z)+ hrh(z);v zi; 8z;v:

We drive withx = (z);y = (v) as follows,

hrh(z);v zi= rJd (2°f(x);v z
hrf(x);J (2)(v 2)i
hrf(x); (v)+ (@2+J3 (@)(v 2)i+hrf(x); (v) (2)i
kr f(x)k k (v) (2) J (2)(v 2)k+ hrf(x);y xi
Lr.oL kz vk2+f(y) f(x)
= Lol kz VvK®+ h(v) h(2)

where the rst inequality is from triangular inequality and the second inequality is from Lemma C.2 and the convéxity of

O
D.3. KKT Conditions of Problem (P) and (H)
First, we recall some basic de nitions.
Consider a general optimization problem
70 00
st: g(x) 08 =1;2 :m; G)

g(x) 08 =1;2 ;p:
The Lagrangian function of problen®() is de ned as
X X
Lix; ; )=f(x)+ igi(x)+ iG(X):
i=1 i=1
Atriple (x; ; ) is said to satisfy the Karush—Kuhn—Tucker (KKT) condition of probl@&) if the following holds
X X
ri(x)+ it gi(x)+ irg(x)=0;
i=1 j=1 (14)
G(x)=0;6(x) 0 8 2[pl;i2][m];
0; ig(x)=0; 8i2[m]:

where (or ) is the dual variable corresponding to inequality (resp. equality) constraints.
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De nition D.2 (KKT stationary point) A point x is said to be a KKT stationary point 06() if there exists 2
R™,; 2 RPsuchtha(x ; ; ) satises KKT condition (14).

De nition D.3 (Strict complementary slacknesdj is said that the strict complementary slackness condition holds for
problem G), if
i >0 for g(x)=0; 8 2[m]

To de ne the second-order KKT condition for the optimization problems, we recall that the critical cone in the following.

De nition D.4 (Critical cone) Denote the feasible region of proble@ ) asG. Then the critical con€g(x ) atx of
problem G) is de ned as (Nocedal & Wright, 1999)

8
2r g(x )>w=0; foralli 2 [p];

W2Cs(x), _rg(x) w=0; foralli2A (x)with ; >0
“rg(x) w 0 foralli2A (x) with ; =0:

Here isthe Lagrangian multiplier of inequality constraigtsandA (x ) is the index of active constraints.
From the de nition, the critical cone of probler® § can be written as

rg(x) w=0; foralli2A (x ) with ; > 0;

2C ' > . .
W () rg(x) w 0 foralli2A (x) with ; =0:

Moreover, ifstrict complementary slacknelslds, the critical cone is simpli ed as
Ck(x )=fw2R"jr g (x ) w=0; foralli 2A (x )g:

Suppossstrict complementary slacknelslds for problen(P) and(H ). Then, we can write KKT conditions for problem
(P) and H) in the following.
First-order KKT condition®nx . The Lagrangian offf) is

xn

Le(x; )=f(x)+ i (x):
i=1

The rst-order KKT conditions of P) are: there exists such that

xn
rf(x)+ irg(x)=0; (15a)
i=1
g(x) 0 i=1;2, ;m (15b)
0, jg(x)=0; i=1;2 m (15¢)

Second-order KKT conditiorenx . It adds the following condition
wor2lp(x; )w 0 (16)
for anyw satisfyingw”r gi(x ) =0 withi 2 A(x ).
First-order KKT condition®onz . The Lagrangian ofH ) is
Lu(z; )= h(z)+ (kzk?> 1):
The rst-order KKT conditions of () are: there exists such that
rh(z)+2 z =0; (17a)
kz k* 1, (17b)
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0; (kz k* 1)=0: (17¢)

Second-order KKT conditioonz . It will add the following condition.
d>r2Ly(z; ) o0 (18)

foranyd 2 Cg(z ). Here recall that

(
Co(z) = R"; if z 2 int(B);
B fd:d>z =0g, ifz 2 @:

D.4. Relationships of KKT Stationary Points between Problem(P) and (H)

Lemma D.5. Suppose strict complementary slackness holds for both prafi¢érand (H). We have thax is a KKT
stationary point of(P) if and only ifz is also a KKT stationary point ofH) wherex = (z ).

Proof. 1) First, we assume that is a KKT stationary point ofP). By assumption, there exists such that the KKT
condition holds (15) holds. Then we have

xn
J Z)Yrf(x)+ iJ (z)Yrg(x)=0;
i=1
g( (z) 0 i=1;2, ;m

0; ig( (z)=0; i=1;2 ;m
This is equivalent to
X0
rhiz)+ irGi(z)=0; (19a)
i=1
Gi(z) 0 i=1;22 ;m (19b)
0; ;Gi(z)=0; i=1;2, ;m: (19¢c)
P
Let = T, ,.According tothe eq. (11,12), eq. (19a) is actually

rh(z)+2 z =0:

By assumption, eq. (19b) is equivalent to
kz k> 1

Note that ifG;(z ) < Oforalli,then =0 andthus =0. Inthiscase, (kz k¥ 1)=0.If z makes at least one
Gi(z ) =0, then we havéz k? = 1. In this case, we also have(kz k? 1) = 0. Hence, eq. (19c) implies

0; (kzk?® 1)=0:
In conclusion, there exists ;  such that the KKT condition holds.
2) Now, we assume ;  satisfy KKT condition for problemH), i.e.,

rh(z)+2 z =0;

kz k* 1,

0, (kz k* 1)=0:
If z 2 int(B),thenGj(z ) < Oforalli and =0. Inthis case, there exists =0 such that the KKT condition with eq.
(15) of problemP) holdsatx = (z); =0.

If z 2 @, then there exists atleaston2f 1;2; ;mgsuchthaG;(z )=0 and > 0from strict complementary
slackness. Denotk = fi : Gj(z ) =0g. Notewedene ; =0ifi2A and ; = FAj. Thenwe have ; such
that eq. 19 holds which implies = (z );  make the KKT condition of problen) hold.

O
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Lemma D.6. Suppose strict complementary slackness condition holds for both prgBlgmnd (H). Thenx is a
second-order KKT stationary point ¢P) if and only ifz = 1(x ) is also a second-order KKT stationary point ¢4 ).

Proof. From Lemma D.5, there exists and suchthai(x ; ) holds for rst-order KKT condition of(P) if and only
if (z ; ) holds for rst-order KKT condition of H). Hence, it suf ces to show the equivalence of condition 18 and 16.

1) Let's rst supposex is a second-order KKT stationary point, i.e., eq. (16) holds.

Note
r2ly(z; )=r2hz)+2 lu;

wherel , is identity matrix of sizen  n. We just need to shod” rL (z ; )d Oforanyd 2 Cg(z ). Recall that

X of
r*h(z)=3 (z)r?( (z)J (z)+ @( ZzNr? i(z);

i=1
and
2~ _ > 2. X @g 2 s i _ 4.0 e
r<Gi(z)=J (z)r<g( (z)J (z)+ —( (Z)r°«(z) i=1;2 ;m
- @

From eq. (11), note that
r2Gy(z )=21,;8k2A(x )\f k:Gy(z )=0g:

FromLemmaD.5, = i i - Thenwe have
x
rPLu(z: )=r?h@E)+ 12Gi(z) (202)
i=1
X
=3 @) @) @)+ I (@) irfel @) (@) (20b)

i=1

xo X xn
+ @%( @)r2 (z)+

k=1 k=1 i=1

28 @ e (200)
From rst-order KKT stationarity of P), i.e.,
X0
rf(x)+ irg(x)=0;
i=1
We have
e ., X @g

Xt iE

Hence for anyd 2 Cg(z ), we have the second term (20c) is equad.to

(x )=0:

i=1

Now we note it's trivial thatCx (x ) =Cg(z )= R"ifz 2 int(K)wherex = (z ). Henceinthiscased 2 Cg(z ),
we will haved (z )d 2 Cx(x )

If x 2 @,thenA(x )6 ;.Ford 2 Cg(z ),i.e.,d>z =0, we have
@ @)d)rg(x)=d>3 (z)rg(x)=dGi(z)=2d>z =0; fori2A(x );
ord (z)d2Cg(x).

So ford 2 Cg(z ), we have the following holds about the rsttermwofLy(z ; ).
I

- !
@ (Z)d)r2( (z)J (z)d+@ (z)d) r?g( (z) J (z)d o
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where the last ' ' is from the assumption that is the second-order KKT stationary point ). Hence, we have
d>r ?Ly(z ; )d Oforanyd 2 Cg(z ),i.e.,z = L(x ) is also a second-order KKT stationary point.

2) Let's suppose is a second-order KKT stationary point and show thats a second-order KKT stationary point.

If z 2 int(B), the proof is trivial because = 0 according to the similar analysis. So we assum& @B. De ne
A(z)=fi:Gij(z)=0g,and ; =0fori2A(z ), ; = FA(z)jfori2A(z).

Note foranyw 2 Ck (x ), we have
O=w’rg(x)=w>J Y z)YrGi@z)=0 Yz)w)’z; fori2Ax )= A(z):
Hencel (z )w 2 Cg(z ). Then foranyw 2 Cx (x ),

wor 2Lp(x ; )w
xn
=w’r 2f(x )w+w” T 2gi(x )w
i=1
=@ Yz)w)?JI (Z)rx) (z) Yz )w

xn
+@ MWl @) ek NI (2)3 Mz w
i=1
xXo X xn
+@ 2wy @% @)r? W(z)+
k=1 k=1 i=1

=@ Yz)WwW)Lu(z; ) Yz)w O

ag

@ L DT 2 k(@) Mz w

where the sum of last term of the secord is exactly0 and the last ' ' is from the assumption that is a second-order
KKT stationary point.

O

De nition D.7 (Non-degenerate KKT stationary pointh second-order KKT poink of (P) is said to be non-degenerate
if there exists  such that
d>r?L(x; )d>0

forall06 d 2 Ck (x ). Here the Lagrangian function is
xn
L(x; )= f(x)+ iGi(x):
i=1
Lemma D.8. Suppose strict complementary slackness holds for progferand (H). Thenx? is a non-degenerate KKT

point of optimizatior(P) if and only ifz” satisfyingx” = (z ) is also a non-degenerate KKT point of probléih).

Proof. 1) Suppose is a non-degenerate KKT stationary point. Note thatf@ Cg(z ), we havel (z )d 2 Cx(x )
from the proof of Lemma D.6. Moreover, frodh (z ) 6 0 we havel (z )d 6 0 ifand only ifd 6 0. Then the conclusion
is trivial from eq. (20) in the proof of Lemma D.6.

2) Now, we suppose is a non-degenerate KKT stationary point. It follows from the proof of Lemma D.6 that for any
w 2 Ck(x ), we havel 1(z )w 2 Cg(z ). Hence, the conclusion is also trivial from the proof of item (2) of Lemma D.6.

O

E. Convergence Analysis
E.1. Discussion on Assumption 2

In this section, we discuss the reasonability of Assumption 2 from both theoretical and practical perspectives, and further
address its empirical veri cation.
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Assumption 2 imposes bounds on the function approximation error and the Jacobian approximation error of the INN. Its
reasonability is supported by the following considerations.

Theoretical justi cation.The achievability of small approximation errors follows from th@versal approximation property

of invertible neural networkfNNs). As discussed in Section 3.1, established theoretical results (Ishikawa et al., 2022) show
that INNs with suf cient depth and width can approximate arbitrary smooth diffeomorphisms to arbitrary precision under
the Sobolev normThis universality implies that both the function approximation error and the Jacobian approximation error
can, in principle, be made arbitrarily small, thereby providing a solid theoretical foundation for Assumption 2.

Practical justi cation. The two components of Assumption 2 are justi ed as follows.

< Function approximation error. The proposed INN training framework is speci cally designed to minimize this error
through the loss function if6), which simultaneously enforces (4)B) K via the constraint penalty term, and (b)
maximal coverage o via the volume maximization term. The empirical results in Appendix G.1 corroborate this
design, showing that trained INNs achieve low Hausdorff distances and accurate geometric approximations across a
variety of constraint sets. To practically verify it, as reported in Appendix G.1 (Figure 7), the trained INNs consistently
achieve Hausdorff distances bel®8 across all tested problem instances, con rming that this condition is satis ed in
practice.

« Jacobian approximation error. While directly verifying this error is challenging due to the absence of ground-truth
homeomorphisms, we remark that this assumption is only for the worst-case analysis. We remark that theoretical
optimality bounds related to Jacobian approximation error may be loose; but experiments demonstrate optimality gaps
as small as 2.9%, referring to Sec. 5.

With Assumption 2, we establish 2 convergence for nding an approximate stationary point (Theorem 1), improving
upon existingdD 3 orO 4 rates (refer to Table 1). Our analysis explicitly accounts for INN approximation
errors throughout optimization, providing bounds relating approximation quality to solution accuracy, which advance the
state-of-the-art reparameterization optimization methods.

E.2. Proof of Theorem 1

In this section, we show Theorem 1. Before moving on, we rst introduce some de nitions and notations below.

De nition E.1 (Approximate KKT Stationary Point)A pointx is said to be an-approximate KKT stationary point ¢
if there exists 2 R™, such that the strict complementary slackness hold{and ) satis es

X
rf(x)+ irg(x) ;

i=1
Klg(x )+ k (21)
Xn . .
Jig(x)]
i=1
De nition E.2 (Approximate stationary point)A point x is called -stationary point for probleminy ok f (x) with
convex sekK, if the gradient norm mapping
K . . 1
Gre(x; )= =[x k(x 1 f(x)]

satis esk Gri (x; )k  for proper > 0.
De nition E.3 (Normal cone) The normal con®&s(x) of a closed and convex sktatx 2 K is de ned as

Nk (x)=fy:hy;z xi Oforanyz 2Kg:
Notations.
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» Recall that is the exact homeomorphic mapping ands the learned, approximate homeomorphic mapping. Thus, we
denoteB = 1(K) as a unit ball and® := 1(K) as an approximate unit ball. Moreover, as Assumption 2 holds, we
have

kBPB(Z) B (Z)k inn -

* We denotéh = f andH = f
» We denote the bi-Lipschitz continuous constant adsl andu , i.e.,
l ku vk k (u) (v)k u ku vk (22)

Recall that the bi-Lipschitz continuous property of an INN composed of af ne coupling layers is satis ed by its design
(Prop. B.1). Under this condition, we have

kd (2)k u ;kI 1(2)k Ii:

We list some help lemmas rstin the following.
Lemma E.4. Suppose an error> 0 is suf ciently small. Considemin,,g h(z). If kGrE(zO; )k for somez®2 B,
thenz®is anO( )-KKT stationary point of problemin,,g h(z). Speci cally, there exists such that

ke h(z2%+2 z% @+ );

kzk 1 0
0j (k2% 1)
where is a constant depending @.
Proof. Suppose* = (2% r h(z9) andGr(z% = Gr K (z% ) for conciseness of notation. Thén(z% = 1(z° z*).

From the optimality of orthogonal projection (Prop. C.1), we have
k® rhz% z';z z'i 0

foranyz2B.Let =2z° z* r h(z%9. We have 2 Ng(z*) by de nition of the normal cone. Moreover, the normal
cone of a unit ball can be written as

Neg(z")=f z": > 0Og for z© 2 @; andNg(z")=f z": =0g for z* 2 int(B):
Hence we have = z* forsome 0, i.e.,

rh(z%+ zt =2 z*:

Equivalently,

r h(z9 + 1[ 2%+ (¢ 9= E[zo z']:
Thus,

kr h(z2%+ —z% @+ )kGr(z% @+ ):
Bydening = 5> 0, we have

kr h(2%+2 z% @+ )kGr(z% @+ ):
Next, note thazCis feasible, therebkz% 1 0.

Finally, we show

i (k2% 1))
If z* 2 int(B), we have =0 by the de nition of ,i.e., = 0. In this case, the proof is trivial. Hence, we assume
z* 2 @. It follows thatkz* k% = 1. Then we have
i kz% 1Dj=j k% k 'k 2 k® z*k 2 kGr(z%
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Lemma E.5. Consider the optimization problehhiy, : min,, o H(z). Let > 0be a suf ciently small error and Assumption
2 holds. Supposkzygk o is a sequence generated by Hom-PGWith step-size 2 (0; ﬁ]. Thenfz,go k k contains
an pointz®withK = O(Ly  ?) such that

p
kGrB (29 ¢ + O(C Lu im)
wherec is a constant independent ofhat can be small arbitrarily.

Proof. We denote* = g(z r H(z)) andz =BP g(z r H(z)). We know thakz* z k . According
to theLy smoothness dfl , we have

. L
H(z ) H(2)+ hrH(z2);z ZI+7H|(Z z k2
=H(2)+ hrH(z);z Zzi+hrH(2);z" zi+L7sz z k%

From Prop. C.1, we have

le rH(z) z';z zZi O
ie., L

hrH(z);z Z'i Zkzt zk?:
Hence, we have

H(z ) H@+hrH(2);z ZzZ'i+hrH(2);z" zi+L7sz z k?
H(z)+(|'7H E)sz’ zk? + LTsz" z K¥+kr H(2)k kz z'k

It follows that L

2

L
H(zk) H(zks)+ —- 20+ Lo (2 Rk Gr(zi)k? (23)

2
where we denote

Gr(z) :=Grg(z) = 1[z sz rH@):

LetM = (1 LZH ). We sum up Eq. (23) frork = 0 tok = K, and then we have

H@zo) H o H(@o)  H(ce)+ (K + (5 B+ Lio im)

X
M kGr(zy)k? (K +1)kGr(z%k?
k=1

wherez®=argminy=o.1. -k kGr(zy)k. It follows that

s
H(zo)) H L 1 P
kGr(z9k m"‘ TH 2+ Luoin = O(p?)"' O(C LH imn):
WithK = O(Ly ?2), we get the conclusion. O

Lemma E.6. If z%is afeasible -approximate KKT point of problemin,,g H(z) = f ( z) over a unit ball,i.e.z 2 B,
thenx®= ( 29 isan (=minfl ;1g+ O( inn))-approximate KKT point of problerd.

Proof. Note that
B:=fkzk® 1 0g=fGi(z):=g( (2) 0i=1;2, ;mg
and
B= YK)=fQi(@:=g((2) 0i=1;2 ;mg
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We derive
kr Gi(z) 1 Qi(2k=kJ (9ra( (2) I Drg(( 2)k
kJ @rg( (2) J @ra(( 2)k+
kI (9ra((2) I @ra(( 2k
L ;OLgi inn T Lgi ;0 inn -

By assumption, there exist§ 0 such that

kr h(z9)+2 %%
kz%> 1 o
i Akz%% 1)

First, we show it is a fact that there exist&such that

xn
kr h(z% + G (O ;
i=1
Gi(z% 0 i=1;2, ;m
° 0 %G9 =iA; i=1;2 m

where we de neA = fij Gj(z) = kzk? 1latz%ganddenote?:=0 fori 2A and %:= %jAj fori 2 A. Moreover,
the second inequality is from the feasibility it Now, it is easy to check that the above approximate KKT condition holds.

Note thatG;(z% 0implies[G;(z* )]+ =0. Next, we derive the following.

xn xn xn xn
r h(z%+ Qi (29 r h(z%+ G (Y + % Qi (29 % G (29
i=1 i=1 i=1 i=1
+ OC(inn);
Qi (2%, [Gi( +[Qi () Gi (9. Lg:0im;
PR G@N+i Q@) GE + g im:

Moreover, we have

X
rh(ZO)+ ?r Qi(zo) +O(inn);
i=1
X X0
[Q (291, [Qi (291, Gi (9], +[Qi (2% Gi (2O, ML g:0 inn;
i=1 i=1
i 2Qi (29 (G %i @9+ 2Q @Y Gi (Vi)
i=1 i=1
. . X . . xn . .
= jGi@%+ j%Gi@E@%+ iA@Y Gi(2Y)
i2A i2A i=1
+ gqaxjAj Lg:O inn

whereLg.0 = MaXi=1 :2::m fLg:0g and %, = maxi=1.2. .mf °g. Here in the second line we use the inequality

[a+ bl [a]+ +[b]+ fora;b2 R.
Thatisz%is an + O( inn )-KKT points of problemH with homeomorphic mapping.
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Next, we derive

X X
rfe9+ g 3@ I @AY D@ ek

i=1 i=1

r+o(inn);

[9(x9, =[Q@). O (im);

xn
it %= Qi@ +0(m):
i=1 i=1
It follows thatx®= ( z9isan(=minf1;l g+ O( inn))-approximate KKT point. O

Proof of Theorem 1This is the direct corollary of the above lemmas. From Lemma E.5, we have that Horh-B&Dnd
an approximate stationary poiritsuch that
p
kGrg (29 ¢ + O( Ly inn)
inO(Ly 2) iterations.
Then, it follows from Lemma E.4 thais also an approximate KKT point of optimizatiomin,.g H (z). Speci cally, we
have that there exists 2 R g
p
ke Hz9+2 z% @+ )c +0O( Ly in);
kz 1 O0;
p
0;j (kzq(z 1)j ¢ +0( LK im)

Finally, by LemmaE.6x°= ( zQisanc (1+ )=minf1;l g+ O(p Ly inn) -approximate KKT point of problem
P. By choosing appropriate e.g.,

I
Taw oyt

x%= ( z% becomes an + O(Io Lx inn) -approximate KKT point of probler® . O

c=min

F. Experiments Setting
F.1. Problem Formulations and Instance Generation
F.1.1. NON-CONVEX QUADRATICALLY CONSTRAINED QUADRATIC PROGRAMMING

We consider the following non-convex QCQP problem:

. 1 > > .
_min -~ 5X QoXx + Qg X + ro; (24)
1 .
s.t. Ex>Qix+ Qrx+r; 0 i=1;:;m; (25)

wherex 2 [L;U]" is the decision variablg; 2 R" " are symmetric matrices (not necessarily positive semide nite),
gi 2 R",andr; 2 R.

Instance Generation: For the objective matriQ o, we generate eigenvalues uniformly fr¢mi; 1] to create a mix of
positive and negative eigenvalues, ensuring non-convexity. We con&tgust U diagl )U > =n, whereU is a random
orthogonal matrix obtained via QR decomposition of a standard Gaussian matrix,camdains the mixed eigenvalues. The
linear termp is sampled fronN (0; 1=n). For the constraint matricéd€); g, , eigenvalues are uniformly sampled from

[ 1;1]to maintain the non-convex structure across constraints. Qadéh constructed using the same eigendecomposition
approach with independent random orthogonal matrices and normalizechbyrhe corresponding linear terms are
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Table 5.Network characteristics and DC-OPF formulation complexity for PGLib test cases

Power Grids | 200-Bus | 500-Bus
Network Topology
Buses 200 500
Generators 69 145
Branches 245 597
DC-OPF Formulation
Decision Variables
Real Power GeneratiofPg) 69 145
Voltage Angles () 199 499
Total Variables 268 644
Equality Constraints
Power Balance 200 500
Inequality Constraints
Generator Limits 138 290
Voltage Angle Limits 398 998
Line Flow Limits 490 1194
Total Inequalities 1026 2482

sampled fromN (0; 1=n). To ensure feasibility, we rst generate a random initial poigt N (0;0:1) and clip it to

satisfy the box constraints with a margin@f.. The constraint bounds are then sebas %xg QiXo + P Xo *+ i,

where ; jN (0;1)j 0:1 provides a feasibility margin. This construction guaranteestha feasible and ensures the
problem has a non-empty feasible region. For the illustrative example, we sample a 2-dimensional instance with 2 quadratic
constraints.

F.1.2. DINT CHANCE CONSTRAINED DC OPTIMAL POWER FLOW

In electrical power systems, operators must satisfy stochastic demand while maintaining system reliability across multiple
nodes simultaneously. This presents a challenging multi-constraint optimization problem under uncertainty, where violations
at any node can compromise system-wide stability.

We rstintroduce the standard DC optimal power ow (DC-OPF) problem:

X6
min el + dpi (26)
' i=1
s.t. pmm p pmax; min max; (27)
Bows = p d; (28)
Biine smax; (29)

wherep 2 R® is the power generation vector,2 R® are voltage phase angles, ah@ R® is the demand vector. The
matricesBpus2 RE B andBne 2 R- B are the bus and line susceptance matrices, Biibuses|. transmission lines,
andG generators. The vect@™® 2 R- denotes maximum line capacities.

To handle dependency between decision variables and uncertain parameters, we eliminate the slack bus from the system
equations. LeBp,s2 R 1 (B 1 pe the reduced bus susceptance matrix,m@R® 1, ~2 RE 1 @2 RB 1
~2 RB ! be the corresponding reduced vectors. The phase angles for non-slack buses are:

()=Bps P & 7 (30)
and the slack bus generation adjusts to maintain power balance:
X X
ps( )= (di+ i) P (31)
i2N j2Gns
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whereN , G, ands denote the sets of all buses, generator buses, and the slack bus, respectively.

The joint chance-constrained optimal power ow (JCC-OPF) extends the deterministic DC-OPF to handle demand uncertainty
while ensuring system reliability:

||)@ #
min E Ap( ) +dp() ; (32)
P o =
pmi.n p( ) max
st. P@ mn )y mx A g (33)
BIine ( ) Smax

where 2 (0;1) is the prescribed violation probability. All operational constraints must be satis ed jointly with probability
atleastl , ensuring comprehensive system reliability under uncertainty.

Given sampled scenario§’k = 1N, we have the Sample Average Approximation (SAA) for the chance constraints:

0
R pml.n p( (k)) pmax
Ni |% min ( (k)) max g 1 : (34)
k=1 Biine ( (k)) gmax

wherel () is the indicator function that equals 1 if all constraints are satis ed and 0 otherwise.

To solve it exactly via an existing solver such as GUROBI, we can reformulate it using the mixed-integer formulations by
introducing binary variablesk) 2 f 0; 1g for each scenario::

Ni z0 1 (35)
k=1

p™ M@ z®)y p(®)y pm™™+ M@ z®); k=1;:::N; (36)

mnooM@ )y Wy My ma z®); k=1;:00N; (37)

Bine (1) S™ + M1 zW); k=1;:5N; (38)

zZ02f01g; k=1;::::N; (39)

wherez() is a binary indicator that equals 1 if all constraints are satis ed for scekagndM is a suf ciently large constant.
This mixed-integer linear programming formulation provides a tractable approximation with convergence guardswtees as
increases.

Instance Generation: We use |IEEE test systems from PGLIB (Babaeinejadsarookolaee et al., 2019), which provide
standardized network topologies, transmission line parameters, generator characteristics, and baseline demand pro les
for power system benchmarking. Uncertainty scendrid® gy, are generated from multivariate normal distributions

N (0; ),where captures spatial correlation in demand uncertainty. We construsing an exponential decay model

based on geographical distanceg; = ; ; exp 9% where ; is the standard deviation of demand uncertainty atibus

(set to 5% of nominal demard), d; is the electrical distance between busasdj measured by the shortest path length
in the network graph, andis the correlation length parameter that controls the spatial decay rate. We sdrophg1; 5]

to generate instances with different correlation structures: smalues produce localized correlations, while largalues
create system-wide correlated demand uctuations.

F.1.3. NON-UNIFORM ADVERSARIAL ATTACK

Adversarial robustness evaluation requires solving an inner maximization problem that searches for perturbations capable of
changing a classi er's prediction. For a classi &r and loss function, the adversarial perturbation for an input-label pair
(x;y) is obtained by

gn(a>x() (F(x+ )y (40)
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where ( x) denotes the allowed perturbation region. Standard attacks usually takeas a uniform , ball, which assigns
the same perturbation budget to all input coordinates. This uniform modeling can be restrictive when features have different
semantic roles, correlations, or scales, motivating non-uniform adversarial attacks (Erdemir et al., 2021).

In our experiment, we use the weighted perturbation set
(x)= 2RY:KW ky, 0 x+ 1 ; (41)

whereW is a positive-de nite weighting operator encoding channel-spatial structure,agadhe perturbation radius for
the chosen norm. This set reduces to a standatype perturbation region whew is the identity, while a nontrivial
W induces feature-dependent effective budgets.OFop < 1, the weighted, constraint is non-convex, so the exact
Euclidean projection required by standard PGD is dif cult to compute.

However, this constraint is star-convex from the zero perturbation vector, thus admits a closed-form homeomorphism to the
unit ball by gauge mapping (Liu et al., 2026). Hom-PGiherefore optimizes Eq. (40) over the latent variab®2B and
maps the nal solution back to the perturbation space through y .,(2).

Instance Generation: We evaluate the attack on CIFAR-10 with a trained CNN classi er. For each clean image

[0; 1132 32 3, the perturbation dimensionds= 32 32 3. We construcW to combine inter-channel correlation and

spatial smoothing, so nearby pixels and color channels receive correlated perturbation weights. We use a shared xed subset
of N = 500 correctly classi ed test images and evalupt2 f 0:5; 1; 2; 4g, covering both non-convey(< 1) and convex

(p 1) perturbation regions. All attacks are run for 500 iterations with Adam step siz&0 3. The quantitative results

are reported in Table 3, and additional implementation details and qualitative examples are provided in Appendix G.4.

F.2. Baseline Algorithms and Hyper-Parameters

We implement the baselines as follows:

» EPM : Exact Penalty Method (Cartis et al., 2011). It solves an unconstrained reformulated probejrasff¢llows
mxin f(x)+ kag(x)k (42)

where is the penalty parameter. Moreover, for a large enough parametiee critical points of the unconstrained
reformulation(42) correspond to the KKT stationary points of the original prob{@), provided by usual constraint
quali cations (Nocedal & Wright, 1999). Based on this reformulation, one can use any appropriate algorithm {d2plve
such as gradient descent methods, trust region methods (Cartis et al., 2011).

« ALM : Augmented Lagrangian Methods (Sahin et al., 2019; Xie & Wright, 2019; Birgin et al., 2003).
Xy = argminff (x) + rg(x)+  kklg(x)]+ K%g; (43)
k+1 =[ k+ k 9(Xk+1)]+s (44)

where | is the Lagrange multiplierg(x) represents the constraint functions, apd> 0 is the dual step size. The inner
unconstrained optimization problem is non-convex due to the non-convexity of the constraint fugaiuthss solved
using gradient descent to a stationary point, making it an inexact method.

» PPP: Proximal-Point Penalty Method (Lin et al., 2022). For the optimizati®} (et

k(x) = F(x)+ gkx Xk k? + g Klg(x)]+ k2 ; (45)

where ¢ > 0is the penalty parameter angd > 0 is the proximal parameter. A suf ciently large parametgmwill make
the problem (45) a strongly convex optimization provided by the weakly convex constyaints

In each iteration, one will solve the problgdb)to a stationary point using (sub)gradient descent by nipg; such that
kr (X1 )k " (46)

given a desired errdk > 0.
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« Hom-PGD" . Given the reformulated problerdl(,, ) and a step-sizei in each iteration, we update by the rules
Zxk+1 =BP gz «r F(( z)) (47)

whereBP denotes the bisected projection onto the approximate uniBpalhd is the INN-learned homeomorphism.
The solution is mapped to the original space after convergenceas (z ).

* IPOPT: Interior Point Optimizer, a state-of-the-art nonlinear programming solver that implements a primal-dual interior
point method with line search. It uses exact second-order information and adaptive barrier parameter updates to handle
inequality constraints through logarithmic barrier functions. IPOPT is particularly effective for large-scale continuous
optimization problems with smooth nonlinear constraints.

« GUROBI: Commercial mixed-integer programming solver that employs branch-and-bound algorithms with advanced
cutting plane generation, presolving techniques, and heuristics. For the SAA formulation of the JCC-OPF problem,
GUROBI provides the exact optimal solution to the mixed-integer linear program, serving as the ground truth baseline for
comparison with other approximate methods.

Gradient calculation: For simple quadratic objective functions, gradients are calculated via closed-form formulations. Other
non-trivial gradient calculations across the various algorithms are implemented using auto-differentiation in PyTorch. We
note that replacing auto-differentiation with closed-form gradient implementations could further improve the computational
ef ciency of the algorithms.

Handing Non-differentiable Chance Constraint Since the indicator-based chance constraint is non-differentiable, making
direct application of all rst-order algorithms challenging. To tackle this challenge, we compute the robust scenario penalty
following (Nemirovski & Shapiro, 2006), which computes the constraint violation for the worst-case scenario and treats it as
a penalty in INN training or as the constraint violation/residual/penalty for other rst-order algorithms. Speci cally, we
replace the non-differentiable indicator function with a smooth approximation:

1 X
5 My 0 1) max [g(x; ). 0 (48)
N K1 k2f 1;:5N g

Notably, when evaluating the chance constraint feasibility, we still follow the exact indicator-based formulation, which is
used in the membership oracle for our Hom-PGethod to ensure accurate feasibility assessment during optimization or

the nal evaluation for solutions obtained from different algorithms.

Step-size Theoretically, different algorithms employ their own step size selection strategies, such as explicit dependence on
smoothness and convexity parameters, or implicit step sizes that depend on the optimal objective value (Grimmer, 2024b).
For practical implementation, we initialize a xed step size (€l1@.,%) and decay it by a factor of 0.999 if the objective

value does not decrease, which helps identify a suf cient step size for convergence.

Computation environment: All algorithms are implemented in Pytorch and executed on an Ubuntu server with an NVIDIA
A800 GPU and an AMD EPYC 7763 64-Core Processor.

F.3. Invertible Neural Network Implementation

We adopt the coupling layer-based INN as our homeomorphism approximator. Speci cally, it consists of 3 layers, each layer
containing two sub-layers:

* Invertible Linear Layers : Following the GLOW architecture (Kingma & Dhariwal, 2018), we employ invertible linear
layers with learnable bias terms. These layers implement af ne transformations of thg feriivx + b, where the
weight matrixW is constrained to be invertible through LU decomposition parameterization. This parameterization
ensures invertibility by construction while allowing ef cient computation of the log-determinant of the Jacobian as the
sum of logarithms of the diagonal elements from the decomposition.

» Coupling layer: We implement coupling layers using MADE (Masked Autoencoder for Distribution Estimation) (Germain
et al., 2015), which enables highly ef cient computation through masked forward propagation. MADE applies element-
wise af ne transformations in an autoregressive manner, where each output dimension is conditioned on all preceding
input dimensions according to a prede ned ordering. This structure maintains the coupling layer property while providing
computational ef ciency through parallelizable masked operations.
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Conditional Embedding: To incorporate conditional input, we employ a dedicated fully connected neural network

that embeds the conditional information into a latent representation. This embedding is then added to the intermediate
variables at each coupling layer, allowing the transformation to adapt based on the conditioning information. For the
scenario-based input in JCC-DC-OPF, where the number of scenarios can vary across problem instances, we adopt a
DeepSet-based architecture (Zaheer et al., 2017) to handle the permutation invariance property inherent in scenario sets.
The DeepSet encoder maps variable-size scenario collections into a xed-dimensional embedding space (64 dimensions
in our implementation), ensuring consistent representation regardless of the number of scenarios while preserving the
exchangeability of individual scenarios.

INN Training : We apply the Adam (Kingma & Ba, 2014) optimizer to train the INN with a batch size of 64, where each
batch is sampled from the unit ball and input parameter space. We set the initial learningsratd ®* with a decay

factor of 0.9 every 1,000 iterations. The maximum number of training iterations is set to 10,000. The coef cient for the
penalty term is 10, and the Lipschitz regularizer is 0.1.

G. Supplementary Experiments Results
G.1. INN training details

We provide training details for the invertible neural network used in homeomorphism learning. Speci cally, we examine the
convergence behavior of the training loss components and demonstrate the network's ability to learn bidirectional mappings
between unit balls and constraint sets.

Training Convergence The INN is trained by optimizing three loss components: the volume term (ensuring volume
preservation), the penalty term (enforcing constraints), and the Lipschitz term (controlling smoothness). Figure 7 (top)
shows the convergence of these components across different sampled input pargrdetamnstrating stable optimization.

The training dynamics include three stages:

« Initialization phase: The INN parameters are randomly initialized (e.g., Gaussian), causing the initial mapping output
( B) to violate the constrain{ B) K . This results in a large constraint penalty term that dominates the total loss
(as evident in the second sub gure showing high penalty loss).

¢ Shrinking phase: To reduce constraint violations, the network learns to shrink the mapped region and adjust its position.
This shrinking decreases the volume (and thus log-volume drop), while it also reduces the constraint penalty by pushing
( B) tswithin K. During this phase, minimizing the penalty term takes priority over maximizing volume.

« Expansion phase: Once the constraint is approximately satis ed (indicated by low penalty loss in the second sub gure),
the volume maximization term becomes dominant. The network then learns to ekpBhtb occupy as much df
as possible, ultimately approaching a homeomorphism approximately.

Figure 7. Training and evaluation of the 3-layer INN: convergence of the volume term, penalty term, and Lipschitz term across different
sampled input parametersduring training. The training algorithm stably learns homeomorphisms by maximizing volume within
constraints while regularizing the Lipschitz constant, demonstrating effective approximation quality and capturing the complex constraint
geometry under unseen input parameters.

Learned Mapping Properties. The trained INN learns parameter-dependent bidirectional mappings. In the forward
direction, it maps the unit ball to constraint sets that vary with the input parametethe inverse direction, it maps points
from these constraint sets back to the unit ball, providing a normalized representation of the feasible region.
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« Assumption 2 requires bounded homeomorphism error, meaning the trained INN must approximate the true home-
omorphism between the unit ball and the constraint set with bounded grroDue to the bijective property of
homeomorphisms, this is equivalent to requiring thaB) closely approximates the true constraintiseor equiv-
alently, that 1(K) approximates). For straightforward visualization and comparison, we validate the forward
direction by examining how wel( B) covers and matches the true constrainkset

« As shown in Figure 7, the mapped sgtB) accurately approximates the non-convex geometry of the target constraint
set under different input parameters, demonstrating the effectiveness of our INN training method. To quantify this
approximation quality, we can compute the Hausdorff distance betywe@handK, de ned as

( )

do(( B);K)=max sup inf kx yk;sup inf kx vyk ;
x2 ( B)Y2K y2K %2 ( B)

which measures the maximum distance between the two sels( {f B); K)
meaning INN is a perfect homeomorphic mapping betw&andK and i,

0, then ( B) = K givenB = K,
0.

G.2. Ablation Study

We conduct ablation studies on QCQP optimization problems to analyze two key aspects of our ffijetNdHComplexity

and Performance We examine how INN depth (1/3/5 layers) affects approximation error (Assumption 2), Lipschitz
constants, and downstream optimization performance, demonstrating that a 3-layer INN achieves the best balance between
approximation capability and parameter complexitly. Bisection Complexity and Performand&fe show that reducing

bisection iterations decreases per-iteration cost but may increase the optimality gap.

G.3. More QCQP results

We visualize the comparison of Hom-PGand other baseline methods on QCQP optimization under different input
parameters. We show the convergence with respect to iteration and total time, the constraint violation with respect to running
time and per-iteration cost, and visualize the iteration trajectory of different methods.

G.4. Adversarial Attack Experimental Details

Feasible perturbation set.For each clean input 2 [0; 1]%, perturbations are constrained by
(x)= 2R%:KW ky, 0 x+ 1

whereW is a positive-de nite weighting operator that encodes channel-spatial structure by combining inter-channel
correlation and spatial smoothing, andis preset for each norm level. The setting generalizes standard unifaattacks
by assigning non-uniform effective perturbation budgets across input directions.

PGD baseline.The PGD baseline used in Table 3 does not compute the exact Euclidean projectign xontinstead,
after each gradient step it applies radial feasibility scaling:

S S =min fSpay ; Shox: 19;

wherespa enforceskW (s )kp p andsyex enforcesd  x + s 1. Thus, the baseline uses a feasible-direction
normalized update rather than the exact projectery) ( ).

Hom-PGD"* implementation. Hom-PGD' optimizes a latent variablein the unit™, ball and maps it to a perturbation
2 ( x) through the closed-form homeomorphic transformation. This enforces feasibility by construction in the
perturbation space.

Evaluation setting. We evaluate on CIFAR-10 using a shared xed subsét of 500 correctly classi ed samples. All
attacks useadamwith step size =10 2 for 500 iterations. The success rate is computed as

# clean-correct # adv-correct

100%
# clean-correct
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(a) PGD baselingy = 0:5. (b) Hom-PGD ,p=0:5.
Figure 12.Qualitative adversarial examples on CIFAR-10 under weighted non-unifarrperturbation constraints. Each panel shows
sampled successful attacks for the corresponding method. In this non-convex perturbation region, PGD with radial scaling only rescales

each update along its current direction to restore feasibility, which can limit the search for stronger feasible perturbations due to the
non-convex constraint geometry. Thus, PGD achieves a lower attack success rate in the weighitalil case.
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Figure 8. Performance comparison of Hom-PGD™ across different INN architectures (1-layer, 3-layer, 5-layer) and different bisection

tolerance levels (10 °, 10

,10 1. a-b: Single-layer INNs exhibit poor approximation capability, leading to large learning errors when

approximating the constraint set. In contrast, 3-layer and 5-layer INNs provide sufficient representational capacity to capture the constraint
set and demonstrate superior convergence behavior. c-d: Higher tolerance values accelerate the algorithm by reducing bisection iterations
within the projection operator, but result in larger optimality gaps due to less precise convergence to the constraint boundary.
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(a) 1-layer INN training (top) and evaluation (bottom) under different input parameters.
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(b) 3-layer INN training (top) and evaluation (bottom) under different input parameters.
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(c) S-layer INN training (top) and evaluation (bottom) under different input parameters.

Figure 9. INN training and evaluation across different network depths. Panels visualize learned mappings under different input parameters.
The 1-layer INN fails to capture constraint geometry accurately (average Hausdorff distance > 1.5), while 3-layer and 5-layer INNs
achieve better approximation quality (average Hausdorff distance < 0.3).
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Figure 10. Tllustrative examples of Hom-PGD™ for solving QCQP with non-convex BH constraints.
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Figure 11. Tllustrative examples of Hom-PGD™ for solving QCQP with non-BH constraints.
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