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ABSTRACT

Generative models, particularly diffusion and flow-matching approaches, have
achieved remarkable success across diverse domains, including image synthesis
and robotic planning. However, a fundamental challenge persists: ensuring gener-
ated samples strictly satisfy problem-specific constraints — a crucial requirement
for physics-informed problems, safety-critical applications, watermark embedding,
etc. Existing approaches, such as mirror maps and reflection methods, either have
limited applicable constraint sets or introduce significant computational overhead.
In this paper, we develop gauge flow matching (GFM), a simple yet efficient frame-
work for constrained generative modeling. Our GFM approach introduces a novel
bijective gauge mapping to transform generation over arbitrary compact convex
sets into an equivalent process over the unit ball, which allows low-complexity
feasibility-ensuring operations such as reflection or projection. The generated
samples are then mapped back to the original domain for output. We prove that our
GFM framework guarantees strict constraint satisfaction, with low generation com-
plexity and bounded distribution approximation errors. We further extend our GFM
framework to two non-convex settings, namely, star-convex and geodesic-convex
sets. Extensive experiments demonstrate that GFM outperforms existing meth-
ods in both generation speed and quality across multiple benchmarks, including
synthetic data, time series, and image generation.

1 INTRODUCTION

Generative models have emerged as powerful tools for learning complex data distributions, achieving
remarkable success in diverse applications ranging from image generation to scientific simulation.
Recent advances, particularly in diffusion models and flow-matching approaches, have further pushed
the boundaries of what’s possible in areas such as photorealistic image synthesis, molecular design,
and robotic trajectory planning (Ramesh et al., 2022 Betker et al., 2023} |Sun & Yang} 2023 |Chi
et al.| [2023; |Abramson et al., 2024} Zeni et al., [2025)).

However, many real-world applications necessitate generation under specific constraints. For instance,
protein synthesis requires adherence to structural constraints within amino acid chains. Image
generation may demand precise watermark placement or consistency with physical laws. Robotic
manipulation must respect joint limits and ensure obstacle avoidance. These constraints are not
merely optional considerations but fundamental requirements of their respective problem domains.
Generated samples must strictly satisfy these constraints to be both meaningful and practically useful
within their intended applications.

Existing approaches to constrained generative modeling face significant limitations (see[Table T)). They
either have limited applicable constraints (e.g., box and simplex) or lack a strict feasibility guarantee
for generated samples. To date, developing an efficient framework for constrained generation with
feasibility guarantees over general compact sets, convex or not, remains largely open. This work
proposes Gauge Flow Matching (GFM), addressing these challenges with the following contributions:
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B In Sec. [ we propose a bi-Lipschitz bijective
gauge mapping, generalized from the one in (Tabas &

Zhang, [2022a)), to transform generation over general ; Xo e/t = v X1
compact convex sets to an equivalent process over FM
a unit ball, which allows low-complexity feasibility- o1 | o
ensuring operations such as reflection or projection.

dz/dt = v,
B In Sec. E], we prove that the GFM framework ZoztGF—Mv z B

guarantees strict constraint satisfaction and bounded
distribution approximation error while incurring sig-
nificantly lower computational complexity compared ~ Figure 1: Gauge flow matching framework.
to SOTA constrained generative models such as reg-

ular reflection or projection-based methods.

B In Sec. @ we further extend GFM to certain non-convex constraints, in particular star-convex and
geodesic-convex sets, while inheriting the computational merits in the convex setting.

B In Sec. [/| we provide extensive empirical studies to demonstrate our framework’s efficiency
in terms of feasibility, approximation capability, and inference complexity compared to SOTA
constrained generative models.

2 RELATED WORK

Ensuring feasibility is fundamental in constrained optimization and neural network design. While
extensive work exists on constrained optimization algorithms and NN output feasibility methods (see
Appendix[A)), constrained generative modeling presents distinct challenges. Traditional generative
models like VAEs and GANs can directly apply existing NN feasibility techniques. However,
diffusion and flow-based models require specialized approaches because they generate samples
through forward integration with NN-approximated score functions or vector fields rather than direct
NN outputs. Table [[| summarizes these specialized approaches.

Reflected Processes leverage reflection mechanisms to constrain trajectories within feasible regions.
Methods differ in training: RDM® uses implicit score matching (Fishman et al., [2023)), RDM?
employs approximated denoising score matching (Lou & Ermon) 2023)), and RSB utilizes iterative
proportional fitting (Deng et al.l 2024). RFM extends this to flow-based generation over convex sets
(Xie et al.;[2024). While effective, reflection-based methods incur substantial computational overhead
from boundary localization and reflection calculations during forward integration. Recent work uses
Metropolis sampling to reduce this burden (Fishman et al., 2024]), though without strict feasibility
guarantees. Additionally, these methods require the initial distribution’s support to match the target
set C, introducing complexity since sampling from general convex sets is non-trivial.

Guided Generation incorporates auxiliary terms to enforce constraints during generation. -Bridge
employs Doob’s h-transform with time-dependent force terms (Liu & Wul [2023), while log-barrier
diffusion models enforce feasibility through barrier functions (Fishman et al.,[2023). Direct projection
onto the constraint set or incorporating feasible directions during forward integration for intermediate
noisy samples provides another approach (Chung et al.| [2022; (Christopher et al.| [2024} Zampini et al.|
2025; INaderiparizi et al., [2025; [Liang et al., |2025} |Cardei et al.,|2025). Rather than applying these
operations to intermediate noisy samples, several methods apply them to the estimated target samples,
followed by resampling or interpolation to update subsequent noisy samples (Song et al., 2023aj;
Cheng et al., 2024} [Zhang et al.| [2025; \Utkarsh et al., 2025} |Graikos et al., [2025; |Narasimhan et al.,
2025). While these methods can improve feasibility, exact projection is computationally expensive,
and approximated methods lack error analysis or feasibility guarantees.

Training/Fine-tuning methods incorporate constraint violations as penalty terms in training objec-
tives (L1 et al., 2024) or use Lagrangian-based training with dual variable updates (Khalafi et al.,
2024])). Post-training fine-tuning with reward functions provides another pathway to improve constraint
satisfaction (Fan & Lee, [2023} |Uehara et al., [2024} [Domingo-Enrich et al., 2024).

Bijective Maps transform complex constrained domains into unconstrained spaces or simple sets.
RDM*“ maps simplexes to unit cubes for scalable score matching (Lou & Ermon), 2023). MDM
uses closed-form mirror maps for simple convex sets such as balls and simplexes (Liu et al., | 2024b),
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Table 1: Existing study on constrained diffusion/ ow-matching models costinuousdomain.

: Constraint Initial Feasibility =~ Wasserstein  Low generation

Method (ref. in Se

( ip setC support sét!  guarante@ bound complexitl’
DM/FM - R" - 3 O(NFE n?)
RDM Convex C 3 - -
RSB Smooth C 3 3 -
RFM Convex C 3 3 -
MDM Ball/Sim./Poly. R" 3 - 3
MFM Convex R" 3 3 -
NAMM (Non)-Convex R" - - 3
Barrier-based Convex C 3 - -
Projection-based (Non)-Convex R" 3 - -
Penalty-based General R" - - 3
Gauge Flow Matching | Convex B 3 3 3

! The support set of initial/prior distribution matters when preparing the initial samples for training and
generation, since sampling from the general convex set, even following a simple uniform distribution, is
computationally expensive (Kook & Vempala, 2024).

2 The low generation complexity of constrained generative models indicates the complexity is matched with
regular DM/FM models, dominated by neural network evaluat®(r®)) and scaled linearly with the number
of function evaluations (NFE).

and MFM re nes MDM using a modi ed Lipschitz mirror map (Guan et al., 2025). However, the
inverse of the mirror map for a general convex domain does not admit a closed-form expression. The
mapping between convex polytopes and the unit ball or unconstrained space, as applied in Diederen
& Zambonj [2025), enables ef cient ow matching in the transformed domain. NAMM generalizes
this approach using neural networks to approximate invertible maps (Feng et al., 2024), though it
lacks theoretical guarantees for feasibility and distribution approximation. Bijective mappings have
also been applied to continuous embeddings of discrete categoricdl data (Davis et al., 2024; Williams
et al| [ 2025). Nevertheless, constructing explicit-form bijective mappings with ef cient computation
for complex constraints, even general convex ones, remains non-trivial.

In summary, existing approaches either have limited applicability or lack performance guarantees.
We propose a gauge mapping-based approach that, while conceptually related to mirror map methods,
offers broader applicability, theoretical guarantees, and improved computational ef ciency.

3 PROBLEM STATEMENT

We consider ow matching-based generative modeling for a data distribpgign over a general
compactconveﬂ setC R". The vanilla ow-matching model (Lipman et al., 2022; Liu et al.,
2022D) is trained by matching the designed conditional ow (e.g., linear ow) as:
i
min - L(v)= Exyn,t kv (Xiit) (X2 Xo)K® ; (1)

wherex; = (1 t)Xo+ txy withXg po, X1 p1,andt U ((0;1)). The minimizer of the ow
matching loss ir{1) yields a vector eld that transforms a simple initial distribution, e.g., Gaussian
po = N (0;1), into the target data distributiqn = pgata (Liu et al., 2022b). In practice, the vector
eld is parameterized by a neural network and optimized using samples from theﬁ’:lrget distribution

according tq1). Sample generation is achieved through forward integration xo+ Olv (x¢; t)dt,
initializing from a Gaussian sample and following the learned vector eld .

Open issue However, the generated samples often exhibit deviations from the constradsetto

a phenomenon known &sror propagation(Li et al., 2023c). This occurs when the approximation
errors of NN-based vector elds accumulate throughout the discretized integration process, ulti-
mately resulting in signi cant deviation of the generated samples from the constraint sets. Existing

1Compact convex set includésear-equalityandconvex-inequalitgonstraints. In this work, we consider
the convex-inequalityvithout loss of generality. Fdmear-equality it can be embedded in an unconstrained
subspace by selecting independent variables and reconstructing the dependent variables via closed-form equality
solving (Donti et al., 2020; Liang et al., 2023; Ding et al., 2023), see Appendix B for details.
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approaches addressing feasibility issues suffer from either limited applicability or high computational
complexity (see Table 1).

4 GAUGE FLoOw MATCHING OVER CONVEX SETS

To address these limitations of existing methods and enable ef cient constrained generative modeling,
we introduce our GFM framework. It employs gauge mapping—an explicit bijective mapping
between two convex sets—to transform complex constrained generative modeling into an equivalent
modeling over a simple unit ball. The framewdikbuilds the ow-matching model for transformed

data distribution over a unit ball through inverse gauge mapping(igrgenerates samples over a

unit ball via a closed-form re ection and transforms them back to the original space through forward

gauge mapping.
4.1 GENERALIZED GAUGE MAPPING BETWEENCONVEX SETS

We rst introduce a bijective mapping between two compact convex sets in Euclidean space, known
as gauge mapping (Tabas & Zhang, 2022a;b; Liang & Chen, 2025; Li et al., 2025b; Liu et al., 2025):
De nition 4.1 (Gauge mapping)Let c(x;x ) = inff 0jx 2 (C x)gbe the
Gauge/Minkowski functiofBlanchini & Miani, 2008) given an interior point 2 int( C). Thegauge
mapping : B! C can be de ned between a uggtnorm ball and a compact convex set:

(2)= kzk,

c(X X ;X))
c(z;X)Z

+Xx;822B; Yx) = PY—
p

(x x);82C; (2

As shown in Fig. 2, the gauge mappirfg ) es-

tablishes a continuous bijective correspondence

(i.e., homeomorphisinbetween any compact

convex set and a ung-norm ball: C= ( B)

andB = (0. Intuitively, the gauge map-

ping transforms a unit ball into the convex set

by rst translatingthe unit ball to the interior

point 0! x ), thenscalingalong every radial

direction from this interior point such that the

boundary of the ball becomes aligned with the

boundary of the convex set (e.g;,! X1). As ] o ]

a result, all level sets d& are mapped to level Figure 2: Gauge mapping illustration.

sets ofC(e.g.,z2 ! X3). The inverse mapping

is similarly constructed by inverse scaling and translation back to the origin.

Remark 1 ( Literature of Gauge function/map¥sauge/Minkowski functionsc have been exten-
sively studied in the control and online learning communities for Lyapunov function design and
ef cient online optimization (Blanchini, 1995; Rakdvi& Lazar, 2014; Mhammedi, 2022; Lu et al.,
2023). While gauge mapping was proposed in (Tabas & Zhang, 2022a), speci cally between a
polytope and a cube, we generalize it to arbitrary pairs of compact convex sets and provide ef cient
computation methods. Speci cally, in the gauge mapping calculation, (i) gauge funefigx )
hasclosed-formexpressions for common convex sets (e.g., linear, quadratic, and convex cones) and
can be ef ciently computed vihisectionmethods for general convex constraints; (ii) the interior point

X is obtainedonce for allby solving a convex feasibility problem of ine (see details in Appendix B).

Further, we characterize théLipschitzproperty of gauge mapping, as will be demonstrated in Sec.
5, which is essential for establishing the regularity of transformed data distribution and controlling
the distribution approximation error in our GFM framework.

Proposition 4.1(Bi-Lipschitz Property of the Gauge Mappind)etC R" be a compact convex
setand le 2 int( C) be an interior point. De ne the inner and outer radii with respecixtoas

ri:=supfr 0:By(x ;r) Cg; re:=inffr 0:C B(x ;r)g

suchthaB,(x ;ri) C B (X ;ro). Then the gauge mappingbetweerCand 2-norm balB,
satis es the following bounds:

Forward Lipschitz: L 21y + r2=r;; Inverse Lipschitz: L 1 2=r; 3)



Published as a conference paper at ICLR 2026

The bi-Lipschitz property of gauge mapping depends on interior point selection (Liu et al., 2025).
When a near-boundary interior point is selected (i;€., 0), the bi-Lipschitz constant approaches

in nity, which severely distorts the data distribution and creates signi cant challenges for generative
modeling. In practice, we aim to identify a “central” interior point (whegeis close tor;) to
minimize the bi-Lipschitz constant. Such an interior point can be approximately determined through
constraint residual minimization (Tordesillas et al., 2023), which involves linear optimization over the
target convex set and can be solved in polynomial time. While we derive explicit Lipschitz bounds
for gauge mapping from a 2-norm ball to a convex set, these bi-Lipschitz bounds can be extended to
arbitrary pairs of compact convex sets. For a more detailed introduction to gauge mapping and its
properties, we refer readers to Appendix B.

Algorithm 1 Training in GFM Algorithm 2 Generation in GFM
Input: Datasamplesty  pgaa Over compact convexinput: Prior samplego U (B), NN vector eldv ,
setC, and gauge mapping betwe€mandB. and gauge mapping betwe€andB.
1: Inverse transformation: z; = Y(x1) 1: ODE solver withre ection overB in Eq. (5)
2: Regular ow matching oveB in Eq. (4) 2: Forward transformation: x; = ( z1)
Output: Trained NN vector eldv . Output: Generated feasible samples.

4.2 TRAINING PHASE OFGFM

Given the gauge mapping between the convex s€tand a unit balB, a ow matching model is

trained on the transformed space as:
h

i
min - L(v)= Egpazx kv (zit) (21 20)K ; (4)

where the initial sampleg, ¢ are sampled as a simple prior distributigh(e.g., uniform)
supported on a unit bal, the terminal samples,  q; are transformed from the samples from the
original data distribution via inverse gauge mappingas Yx1),andz = (1 t)zo + tz;.

In essence, GFM models the transformed data distributiop.gas= 4  pgata OVer a unit balB,
where# is the push-forward operator. We then leverage the regular ow matching training approach
to train a neural network vector eld following (4).

Remark 2 ( Comparison to Mirror Maps)Mirror map-based generative models also employ a
bijective mapping to transform constrained distributions to the unconstrained dual space (Liu et al.,
2024b). However, it admits only closed-form computation for simple convex sets (e.g., balls and sim-
plices), and it maps near-boundary sampléestaity in the dual spaces, challenging the transformed
generative modeling both theoretically and practically. In contrast, gauge mapping is computationally
ef cient for any compact convex set and maintains bounded Lipschitz constants for both sides (Prop.
4.1). These properties are crucial for the regularity of transformed data distribution and ef cient
ow-matching training, as will be analyzed in Sec. 5.

4.3 INFERENCEPHASE OFGFM

After training, we generate samples within the unit illollowing the NN vector eldv . To
constrain the generation trajectory wittn we apply an additional re ection term (Xie et al., 2024):
z 1
721=20+ V (z;t)dt+dLy ; (5)
0

wherezg is sampled from a unit ball following a prior distribution (e.g., uniform), éndis the
re ection term wherg; hits the constraint boundary (Xie et al., 2024). Finally, we recover the sample
to the original space following the forward gauge mappingas ( z1).
Remark 3 ( Comparison to Regular Re ectionRe ection-based mechanisms are well-established in
previous works to keep the generated samples within the constraint set (Lou & Ermon, 2023; Fishman
et al., 2023; Deng et al., 2024; Xie et al., 2024). However, they face several limita(iprise
re ection term is computationally expensive beyond simple sets (e.g., ball and sim(iilegkisting
re ection generative models require a prior distribution within the target constrai sétich is
challenging to sample from (even for uniform distribution) over general convex sets during training
or generation (Kook & Vempala, 2024). These computational issues prevent re ection methods



Published as a conference paper at ICLR 2026

from being applied to more complex sets. In contrast, after transforming the data distribution over
a unit ball through inverse gauge mapping, we can easily sample from a unit ball (e.g., uniformly),
implement a closed-form re ection term with(n) algorithmic complexity, and batch computation

for multiple samples, thus ensuring ef cient sample generation within the ball and strict feasibility
after mapping to the original data space.

5 PERFORMANCEANALYSIS OF GFM

Proposition 5.1 (Regularity of Transformed Data DistributionAssume that the original data
distributionpgaia Satis es regularity conditions (Assumption 1 in (Wan et al., 2024)). The transformed
data distributionggas = 4 'pyaa by @ bi-Lipschitz homeomorphism (e.g., gauge mapping) also
satis es those regularity conditions.

We rst assume that the original data distributipg, Satis es regularity conditions following (Wan

et al., 2024), ensuring well-posedness of standard ow matching over the data distribution. Verifying
the regularity of the transformed distributiOfas = 4 1pdata is essential for establishing the
existence and well-posedness of our gauge ow matching model. Under the bi-Lipschitz properties of
gauge mapping established in Prop. 4.1, we can verify that these regularity conditions are preserved.
It is worth noting that theoretical analyses of ow matching models in the literature assume various
regularity conditions for data distributions (Benton et al., 2023; Gao et al., 2024a;b). We verify a
general condition from recent work (Wan et al., 2024). Detailed proofs and further discussion on
other common regularity conditions are provided in Appendix D.

Proposition 5.2 (Wasserstein Bound of GFM)Let the NN approximation error be? =
Eez kv (z;t)  u(z:;t)k?, wherez p: and p; is the probability density at timedriven by
the target vector eldu. Assume that is L -Lipschitz forz 2 B andt 2 [0;1]. Denote the
induced probability distributiorp® underv with re ected generation, the Wasserstein-2 dis-
tance between the data distributipgsa and the approximated distributiop?” is bounded by

W2 (Pdata ; pgr) L et=t

The Wasserstein error of GFM is bounded by the Lipschitz of gauge mapping multiplied by the
distribution error in the transformed space under re ected generation. To reduce the distribution
approximation error, we can regularize the neural network Lipschitz corlstamt optimize the loss
function such that is minimized, following standard ow matching training pipelines (Liu et al.,
2022b). Speci ¢ to our GFM framework, we can further optimize the Lipschitz constant of the gauge
mappingL . As discussed following Prop. 4.1, we can select a “central” interior point for the gauge
mapping by solving convex optimization problems, thereby reducing the bi-Lipschitz constants.

Proposition 5.3(Inference Complexity for GFM)Consider a compact convex €&t R" de ned by
constraintsg (x) O, fori =1;2;:::;m. The generation complexity of GFM (forward integration
and gauge mapping calculation) 3(NFE n?+ m C), whereC = lm_ax fCigis for gauge

I m

function calculation and varies by constraint type:

B (i) For linear constraintsgi(x) = a>x b 0, C; = O(n); (ii) For quadratic constraints
g(x)= x> Qx+a>x b 0,C; = O(n?); (iii) For second-order cone constraings(x) = kA~ x+
pko (a®x+h) 0,C; = O(nk); (iv) For matrix cone constraintg (x) = J-”:l Xj Fj+Fo 0,
Ci = O(nk? + k®); wherea2 R",b2 R,Q2 S}, ",A2 R" kK p2 R¥ andF; 2 R k.

B For general convex functiog (x), Ci = O(¢; log bisl) using bisection, wherg is the complexity
to evaluateg; ( ) given a point andys is the error tolerance in bisection.

The forward integration complexity of our model aligns with regular ow matching approaches,
requiring NFE (Number of Function Evaluations) multiplied by the evaluation complexity.ofhe
additional re ection over a unit ball incurs negligible overhead wittn) complexity compared

to the NN forward calculationd(n?)). For gauge mapping computation, given that the interior
point is pre-computed of ine, (i) for common convex sets, it can be solved ef ciently (Fig. 8), and
(i) in general case, the bisection algorithm achieves linear convergence with minimal per-iteration
complexity, merely requiring calculating the constraint function without solving any optimization
problem (Mhammedi, 2022).
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6 GAUGE FLOW MATCHING BEYOND CONVEX SETS

We extend the gauge mapping principle to two important classes of non-convex constraint sets,
broadening GFM's applicability to richer geometric settings. We include formal de nitions in
Appendix C and provide empirical studies in Sec. 7.

B Star-convexsets are bounded regions where the entire boundary is visible from a designated interior
point (e.g., o:5-norm ball). These sets arise in robotic planning and chance-constrained optimization
(Charnes & Cooper, 1959; Hansen et al., 2020; Liu et al., 2022a). The key insight is that compact
star-convex sets preserve the essential properties needed for gauge function construction—both the
gauge function and bijective mapping to the unit ball extend naturally from convex case (Licht, 2024).

B Geodesic-convesets are regions on Riemannian manifolds where geodesics connecting any two
points are unique and remain entirely within the set. These constraints widely arise in geometric
learning applications (Chen & Lipman, 2023; Miller et al., 2024; Zaghen et al., 2025). The key
insight is that geodesic-convexity ensures the exponential map at any interior point provides a local
diffeomorphism (Lee, 2006), allowing gauge mapping construction in the tangent space.

7 EMPIRICAL STUDY

We conduct extensive simulations across illustrative examples, robotics benchmarks, and high-
dimensional constrained sampling tasks to demonstrate the effectiveness of our GFM framework.
Detailed experimental settings and data descriptions are provided in Appendix E.

Baselines We compare against the following constrained generative models, selected for their
applicability to diverse constraint types: @M: Vanilla ow matching from Gaussian to target
distribution with linear conditional ow (Lipman et al., 2022; Liu et al., 2022b); {iM: Vanilla
diffusion model with variance preserving diffusion process (Ho et al., 2020; Song et al., 2020); (iii)
Re ection: Re ection term is applied when generated samples hit the constraint boundary (Xie
et al., 2024); (ivMetropolis: Metropolis sampling for approximating re ection-based generation
(Fishman et al., 2024); (\Brojection: Orthogonal projection are applied when generated samples
violate constraints (Christopher et al., 2024); @M : Our framework in Sec. 4.

Metrics: We evaluate those baselines based on (i) constraint satisfaction (i.e., feasibility) ratio (%)
of 10,000 generated samples, (i) distribution approximation error, which is measured by Maximum
Mean Discrepancy (MMD) between data samples and generated samples (Fishman et al., 2023), (iii)
average per-epoch training time, including prior sampling, data transformation (in GFM only), and
NN training, and (iv) inference time for generating 1,000 batched samples (unless otherwise speci ed,
including prior sampling, forward integration, and data transformation (in GFM only).

7.1 SYNTHETIC EXAMPLES: CONVEX, STAR-CONVEX, AND GEODESIGCONVEX SET

We rst evaluate GFM's performance iconvex star-convexandgeodesic-convedomains. As
shown in Figures 3 - 5, we observe: vanilla diffusion/ ow-matching models fail to guarantee sample
feasibility, especially when probability density concentrates near boundaries. Existing re ection,
projection, and Metropolis methods face limitations with complex constraints due to: (i) expensive
prior distribution samplingincreasing both training and inference tim@i) constraint-speci c
implementation requirements incurrif@nger inference timandlimited constraint settings

Our GFM framework transforms generative modeling over diverse convex sets into a simpler process
over a unit ball, enabling ef cient prior sampling and batch-executable re ection calculations with
computational ef ciency comparable to vanilla FM. After generation within the unit ball, samples are
mapped back to the target constraint set via low-complexity gauge mappings, ensuring strict feasibility.
Further, due to the bi-Lipschitz property (Prop. 4.1) of the gauge mapping, the approximation error
of GFM remains comparable to vanilla FM. This property ensures that the distortion introduced by
our transformation is bounded and controlled, preserving the delity of the generated samples while
guaranteeing their feasibility within the target constraint set.

7.2 CONSTRAINED CONFIGURATIONAL MODELING OF ROBOTIC ARMS

We apply GFM to robotic arm control tasks following (Fishman et al., 2023; 2024). This involves
learning distributions over joint locations and manipulability ellipsoids represented by symmetric
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Feasibility MMD# Training Inference
%) (10°) (s) (s)
DDPM 95.0 4.79 0.17 0.59
(&) FM (b) DDPM (c) Refection FM 95.9 8.57 0.18 0.29
Refection 100 25.9 6.40 14.0
Metropolis| 100 130 6.40 6.12
Projection 100 93.5 6.40 7.12
GFM 100 3.50 0.18 0.63

(d) Metropolis (e) Projection

Figure 3: Performance over joint linear and quadratic convex sets

! Re ection, Metropolis, and Projection models share the same NN-
velocity model, and thus have the same training time per epoch.

Feasibility MMD# Training Inference

(%) (10°%) (s) (s)

DDPM 91.1 6.03 0.20 0.70

; FM 93.4 4.92 0.22 0.39

(@ DDPM — (B) FM (9 Reection  poection | 100 796 558 124
Metropolis| 100 24.6 5.58 8.72

Projection 100 7.89 5.58 347

GFM 100 5.01 0.22 0.74

(d) Metropolis (e) Projection

1 sampling from a prior distribution over a non-convex domain is
time-consuming for re ection and Metropolis methods.
2 Projection onto non-convex sets incurs signi cant computational

cost.

Figure 4: Performance over star-convex sets

Feasibility MMD# Training Inference

%) (10°% (9 (s)
DDPM 93.4 2.84 0.22 0.73
(a) DDPM (b) FM FM 96.1 1.20 0.21 0.35
Metropolis| 100 48.3 0.37 3.36
GFM 100 1.29 0.23 1.44

1 sampling from prior distributions over constrained manifolds is
computationally expensive, resulting in long Metropolis inference
times.

2 High rejection rates further increase Metropolis inference time.

3 Re ection and projection methods for constrained manifolds are not
implemented due to computational issues.

Figure 5: Performance over geodesic-convex sets

(c) Metropolis  (d) GFM

positive-de nite matrices with trace constraints. Figure 11 (Appendix E.6) shows generated velocity
manipulation ellipsoids and trajectories. GFM successfully models this distribution while maintaining
constraint satisfaction.

7.3 CONSTRAINED TIME SERIES GENERATION FORTRAFFIC DATA

Time series prediction is crucial for engineering applications, yet real-world data often suffers from
imbalance and scarcity due to sensor failures or privacy concerns. Synthetic data provides a promising
solution for augmenting limited datasets (Narasimhan et al., 2025). We evaluate GFM on generating
realistic traf c sequences from PEMS-BAY (Li et al., 2018) subject to physical (e.g., capacity bounds)
and statistical (e.g., average volume) constraints that de ne a convex second-order cone, ensuring
physically plausible and statistically consistent sequences. See details in Appendix E.8.

Table 6 shows that GFM achievd90% constraint satisfaction versus 88.5% for vanilla ow
matching, demonstrating the necessity of constraint-aware generation. Projection baselines also
achieve 100% feasibility but increase inference time from 0.31s to 49.7s (4&Wver), while GFM
requires only 0.43s. Critically, GFM preserves superior distribution quality with a KS statistic of 0.35
(p-value 0.42) compared to projection methods. Figure 6 con rms GFM captures characteristic traf ¢
patterns—periodic uctuations and sharp drops—while strictly satisfying constraints, achieving
optimal balance between feasibility, delity, and ef ciency for practical traf c data augmentation.
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Metric | FM Proj, GFM
Feasibility (%) | 88.5 100 100

KS# 0.30 0.37 0.35
p-value" 0.43 0.20 042
Training (s) 0.07 0.08 0.09

Inference (s) 0.31 49.7 043

! The Kolmogorov—-Smirnov (KS) statistic measures the maxi-
mum distance between two empirical cumulative distribution
functions. A KS value of 0 indicates identical distributions.

2 The p-value is the probability of observing a KS statistic
at least as large as the computed value under the identical
distributions hypothesis. Larger p-values suggest stronger
evidence of distributional similarity.

3 Inference time is measured in a single generation with batch
size 600.

Figure 6: Performance over constrained conditional time series generations.

(&) FM (b) Projection (c) Re ection (d) GFM
Methods FID (50K) Feasibility = Epoch training 5K images Final transformation
# (%) " (s)# inference (s} (s)#
FM 3.57 76.66 76.7 155.2 —
Projection 6.88 100 100.4 556.6 —
Re ection 6.06 100 101.3 183.9 —
GFM 5.85 100 81.2 167.6 0.005

1 We select 32 pixels as watermarks constrained via a polytope. The selected pixels in the original dataset are projected onto the
polytope, while other public pixels remain unchanged in the watermarked dataset.

2 Mirror map implementation requires an orthogonal basis polytope (Liu et al., 2024b) and is excluded for randomly sampled
polytopes with general coef cients.

Figure 7: Constrained Image Generation with Embedded Watermarks

7.4 CONSTRAINEDIMAGE GENERATION WITH EMBEDDED WATERMARKS

Watermarking generative models is critical for provenance tracking and copyright protection in
Al-generated content. Following (Liu et al., 2024b), we partition pixe® [0; 1]° into unconstrained

public pixelsx; and watermark pixelg, 2 C, whereCis a random polytope for watermarking.
Baselines are distilled from a publicly available checkpoint of ow matching models (Salimans & Ho,
2022; Tong et al., 2024), sharing the same U-Net architecture (34M), distilling hyperparameters (100
epochs), and sampling settings (100-step Euler method) on CIFAR-10. See details in Appendix E.9.

Fig. 7 shows that GFM maintaink00% constraint satisfaction, achieves better FID than other
constrained generative models (projection or re ection), while having similar training/inference
complexity to vanilla methods. This demonstrates that GFM enables ef cient, high-quality watermark
embedding without compromising visual delity or constraint guarantees.

7.5 SOLUTION GENERATION FOR(RELAXED) COMBINATORIAL PROBLEMS

We further evaluate our approach on high-dimensionat (0,000 ) solution generation for relaxed
combinatorial problems (Kook & Vempala, 2024). The target distribution follows a log-concave
density and is constrained by a positive semide nite cone and a set of linear inequalities. This
target distribution encapsulates several important classes of semide nite relaxations for classical
combinatorial optimization problems (e.g, max-cut and minimum-volume covering problem). We
prepare the dataset following this distribution described in (Kook & Vempala, 2024) and train our
GFM model. As shown in Table 7, our method achiet88% feasibility rate while vanilla models

fail to satisfy the constraints. GFM also maintains generation quality comparable to standard ow-
matching models. Regarding inference time, the gauge mapping transformation has an explicit-form
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Table 7: Solution sampling for relaxed combinatorial problems.

Metric | n=10 10 | n=50 50 | n=100 100

| DDPM FM GFM | DDPM FM GFM | DDPM FM GFM
Feasibility (%)" | 47.2 0 100 0 0 100 0 0 100
MMD( 10 %)# | 535 971 970 | 434 434 435 | 858 858 858
Training (s)# 026 026 027 | 030 031 053 | 069 072 0.87
Inference (s} 097 065 117 | 201 1.66 11.78| 593 525 29.12

computation over PSD constraints, with computational cost primarily stemming from the nal-step
matrix calculation (e.gtorch.linalg.eigvalsh ) for the gauge function fot,000 samples

in a batch. This overhead can be further reduced through the application of advanced linear algebra
packages (Van de Geijn, 1997). We do not implement re ection methods since sampling the prior
distribution in such a high-dimensional constraint set is computationally expensive (e.g., if we apply
Ball walk, it will incur O(n® logn) membership/evaluation complexity (Kook & Vempala, 2024)).

For the projection methods, it will solED® projection problems over the PSD cone at masdQ0

samples and00 integration steps), which is unaffordable on our computing device.

7.6 SCALABILITY TESTS ANDABLATION STUDY

Scalability of gauge mapping We evaluate
GFM's scalability in high-dimensional settings
by measuring the computational cost of gauge
function calculations. For closed-form gauge
calculation on four common convex sets (Fig.
8), our approach maintains ef ciency across di-
mensions up t&,000 , demonstrating practical
applicability for high-dimensional tasks. For
bisection-based gauge calculation on polyno-
mial constraints (sum-of-squares formulation,
Table 12), a degree-4 polynomial with 50 vari-
ables containing.,, 758,276 monomial terms
can ef ciently compute gauge functions for
1,000 samplesir0.492 seconds. Details are
provided in Appendix E.10.

Impacts of the interior point (IP) selection: Following Prop. 4.1, the IP selection determines the
bi-Lipschitz property of gauge mapping and consequently affects generation quality. We compare
centralversusnear-boundaryPs to demonstrate this claim, with results in Table 13.

Comparison to Mirror Map : We compare the Mirror Map and Gauge Map in terms of generative
modeling over the simplex in 2 and 50 dimensions, with results presented in Appendix E.5.

Impacts of generation strategiesWhile we adopte ection to keep samples within the unit ball
(Sec. 4.3), alternatives likgrojectioncan also be ef ciently implemented. Table 13 shows that
projection is faster but leads to a larger MMD, which motivates theoretical analysis in future works.

Figure 8: Gauge function computation.

8 CONCLUDING AND LIMITATIONS

We introduced Gauge Flow Matching (GFM), a framework that transforms generative modeling over
arbitrary compact convex sets into an equivalent process over the unit ball through a generalized gauge
mapping. This approach guarantees strict constraint satisfaction with low computational complexity
and bounded distribution approximation errors, and can be extended to important non-convex settings.
Our experiments demonstrate that GFM outperforms existing methods in both speed and sample
quality across multiple benchmarks. Despite these advances, several limitations warrant future
investigation. (i) Extending the framework to more general non-convex sets presents an important
direction, which could be realized through decomposition of the non-convex set into disjoint convex
or star-convex subsets, followed by conditional generative modeling over those subsets. (ii) While our
primary focus is on continuous domains, extending GFM to discrete generation through relaxation
or embedding techniques represents a promising avenue for future work (Davis et al., 2024). (iii)
Adapting GFM to constrained one-step generation models could further improve generation ef ciency
beyond the current multi-step approach (Song et al., 2023b; Frans et al., 2024).
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A RELATED WORK ON NN FEASIBILITY

Machine learning has been increasingly integrated with optimization problems to enable ef cient
decision-making. Several paradigms have emerged for this integration, each addressing different
aspects of the optimization process but sharing common architectural challenges. Learning to optimize
trains models to iteratively re ne solutions or to learn update rules that accelerate convergence (Li
& Malik, 2016; Chen et al., 2022). Decision-focused learning leverages downstream optimization
tasks to re ne upstream prediction models (ElImachtoub & Grigas, 2022; Mandi et al., 2024; Yang
et al., 2025; Guo et al., 2026). End-to-end learning trains neural networks to directly predict solutions
to constrained optimization problems, serving either as warm starts for solvers or as approximate
optima (Diehl, 2019; Pan et al., 2020; 2022; Li et al., 2025a; 2026). Generative modeling approaches
learn solution distributions for hard optimization problems (Sun & Yang, 2023; Liang & Chen, 2024;

Li et al., 2023b).

A core challenge across these paradigms is ensuring that neural network outputs satisfy the feasibility
constraints of the underlying problems. Research on ensuring neural network feasibility can be
categorized into several approaches:

Basic Constraint Handling. Specialized activation functions (e.g., Sigmoid, Softmax) address basic
constraints such as box or simplex constraints (Pan et al., 2022; Donti et al., 2020). Penalties for
output constraint violations can be incorporated into loss functions to improve feasibility (Cheng
etal., 2019; Pan et al., 2020; Nellikkath & Chatzivasileiadis, 2021).

Strict Satisfaction Methods. For exact equality constraint satisfaction, prediction-then-
reconstruction or completion techniques can be applied (Donti et al., 2020; Pan et al., 2022; Liang
et al., 2023). For more general constraint enforcement, orthogonal or L2 projection is often employed.
However, solving the projection problem, either via an iterative solver or through equivalent opti-
mization layers (Amos & Kolter, 2017; Agrawal et al., 2019; Chen et al., 2021; Wang et al., 2023),
is computationally intensive for real-time applications. More ef cient bisection-based projection
methods can be applied at the cost of minor optimality loss (Liang et al., 2023; 2024, Liang & Chen,
2025; Zhou et al., 2025).

Set Parameterization Approach.To guarantee feasibility, an inner approximation of the original
constraint set can be constructed. For linear constraints, vertex networks employ convex combinations
of vertices and rays to ensure policy feasibility (Frerix et al., 2020; Zheng et al., 2021). For general
compact but xed constraint sets, the probabilistic transformer utilizes feasible samples to ensure
feasibility (Kratsios et al., 2021). However, scalability remains a challenge due to the exponential
growth in required samples as problem dimensionality increases.

Gauge Functions.These methods utilize gauge functions (Blanchini & Miani, 2008) to constrain
neural network outputs. A closed-form bijection, known as gauge mapping, between a hypercube
and a polytope is used to bound the network output within the polytope (Tabas & Zhang, 2022a;b;
Li et al., 2023a). Gauge mapping can be generalized to arbitrary convex sets (Li et al., 2025b; Liu
et al., 2025). For xed convex constraints, several works apply gauge functions to nd feasible
boundary solutions via scaling operations (Tordesillas et al., 2023; Konstantinov & Utkin, 2023; Li &
Mohammadi, 2023).

These approaches are typically designed for the end-to-end neural network structure, which can not
be directly applied to the diffusion or ow-matching based generative model due to the forward
integration calculation.

B GAUGE MAPPING OVERGENERAL CONVEX SETS

A general compact convex set encompasses both linear equality and convex inequality constraints.

C=fx2R"jAx=Db; g(X) 0O, ;gm(X) Og; (6)

This section presents a systematic approach to handling such sets by rst eliminating linear equality
constraints, followed by computing gauge mappings for the remaining inequality constraints.
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B.1 HANDLING LINEAR EQUALITY CONSTRAINTS

Without loss of generality, assumimgnk(A) = r, we partition the decision variableinto x; 2
R" " andx, 2 R". Accordingly, we partition matri into A = [A1; A,], whereA; 2 R™ (" 1)
andA, 2 R" ". The equality constrairkx = bcan then be written as:

Aixi+ Axxa=b 7
By choosing the partition such that has full rankr, we can express, explicitly in terms ofx;:
X2= (x1)= AyN(b Aixq) (8)
This transformation reduces the original set to one with only inequality constraints:
C=1x12R" "jo(x1; (x1)) 0Og 9

Therefore, we only consider the inequality constraints in the main body of this work.

B.2 GAUGE MAPPING FORINEQUALITY CONSTRAINTS

Without loss of generality, we consid€r= fx jgi(x) 0;:::;0m(Xx) 0Og.
We de ne the following metrics for a compact convex set.

De nition B.1 (Point-to-boundary distance and its inverse (Tordesillas et al., 20R8))C R" be
a compact convex set amd 2 int( C) an interior point. For any unitvectsr2 S" 1= fu2 R" j
kuk = 1g, we de ne the interior-point-to-boundary distance functin: int((C) S 1! R,
along directiorv as

dc(x ;v) =supf Ojx + v 2Cg (10)
The inverse distance functiory : int(C) S" ! R, isdenedas c(x ;V):=1=ds(X ;V).

For a compact convex set, the minimum and maximum interior point-to-boundary distances are
bounded and are de ned as:

* the minimum point-to-boundary distanag:= arg sup, ,fB2(x ;r) Cg.

¢ the maximum point-to-boundary distaneg:= arginf, ofC B »(x ;r)g.

¢ thus, we hav@,(x ;ri) C B (X ;rp)

B.2.1 (GAUGE FUNCTION AND PROPERTIES

We then introduce the gauge function:

De nition B.2 (Gauge/Minkowski function (Blanchini & Miani, 2008)LetC R" be a compact
convex set with a non-empty interior. The Gauge/Minkowski functign R" int(C) ! R is
de ned as

cx;x Y=inff 0jx2 (C x)g (11)
wherex 2 int(CQ) is an interior point ofC.

The Gauge function generalizes the concept of a norm. For@tbet is symmetric about the origin,
the gauge functionc(x; 0) de nes a norm. In particular, whe@i= B, = fx 2 R" jkxk, 1gis
the unit ball of thep-norm, we have g, (x; 0) = kxk,. More generally, the gauge function satis es
the following properties for ak;y 2 R" and 0:

Lemma 1 (Properties of gauge functionJhe gauge functionc(x; x ) with respect to a compact
convex seCand an interior pointx 2 int( C) satis es the following properties:

e Non-negativity: c(x;x ) O
* Positive homogeneity:c(x;x )= ¢c(x;x ) for 0.

 Subadditivity: c(x + y;x ) c(xx )+ c(y;x ).
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« Convexity: induced by positive homogeneity and subadditivity.

« Differentiability: under convexity, the gauge function is twice differentiable almost everywhere by
Alexandrov's theorem (Rockafellar, 1999).

< Equivalent formulations based on (inverse) distance function:

. — . — — ka
c(X;x )= c(x ;x=kxk) kxk= 7%()( x=kxK) (12)
e . e . — — 1
c(x=kxk;x )= c(x ;x=kxk) = de(x x=kxk) (13)

¢ Upper/lower bounds: the gauge function is bounded agx; x ) 2 [kxk=rq; kxk=r;]

« Lipschitz: the gauge function has Lipschitz constan&?éé%k =

Proof. The non-negativity, positive homogeneity, and subadditivity are provided in (Blanchini &
Miani, 2008). Convexity and differentiability are naturally implied by those properties. The equivalent
formulation is derived from their de nitions.

The upper and lower bounds are derived as:
X

c(x;x )= m 2 [kxk=rq; kxk=ri] (14)
The Lipschitz constant of the gauge function is derived as:
cxx ) cx yix )+ cly;x) (15)
cxx ) cly;x)  cx yix) kx ooyk=r (16)
where the inequality (15) is derived by the positive homogeneity. Similarly, we have:
clyix) clxix) oy xx) kx yk=r 7
Combining two inequalities, we have the Lipschitz as:
ke(xx) cly;x), 1
vk k Py (18)
O

B.2.2 GAUGE MAPPING AND PROPERTIES

Based on the gauge function, we can construct a bijective mapping between any pair of compact

convex sets as:

De nition B.3 (Gauge Mapping) Let Z ; X R" be compact convex sets with interior points

z 2int(Z) andx 2 int( X), respectively.

The gauge mapping: Z ! X isde ned as:
z(z z;z)

(2)= Lz z;x)(z Z)+x;z22Z (19)
The inverse mapping *: X !'Z s given by:

12 x(xX x5x) :

(x) = S (x x;z)(x X)+z;x2X (20)

In essence, the gauge mapping scales the boundary of a convex set from an interior point to another
convex set and translates it to its interior point. WRers a unitp-norm ball, the gauge mapping is
simpli ed in Def. 4.1 as:

_ _kzkp : : 1y = _c(X X 5X) : .
(2)= c(z;x)Z+X ; 822 B; (x) = X Ky (x x);8x2C; (21)
Further, the gauge mapping betwd&nandC can be simpli ed as:
(2)= de(x ;z=kzk) z+ x ; 822 B; Yx) = X X ; 8x2C (22)

de(x ;x X =kx x k)
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Proposition B.1 (Properties of gauge mappingyhe gauge mapping between any pair of compact
convex sets satis es the following properties:

* itis invertible.
« itis continuous everywhere and twice differentiable almost everywhere in both directions.

* itis a bi-Lipschitz homeomorphism.

Proof. First, the invertibility can be easily veri ed by:

(= Aha ke x)+z) (29
2(2G55300 X )iZ) w(x X ix)
= ’ 2
x(§§§ f(;))(x x ):x) z(x x;z)(X X )+ X (24)
x (X X ;X ) .
_ (X x3z) z(X X)Z) y(x x;x)
T (o) 2k xz) & T @)
=(x X)+X =x (26)

where Eq. (25) is derived by the positive homogeneity of the gauge function.

Second, the continuity and differentiability are derived from the properties of the gauge function and
elemental compositions in the gauge mapping.

Third, the homeomorphism is derived from the continuity in both directions and the invertibility.
Proof of Bi-Lipschitz Properties of Gauge Mapping in Prop. 4.1

To derive the bi-Lipschitz properties, we rst consider the gauge mapping betdgeandC and
derive its Lipschitz constants shown in Prop. 4.1 as follows,

ka2
c(z;x)

(2= zZ+Xx ;822B, 27)

Differentiating ( z) with respect t@ (using the product and quotient rules) yields

@_ kzk, . zz” kzk,
@z c(z;x) c(z;x Ykzky  o(z;x )?

Taking the operator norm and applying the triangle inequality gives

@ kzk, . kzks kzk3
@z czix)  clz;x)  c(zix)?

2

r
ro+ ro+ -2
Fi

zr, c(z;x) >: (28)

rz c(z;x)
(29)

where in the last inequality we have used the facts that (ixfarB, one haskzk, 1, (ii) the
gauge function satis esc(z;x ) 2 [kzk=r,; kzk=r;], and (iii)kr ; c(z;x )k is bounded byi=r;.
In summary, we obtain

@ ra

@Z 2r0 ri ’ (30)
which proves that the forward Lipschitz constant o$atis es

2
Forward Lipschitz: L 2ro + rr—oz (31)
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Next, consider the inverse gauge mapping ftoho the 2-norm ball as

c(x  x;x)
kx X ks

Hx) =

Differentiating with respect t& gives

(x x);82C (32)

(X x )x x )~
@1_ . X X - . I kx x K3
=1 c(x X ;x) + c(x X ;x)

(33)

@x kx X k; kx X k;
Taking norms and again using the triangle inequality leads to
1 > | oox )(x x )
@ rc(x x;x) X X + c(x Xx;x) kx_x K : (34)

@x kx X ko kx  x ko
Using the boundc(x X ;x )2 [kx X k=ro;kx x k=r;] and the projection term has norm at
mostl=kx x ky), we have

@ * 1 1 2

a@x " + P (35)

Thus, the inverse Lipschitz constant is bounded by

. . 2
Inverse Lipschitz; L 1 —:
I

(36)
This completes the proof of Prop. 4.1.

To extend the Bi-Lipschitz properties to any pair of compact convex setsZeagdX , we decompose
the gauge mapping as

X=(2)= 1(B)= 1( 2*2)) (37)
whereZ = 1(By) andX = ,(By).

Leveraging the inequality of Lipschitz for mapping compositiond. as+, L¢,Ls,, we can
conclude that the gauge mapping between any pair of convex sets is bi-Lipschitz.

O

B.2.3 COMPUTATION METHODS

IP computation

In practice, we seek such a “central” interior point by solving the following residual minimization
problem through convex optimization in the of ine phase (Tordesillas et al., 2023):
min (38)

st:gi(x) i =1; ;m (39)

We note that solving this convex optimization problem with a linear objective incurs only polynomial
time complexity. As this computation is performed of ine prior to model training, it adds negligible
overhead to the overall computational cost.

Gauge function computation

Computation of gauge mapping essentially involves calculating the gauge function or (inverse)
distance function. Following the established closed-form distance function calculation for several
common convex sets in (Tordesillas et al., 2023), we give a summary in Table 8. It provides closed-
form expressions for the inverse distance function across various constraint types. Most matrix
calculations can be computed and stored of ine before being applied for online inference.

When the inverse distance function lacks an explicit expression, we employ an ef cient bisection
algorithm detailed in algorithm 3. This algorithm supports batch processing, enabling ef cient
parallel computation for multiple inputs simultaneously.
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Table 8: Closed-form Expressions for Inverse Distance Functions (Tordesillas et al., 2023)

Constraints |Formulation Inverse Distance Function
Intersections ‘fgl(x) 0; ;Om(X)  Og g(X ;v) = 1max fg(x;v)g
I m

Linear ga(x)=ax b 0 a (X V)= f%g+
Quadratic g(X)=x"Qx+ax b 0 go (X ;v) = f1=root(Aq;Bq;Cq)g"
Second Order Congs (X) = kfgﬁ X+ pky (@x+b 0 gg(x ;v)= fl=root(As;Bs;Cs)g"
Matrix Cone gu(X)= L, xi Fi+F 0 aw (X ;v)=maxfeig(L” ( S)L)g"

! Notation:x;a 2 R",b2 R,Q 2 S} ,A2 R" ¥ p2 RK, Fg; (Fn 2 R¢ K.

ZAQ =V Qv;Bg=2x" Qu+a’v;Cq=x" Qx +a x b.

SAs = (AT V)7 (A”V) (@7 V)%, Bs =2(A”x +p)” (A”v) 2(a”x +b)(a’v); Cs =(A”x +p)” (A” x +
p) (a” x o+ b)?.

4 Pn 1 > Pn

H=Fo+ [, x;Fi:H =L L;S = [, ViFi.

5 ()" =max( ;0).

X2 4 x% 4x1x3
27X 1
Teig(X)= 1; ; n denotes the eigenvalues satisfyuhet( X I ) = 0 . Note that only the maximum eigenvalue is needed.

Thus, power iteration methods can be applied to compute it ef ciently.
8 Note that allv-independent terms can be computed only once and stored for use.

6 root( x1;X2;X3) = denotes the quadratic equation solution

Algorithm 3 Bisection Algorithm for Point-to-Boundary Distance
Input: A compact convex sdf, an interior poinx 2 int( C), and a unit vectov.

1: Initialize: =0and , =1

2: whilej | ul do

3 ifx + , v2Cthen

4: increase lower bound:) u

5: double upper bound:, 2
6. else

7 bisection: , =( |+ y)=2

8: ifx + ,» v2Cthen

9: increase lower bound:, m
10: else

11: decrease upper bound; m
12: end if

13:  endif

14: end while

Output: dc(x ;V) m

C GAUGE MAPPING FORNON-CONVEX CONSTRAINTS

In this section, we extend the conventional gauge mapping over convex sets in Euclidean space to
certain non-convex settings, including star-convex sets and geodesic-convex sets.

C.1 SrAR-CONVEX SET

De nition C.1 (Star-convex Set)A setS R" is said to bestar-convexwith respect to an interior
pointx 2 int( S) if for everyx 2 S, the line segment connectig andx lies entirely withinS,
ie,x + (x x)2Sforall 2][0;1]

The gauge mapping framework can be extended beyond convex sets to certain non-convex domains,
particularly star-convex sets. This extension signi cantly broadens the applicability of our GFM
approach to more complex geometric constraints encountered in practical applications. A star-convex
setS is characterized by the existence of an interior pginsuch that any line segment connecting

X to any pointin the set remains entirely within the set. While star-convex sets lack the full convexity
property, they retain a critical radial structure that allows gauge mappings to be constructed in a
similar manner.

24



Published as a conference paper at ICLR 2026

Figure 9: Gauge mapping construction for star-convex set.

For a star-convex s& with interior pointx , we can de ne the gauge function as:
s(X;x ) =inf f Ojx2 (S x)g (40)

This formulation captures the minimum scaling factor needed to reachypwaihén scaling along

the ray fromx . The corresponding gauge mapping B! S between a unip-norm ball and the
star-convex set follows the same construction as in De nition 4.1. As illustrated in Figure 9, the gauge
mapping preserves the radial structure of the star-convex set while establishing a homeomorphism
with the unit ball. This property is particularly valuable for handling constraints with non-convex
geometries that still maintain visibility from an interior point, such gsorm balls withp < 1 or

certain non-convex polytopes arising in practical applications.

The computation of gauge functions for star-convex sets follows similar principles as for convex sets,
though additional care may be needed:

» For simple star-convex sets (e.g,;norm balls withp < 1), closed-form expressions for the gauge
function can often be derived as Def. 4.1.

* For star-convex sets de ned by the union of convex components or by non-convex inequalities,
bisection methods remain applicable for computing the gauge function.

 Selection of the interior point becomes more critical for star-convex sets, as it determines the
visibility region and thus the quality of the mapping. When multiple interior points are viable,
selecting one that maximizes the minimum distance to the boundary often yields better numerical
properties.

C.2 GEODESIGCONVEX SET

When the underlying space is a Riemannian manifold rather than a Euclidean space, the notion of
straight lines is replaced by geodesics. In this context, one speaks of geodesic convexity.

De nition C.2 (Geodesic-Convex Set) et (M; g) be a Riemannian manifold, and ldt M be a
subsetU is geodesically convek, for every pair of points;y 2 U, there exists a unique minimizing
geodesic :[0;1]! M with respect tgythat satises (0) = x, (1)=vy, (t)2U,8t 2 [0;1]:

To extend the gauge mapping on a geodesic-convex set over a manifold, we replace the linear structure
with the exponential map. Sindé M is geodesic-convex, the exponential map at any interior
point is a diffeomorphism onto its image (Lee, 2006). Given this property, any pd&nt) with

x 6 x can be uniquely representeddeodesic polar coordinatessx = exp, (rx Vx), where

x 2 U isaninterior pointolJ,v, 2 S" * T, M is a unit vector over the tangent spalgeM ,

andry = dg(x;x ) is the geodesic distance fraxn to x.

Similarly, we can establish trgeodesic gauge mappitigat transforms a unit ball from the tangent

space to the geodesic-convex set on the manifold. As illustrated in Figure 10, this mapping establishes
a correspondence between the unit ball in the tangent space and the geodesic-convex set on the
manifold. The construction respects the intrinsic geometry of the manifold while preserving the radial
structure that is characteristic of gauge mappings.
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Figure 10: Gauge mapping construction for geodesic-convex set.

De nition C.3 (Geodesic Gauge MappingWithout loss of generality, lIeB , fz 2 Ty M j
kzk,  1gdenote the unit ball in the tangent spac& at Thegeodesic gauge mapping B! U
and its inverse are de ned as

(z)=exp, (dy(x ;z=kzk) z); 8z2B (42)
1(x) = rx=du(X ;Vx) Vx; 8x =exp, (rxvx)2U (42)

where the point-to-boundary geodesic distatigéx ;Vyx) alongvy is de ned asdy (vx) , supf
Ojexp, ( vx)2Ug.

Note that the point-to-boundary geodesic distance may not admit a closed-form expression; we can
apply the bisection methods similar to Alg. 3 to locate the boundary points starting from an interior
point.

This extension enables our GFM framework to handle constraints on manifolds, expanding its
application to domains such as inverse problems with manifold constraints and atmospheric modeling
over spherical geometries.

C.3 MORE GENERAL NON-CONVEX SET

When applying our methods to more general non-convex sets, a natural choice is the class of non-
convex sets that are homeomorphic to a unit ball. However, battthomeomorphisets do not
generally admit a closed-form homeomorphism. One promising approach is to apply an invertible
neural network to learn the target homeomorphism, which offers both feasibility and approximation
guarantees (Liang et al., 2023; 2024). For more general non-convex constraints, low-complexity
constrained generation schemes remain largely unexplored, particularly for NP-hard problems where
even identifying an interior point poses signi cant computational challenges, such as non-convex
quadratic equations or mixed-integer formulations. The exploration of more general and theoretically
guaranteed approaches constitutes a promising direction for future research.

D THEORETICAL ANALYSIS OF GFM

D.1 ASSUMPTION ANDPRELIMINARY

We made the following assumptions for the error analysis, which are common for error analysis for
the ow/diffusion-based generative models (Kwon et al., 2022; Benton et al., 2023; Xie et al., 2024).

Assumption 1 (Regularity of Distribution (Wan et al., 2024)We assume the data distributipn
satis es the following regularity conditions:

R
« It has nite 2-moment, i.e., ., kxk?p(dx) < 1 ;

1 Rn
« Its support, = supp( p), has a positive reach;

¢ It has a non-vanishing density, i.e., there exist constiants 0 andc > 0 such that for any
radiusR > 0O, there exists a consta@i > 0 where for any small radiu@ r < c¢ and any
x 2 Br(0)\ ,we havep(B,(x)) Cgrrk.
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The nite 2-moment requirement is standard in the literature for analyzing generative models. The
positive reach condition is satis ed in our setting since we consider a convex support s& The

last requirement ensures the density does not vanish within the support, which prevents pathological
cases where probability mass concentrates on lower-dimensional manifolds.

There are also other (more restrictive) regularity conditions for the data distribution in the literature,
including the covariance condition (Benton et al., 2023) arstmi-log-concave/convex (Gao et al.,
2024a), and convex support set (Gao et al., 2024b). It remains largely open for the minimal necessary
conditions to establish the well-posedness of ow matching models.

Assumption 2(Neural Network Approximation Propertiessiven a distributiorp with support ,
letu(x;t) be the designed target vector eld amdbe the neural network approximated vector eld
in the ow-matching model.

e v isL -Lipschitzforx 2 andt 2 [0;1];

 The, approximation error is bounded a& = Ey kv (X¢;t)  u(x¢;t)k?, wherepy is the
probability density driven by the target vector eld

The Lipschitz constant of a trained neural network is bounded within a compact set in our setting

= C. The training loss in Eq(1) is equivalent to the vector eld approximation error up to a
constant (Lipman et al., 2022). Therefore, we can minimize the approximation error through proper
training of the loss function.

Lemma 2 (Error Eound for Flow Matching (Benton et al., 2023for the vanilla ow matching

model:x; = Xo+ , Vv (X;t)dt, with induced probability distributiop att = 1. The Wasserstein-2
distance between the data distributipy (X) and the approximated distributigm (x) is bounded

by

Wa(Pdaia (X);p (X)) € (43)
Lemma 3 (Error Bound for Re ected Flow Matclglng (Xie et al., 2024)jor the re ected ow
matching model over the convex dom@irk; = xo+ Vv (X;t)+ R(X¢)dt, with induced probability

distributionp” att = 1. The Wassserstein-2 distance between the data distribpgign(x) and the
approximated distributiop (x) is bounded by

Wa(Paata (X); 07 (X)) €% " (44)
D.2 PRrROOF OFREGULARITY OF GFM IN PrOR 5.1

Proof. Given the original data distributigmover compact convex set, = Csatisfying the regularity
conditions; We verify the three regularity conditions one by one for the transformed data distribution
g= 4 p over a unit ball q = B, where is abi-Lipschitz homeomorphism (e.g., gauge mapping).

« Finite second moment:sinceq has bounded support, it immediately implies a nite second
moment.

* Positive reach: The support ofjis a unit ball 4 = B, which has in nite positive reach. We
remark that even if the original supporp does not have a positive reach (e.g., star-shaped set),
after transformation, the is always a unit ball and satis es this regularity condition on the
reach.

* Non-vanishing density: Given the bi-Lipschitz property, we have:
leZl ng k ( Z]_) ( Zg)k L2k21 sz; 8z2,;2,2B (45)
whereL; =1=L :andL, = L are the (inverse) Lipschitz constants.

Foranyz2 ¢\ Bgr(0) and any small radius< ﬁ wherec is from the non-vanishing density
property ofp, we have:

a(Br(2)) = p(( Br(2)) (46)
P(BL.r (( 2)) (47)
since ( B (z)) By,r(( z)) by the bi-Lipschitz property.
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Since s bi-Lipschitz, for anyR > 0, there existR° > 0 such that( Br(0) \ )
Bro(0)\ . By the non-vanishing density propertymfthere exists a consta@ko. > 0 such

thatp(BL,r(( z)))  Cro(L1r)X.
Therefore, we have
a(Br(2)) CroLfrX (48)

This establishes the non-vanishing density propertyjfor

O
D.3 PrROOF OFERRORBOUND OFGFM IN PROPR 5.2
Proof.
Z
W2(pgata ; p%") = inf f kxi x2k¥)d g (49)
=( Pdaa p")
Z
= inf f k(z) (z2)k?dg (50)
=( Qdata ;qgr)
Z
L2 inf f kzz zk®)d g (51)
=( OQdata ;qgr)
L? W (Gata 5 ) (52)
L2 el+2 L 2 (53)
O

where Eq. (50) is by the equivalence of the distributions under a homeomorphic push-forward
Mapping:Pdata = # Gdata ANAPY, =  # Odnea s EG. (B1)is by the Lipschitz property of gauge
mapping shown in Prop. 4.1; Eq53)is the error bound of the regular re ected generation over
the unit ball under Lemma 3.

Remark. The Lipschitz constant of gauge mappings between compact sets remains bounded inher-
ently. This property stands in contrast to mirror mapping-based generative models (Liu et al., 2024b),
which map open convex sets® . In the latter case, the Lipschitz constant can grow unbounded

as points near the boundary are mapped to in nity, signi cantly complicating approximation error
analysis. Our Gauge Flow Matching circumvents this limitation, providing theoretical guarantees
on the Wasserstein-2 distance between the learned and data distributions. To optimize the model's
performance, we can further reduce the Lipschitz constant of the gauge mapping by identifying an
interior pointx that serves as the "center” of the constraint set.

D.4 PROOF OFGENERATION COMPLEXITY OF GFM IN PrROP 5.3
Proof. Closed-form computation: Based on Table 8, the algorithmic complexity of naturally derived
under different constraint functions.
Bisection-based computation: Based on algorithm 3, the algorithmic complexity for the bisection
algorithm needs the feasibility chegk2 C, which essentially involves calculating the constraint
derived agD(diam(C) log(1= pis)).

O

E EXPERIMENTAL SETTINGS

In this section, we describe the experimental setup used to generate the results reported in Section 7.
Our proposed model is implemented in PyTorch (Paszke et al., 2019), with all models trained using
Adam optimizer (Kingma & Ba, 2014) with hyperparametegfs= 0:99, , = 0:999, and a learning

rate of10 3. For sample generation, we solve the forward ODE using the method proposed by (Chen
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et al., 2018), and we follow the approach in (Xie et al., 2024) to solve the re ected ODE in Equation
5).

E.1 CONSTRAINED GENERATIVE MODELS BASELINES

We compare our approach against the following state-of-the-art constrained generative models,
selected for their ability to handle various constraint types:

* FM: Vanilla ow matching that transforms a Gaussian distribution to the target distribution using
linear conditional ow (Lipman et al., 2022; Liu et al., 2022b).

< DM: Vanilla diffusion model with variance-preserving diffusion process (Ho et al., 2020; Song
et al., 2020).

* Re ection: A method that applies re ection terms when generated samples encounter constraint
boundaries (Xie et al., 2024).

« Metropolis: Metropolis Sampling approach for approximating re ection-based generation (Fish-
man et al., 2024).

* Projection: An approach utilizing orthogonal projection when generated samples violate con-
straints (Christopher et al., 2024).

e GFM: Our proposed framework as detailed in Section 4.

We remark that all models share the same training settings (dataset, optimizers, hyperparameters) and
generation settings (ODE methods, step size). For Re ection, Metropolis, and Projection models, the
same velocity models are used. Therefore, they share the same training time as reported in the Table.
5.

The additional constraint-handling mechanisms (e.g., re ection and projection) are implemented
based on references. We emphasize that closed-form projection operators generally do not exist
for the complex constraints in our experiments, such as intersections of polytopes and ellipsoids,
and semide nite cone constraints. Therefore, we employ state-of-the-art optimization solvers: (i)
MOSEK for convex projection and (ii) IPOPT for non-convex cases. While these are highly optimized
solvers, iteratively solving a constrained optimization problem at each sampling step for each sample
(whenever the ODE trajectory violates constraints) remains computationally expensive. This cost is
particularly signi cant for high-dimensional problems or tight constraint sets where violations occur
frequently throughout the sampling process.

We also remark that, in the geodesic-convex set generation tasks, the FM and DDPM models are
trained to generate samples in the tangent space of a prescribed point, which is the same across all
methods.

E.2 REFLECTION COMPUTATION

We follow the notations in (Xie et al., 2024) and (Lou & Ermon, 2023). Letbe the re ection term
that re ect the outward velocity at the bounda@E. Given an initial poini;,;;, the re ected ordinary
differential equation is
dx; = v(x¢;t)dt +dL; (54)
X0 = Xinit: (55)
Intuitively, the re ection termL ; in equation(54) pushes the trajectory back to the dom@ionce

the trajectory hits the boundary. Under mild conditions, the solution to the re ected ODE exists and
is unique (Xie et al., 2024).

Empirically, the re ected ODE can be solved by numerical solvers, for example, using the Euler
method. The Euler method iteratively compute the trajectory points by
Xie t = X+ U V(X 1); (56)

wheret 2 [0; 1) is an intermediate time antd> 0is a small time step. Euler step with re ection

can be computed as h .
i
Xioe t = X¢+ t V(X t) 2(1 sp) v(Xi;t) Tn@n@; (57)
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Algorithm 4 Euler method with re ection

Input: A velocity eld v(x¢;t), a domainC, an initial pointx 2 C, number of stepsl, a function
that gives outward normal vectargs(Xx), and a function that computes the distance to boundary
Sac(Xt; Vt).

1. Lett =1=N,Xo= X

2: fori=0;1;2;:::;N 1do

3 lett = i=N,v; = v(xj;t)

4 updatexj«; = X+ t

5 if Xj+1 62 Ghen

6: compute distance to boundasy= min f 1; sg(Xi; t Vi)g

7

8

compute boundary poin® = x; + st v
compute normal vectar; = n g (x?)

9: compute re ectionternb; = 2t (1 si)viTnini
10: updatexij+1 = Xj+1 + Lj

11: endif

12: end for

Output: xy

Table 9: Closed-form Expressions for Distance and Normal Vector Functions

Constraints  Formulation  Distance Function Normal Vector
Unit Ball kxka 1 s(x;v)= froot(vIv;2vTx;x"x 1)g" n(x) = x=kxk
Unit Cube kx ki 1 S(X;V) = min j=q ;250 F(L 0 SigN(Vi)X1)=Vig N (X) = €argmax i1 e ixii
Linear a'x b sx;v)=(b a'x)=a'v n(x) = a=kak
Quadratic [xTQx + a'x b s(x;v) = froot(Ag;Bg;Co)g" nx)= 2Qx a
1 Notation:x;a 2 R",b2 R,Q2 S} ,A2 R" ¥ p2 RK,Fo; ;F, 2 R* ¥,
2e,=(1;0;0;:::; 0);e,=(0;1;0;0;:::; 0);:::; € 1=(0;0;:::; 0;1;0);en =(0;0;:::; 0;1).

A0 =V QvBg=2x" Qu+a’v;Cqg=x" Qx +a x b.
4 ()" =max( ;0).

5

q
X2 x% 4x1x3
2x1

root( X1;X2;X3) = denotes the quadratic equation solution

wheres; = min  1;inffs > 0] x; + st v(x¢;t) 62 Cgis the distance fronx; to the nearest

boundary@along direction/(x:; t), andn gcis the outward normal vector at+ st v(x;;t) 2 @
Algorithm 4 summarizes the Euler method with re ection and table 9 lists re ections for several
common convex sets.

E.3 PERFORMANCEEVALUATION METRICS

Feasibility ratio computation Suppose thaki;X,;:::;XN are generated sampleg(x);i =
1;2;:::; m are constraints of interest. One samyplis feasible if
g(x) Oi=1;2:::;m: (58)

The feasibility ratio of the batch samples is de ned as
_# X Ji=120 0N ge(xi) O k=152 m

feasibility f x1;X2;::1;Xn g = N (59)
In our experiments, we set the tolerancel 8s®.
E.4 CONSTRAINT FORMULATIONS IN ILLUSTRATIVE EXAMPLES
We rst give the speci ¢ formulations of those constraints:
« Convex Set
fXxX2RZjAXx b;kx cko 25 x"Qx+p'x+d Og (60)

whereA, b, ¢, Q, p, d are randomly sampled.
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e Star-convex Set
fx 2 R? j kxk a (X)=1+ sin(narctan(x2=x1))g (61)

where 2 (0;1) andn 2 Z, determine the size and number of stars, respectively.
» Geodesic-convex Set

fx2 S?jAx by (62)

whereS? is the sphere in 3-dimensional Euclidean space and is constrained by a set of linear
inequalities.

The data are sampled from a mixed Gaussian distribution, whose location parameter and covariance
are generated randomly.

Model settings: We model the velocity eld with 2 hidden layers with exponential linear unit
(ELU) activation functions. We train the models for 10000 epochs with a batch size of 256, and prior
distribution as the uniform distribution over the constrained/ball domain. Samples are generated by the
Euler algorithm in 1,000 steps. For the re ected/projected methods, additional re ection/projection is
performed after each step.

E.5 MIRRORMAP Vs GAUGE MAP ON SIMPLEX DOMAIN

We compare our GFM model against several baseline methods: Vanilla Flow Matching, DDPM, and
Mirror Diffusion. We consider the standard simplexdtlimensions:

xd
Se=fx2RYjx; 0 x 1g (63)
i=1

Data preparation: We generate training data from a mixture of multivariate normal distributions,
with each component centered near a distinct geometric feature of the simplex. The mixture includes
d vertex-centered modes, one origin-centered mode, and one face-centered mode. The location
parameters are de ned as:
P = ((i:lzd;:{::;o:lzij; 0:9; P:lzd;:::;o:lzij); i=1;2::0,d;

— {z- {z
i di 1
o = (0:1=d;:::;0:1=d);
¢ =(0:9=d;:::;0:9=d):

Here, ; places most of its mass at th¢h vertex, , is centered near the origin, angd distributes
mass in the simplex face. We generate a total of 10,000 training samples from this mixture.

Model settings: For illustrative 2-dimensional cases, we modeled the time-variant velocity eld
using 3 layers with 256 units each and ELU activation functions. For 50-dimensional cases, we
modeled the time-variant velocity eld with 4 hidden layers of 512 hidden units, incorporating
residual connections and a bottleneck structure (Liu et al., 2024a).

As shown in Table 10, in the synthetic simplex domain example, our GFM method achieves compa-
rable performance to the vanilla ow matching baseline and other constrained generation baselines
in low-dimensional settingsi(= 2), while achieving signi cantly faster inference speed. In high-
dimensional settingsl(= 50), GFM attains the best delity to the data distribution while maintaining
faster inference speed. It is worth noting that the Mirror Map model (Liu et al., 2024b) exhibits fast
performance in both training and inference phases. This is because a low-complexity, closed-form
mirror map exists for this simple simplex domain. However, the mirror map approach fails for more
complex constraints, such as the PSD cone constraint.

E.6 CONFIGURATION GENERATION IN RoBOTIC CONTROL BENCHMARK

We follow the procedure reported by (Jaquier et al., 2021) to learn the trajectories of the manipulability
ellipse. In planar letter drawing problems, the manipulability ellipses are modeled by SPD matrices
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Table 10: Results for synthetic generation tasks over the simplex domain.

Method | FM  DDPM  Mirror Map GFM
Feasibility (%) | 94.5 93.8 100 100

d=2 MMD( 10 % | 6.26 14.02 8.34 6.53
Training (s) 0.09 0.09 0.13 0.13
Inference (s) 0.40 0.94 0.46 0.97
Feasibility (%) | 11.7 4.35 100 100

d=50 MMD( 10 2y | 9.08 1.82 6.00 2.56
Training (s) 0.14 0.13 0.14 0.15
Inference (s) 0.93 1.20 0.93 1.38

(a) Data (b) FM (c) DDPM
(d) Mirror Map (e) GFM

M=fX2% 2jX 0 tr(X) Cg. Inourformulation, we transform it into the equivalent
linear matrix inequality formulation:

10 0 1 0 0

— 3;
M=fx2R%jx; 00 tX 4 g tXs g 1

0, tr(M)=x1+x3 Cg (64)
We additionally learn to sample the 2-dimensional trajectories. Therefore, our models are parameter-
ized to generate sampleskR? M

Model settings: We model the time-variant velocity eld with 3 hidden layers with 256 units each
and ELU activation functions. We train the models for 10,000 epochs with a batch size of 256, and
prior distribution as the uniform distribution over the constrained/ball domain.

Remark: The feasibility ratios reported in Table 11 are also high for methods that do not force

feasibility, e.g., vanilla ow-matching and diffusion models. The possible reason for that phenomenon
is that the training data is highly concentrated in the interior of the domain, and only a few data points
are close to the boundary. Therefore, a few generated samples are infeasible.

E.7 SOLUTION GENERATION FORRELAXED COMBINATORIAL PROBLEMS

We further evaluate our approach on high-dimensional solution generation for relaxed combinatorial
problems (Kook & Vempala, 2024). The distribution we consider is particularly interesting as it
recovers, as special cases, the sampling problems associated with Max-Cut SDP relaxations and
minimum volume ellipsoid problems, de ned as:

X exp (PA;Xi+kX BkZ+kX Cke logdetX) (65)
st.X O;MD;;Xi  ¢; 8i2[m] (66)
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Table 11: Results for robotic manipulability ellipse generation task.
Methods \ FM DDPM GFM

Feasibility (%) | 99.92 99.94 100
MMD ( 10 2) | 539 5.58 9.85
Training (s) 3.43 3.64 3.55
Inference (s) 0.50 0.86 0.83

(f) Data (g) FM (h) DDPM (i) GFM

Figure 11: Visual comparison of 1000 samples between data distribution, DDPM model, Flow
Matching model, and our GFM model on robotic manipulability ellipse generation task.

The constraints ensure thétis a positive semide niten  n matrix satisfyingm linear inequalities.

Each term in the energy function captures different structural aspects of the optimization land-
scape, including linear objectives, quadratic penalties, proximity constraints, and determinant-based
regularization.

By developing generative models for this class of problems, we aim to provide tools that not only
sample feasible solutions but also help explore the solution space in ways that could reveal insights
about the underlying combinatorial structure. This capability is particularly valuable for understanding
the landscape of near-optimal solutions and for generating diverse candidate solutions that might be
re ned by downstream processes.

Data preparation: We sample from the target distribution using the Hit-and-Ruglige et al.,

1993) algorithm. The Hit-and-Run sampling algorithm is a Markov Chain Monte Carlo (MCMC)
method that generates random samples from a high-dimensional distribution by iteratively selecting a
random direction and moving to a new point along that direction according to the target distribution.
To generate training samples, we use the Hit-and-Run sampler with 1000 burn-in, and sample new
points using 1-dimensional Metropolis sampling with 100 burn-in.

Model settings: We model the time-variant velocity eld with 3 hidden layers with=2 hidden

units with residual connections and bottleneck structure (Liu et al., 2024a). We train the models
for 1000 epochs with a batch size of 256, and prior distribution as the uniform distribution over the
constrained/ball domain.

E.8 CONSTRAINED CONDITIONAL TIME SERIES GENERATION

We follow the experimental setup of (Narasimhan et al., 2025) to generate time-series data subject to
physical and statistical constraints:

i(min ?2 Xm?d | min aVG?%l:T) m'c?d Yar(xlz'g r2ne?< (67)

capacity bounds mean volume bounds variance bounds

These constraint bounds are derived from empirical statistics of the historical dataset. The time series
is generated via conditional forecasting, using past observations as model input.

Data preparation: We use the PEMS-BAY traf ¢ dataset (Yoon et al., 2019; Li et al., 2018),
partitioned by days. The models learn to generate time series for one day conditioned on data from
the previous day. Days with incomplete data are excluded from the dataset.
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Model settings We model the conditional time-variant velocity eld using a 4-layer neural network
with 64 hidden units per layer, incorporating residual connections and a bottleneck structure (Liu
et al.,, 2024a). All models are trained for 4,000 epochs with a batch size of 180. For the prior
distribution, we use a standard Gaussian for vanilla Flow Matching and projection-based methods,
and a uniform distribution over the ball domain for GFM.

Figure 12: Visual comparison of 24 time series strides between data distribution, Vanilla Flow
Matching model, Projection Flow Matching model, and our GFM model on constrained traf ¢ time
series generation task.

E.9 WATERMARKED IMAGE GENERATION TASKS

We evaluate GFM on constrained image generation with embedded watermarks using CIFAR-10,
which consists 082 32 RGB images. Following the watermarking methods in (Liu et al., 2024b),
we partition pixelsx 2 [0; 1] into unconstrained public pixels; and watermark pixels, 2 C,
whereCis a randomly sampled polytope for watermarking.

Model settings: All baselines are distilled from a publicly available checkpoint of ow matching
models (Tong et al., 2024), which share the same U-Net architecture (34M parameters). All models
use identical distilled hyperparameters (100 epochs) and sampling settings (100-step Euler method)
on CIFAR-10 for fair comparison. We follow the method in (Salimans & Ho, 2022) to train the
distilled models by minimizing the MSE from the teacher model:

Laisit( )= Bt uoinio poKV Xt(Xo)it vV Xt(Xo);t K5; (68)
wherex; is obtained by integrating teacher ODE framwith step lengttD:001
Data preparation: We select 32 pixels as watermarks constrained via a random pol@tepex :

Ax, bgwith b > 0. The watermarked training dataset is created by projecting the selected pixels
in the original CIFAR-10 dataset onto the polytapewhile other public pixels remain unchanged.
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