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Abstract

Neural networks (NNs) have emerged as promis-
ing tools for solving constrained optimization
problems in real-time. However, ensuring con-
straint satisfaction for NN-generated solutions re-
mains challenging due to prediction errors. Exist-
ing methods to ensure NN feasibility either suf-
fer from high computational complexity or are
limited to specific constraint types. We present
Bisection Projection, an efficient approach to en-
sure NN solution feasibility for optimization over
general compact sets with non-empty interiors.
Our method comprises two key components: (i) a
dedicated NN (called IPNN) that predicts interior
points (IPs) with low eccentricity, which naturally
accounts for approximation errors; (ii) a bisec-
tion algorithm that leverages these IPs to recover
solution feasibility when initial NN solutions vio-
late constraints. We establish theoretical guaran-
tees by providing sufficient conditions for IPNN
feasibility and proving bounded optimality loss
of the bisection operation under IP predictions.
Extensive evaluations on real-world non-convex
problems demonstrate that Bisection Projection
achieves superior feasibility and computational
efficiency compared to existing methods, while
maintaining comparable optimality gaps.

1. Introduction

Constrained Optimization (CO) plays an essential role in
various engineering fields, such as supply chain, transporta-
tion, and power systems. To solve CO problems, iterative
algorithms, such as interior point methods, have been devel-
oped and embedded within commercial solvers like Gurobi.
These tools are designed to tackle CO with high precision,
providing high-quality solutions. However, they can be slow
for real-time applications with tight time constraints.
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Recent advancements in machine learning (ML) have in-
troduced innovative strategies for solving CO problems in
real-time, including the end-to-end (E2E) solution map-
ping (Amo2?2), the learning-to-optimize (L20) iterative
scheme (CCC™21), the generative modeling framework
(LC23), and hybrid approaches (KFEVHW21)). One pow-
erful idea is to leverage the universal approximation ability
of neural networks (NNs) (HSW89; ILLLPS93) to predict
high-quality solutions given input parameters, significantly
reducing computation time compared to iterative solvers.
For instance, NNs have been trained to solve non-convex
optimal power flow problems in grid operations, achiev-
ing 2-4 orders of magnitude speedup over iterative solvers
(PZC19; I GWWM19; [PZCZ20; [EMVH20; ZB20; IDRK20).

Despite the minor optimality loss and significant speedup
of NN-based methods, guaranteeing the feasibility of NN
solutions with respect to problem constraints, which is im-
portant to safe-critical scenarios, remains a challenge due to
inherent NN prediction errors. Existing methods to ensure
NN feasibility either suffer from high computational com-
plexity or are limited to specific constraints. See Sec . 2] for
discussions on related works.

In this paper, we develop Bisection Projection (BP) as a
simple yet efficient scheme to recover NN solutions fea-
sibility over a (fairly) general compact set with a non-
empty interior, beyond previous works on linear (WZG ™23}
ZPCL23), convex (THH23), or ball-homeomorphic con-
straints (LCL23; |LCL24). Our contributions are as follows:

> In Sec. 4] we introduce the BP framework for ensuring
NN solution feasibility. It comprises two steps: (i) a dedi-
cated NN (called IPNN) that predicts interior points (IPs)
of low eccentricity; (ii) an efficient bisection algorithm that
leverages these IPs to recover solution feasibility.

o> In Sec. [5] we establish theoretical guarantees by provid-
ing sufficient conditions for IPNN feasibility and proving
bounded eccentricity-related optimality loss of the bisection
operation under IP predictions.

o> In Sec.[6] we carry out extensive experiments over convex
and non-convex problems to evaluate the performance of
BP. The results show that it outperforms existing methods in
feasibility and run-time complexity while achieving similar
optimality losses.
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Table 1. Existing work for ensuring NN solution feasibility for continuous constrained optimization problems.

\ Constraint Setting \

Performance Guarantee

Existing Work
(refer to Sec. for details) Input Non-linear Non-convex Feasibility Optimality Low
dependent equality inequality ensuring bound run-time
Penalty training v 4 v X X v
Orthogonal Proj. v v v v v X
Preventive learning v X (linear) X (linear) v X v
Gauge mapping v X (linear) X (linear) 4 X 4
DC3 v v v X X 4
Gauge Proj. X X (linear) X (convex) v v v
Homeomorphic Proj. v 4 v/ (BHY) 4 v 4
Bisection Proj. v v v v v v

! BH indicates the constraint set is homeomorphic to a ball, which includes all compact convex sets and a part of non-convex sets.

2. Related Work

Machine Learning (ML)-driven optimization has emerged
as an active research field (PZC19; KFVHW?21: ICCCF 21k
Amo22). A fundamental challenge is ensuring neural net-
work (NN) solution feasibility under input-dependent con-
straints. For basic constraints like simplexes or boxes, fea-
sibility can be enforced through activation functions (e.g.,
Softmax or Sigmoid). For complex constraints, various
approaches have been developed, as summarized in Table|[T]

Equality constraints. Linear equations and certain non-
linear equations with constant ranks, can be embedded as
neural network layers by predicting a subset of variables and
solving for the remaining variables to satisfy the equality
constraints (Aba69; PZC19; IDRK20; [LCL23; IDWDS23)).

Warm-start approach. The NN predictions can serve as
warm-start points for iterative solvers, potentially reduc-
ing the number of iterations required to reach the opti-
mal/feasible solution (Die19; Bak19; [SHAS24: IGXW T 24).

Penalty training. To reduce constraint violations of pre-
dicted solutions, various penalty functions, such as quadratic
penalties, have been incorporated into the NN loss function
(COMB19; PZCZ20; ZB20; EFMVH20). Additionally, inte-
gration of the Karush—-Kuhn—Tucker (KKT) conditions as
equality constraints has been explored to refine NN perfor-
mance (NC21b; INC21a;ZCZ21). However, these methods
do not ensure solution feasibility.

Provable training/verification. A Preventive Learning
framework is proposed for ensuring linear constraint fea-
sibility without post-processing in (ZPC™20; [ZPCL23)),
which adjusts inequality constraints to account for NN pre-
diction errors. A NN editing method applies parametric
linear relaxation to find NN weights and ensure output feasi-
bility over the polytope (T'T24). Additionally, NN verifica-
tion techniques can also be applied to assess the worst-case
performance after training (VQLC20; uAYKJI22: LAL21).

Set representation/approximation. To guarantee feasibil-
ity, an inner approximation of the original constraint set

can be constructed. The convex combination of vertices
and rays can represent feasible points of linear constraints
(ENC20; [ZSRZ21)). For general compact constraint sets, the
probabilistic transformer utilizes collected feasible samples
to ensure feasibility (KZLD21). However, scalability re-
mains a challenge due to the exponential growth in required
samples with increasing dimensionality.

Projection approach. To enforce solution feasibility, or-
thogonal/L2 projection is often employed. However, solving
projection problems either by iterative solvers or equivalent
optimization layers (AK17Z;|/AAB™19;|CDB " 21; WZG ™23
ZYZ7+24) over complex constraints is computationally in-
tensive. Alternative strategies include gradient-based meth-
ods (e.g., DC3 (DRK20)) and L20 models (HWFGY21}
HFL™22)). However, those projection-analogous methods
do not guarantee feasibility for general constraints.

Homeomorphic Projection ensures NN solution feasibility
over ball-homeomorphic (BH) constraints by constructing
a homeomorphism between the constraint set and a unit
ball using invertible NN, allowing efficient projection via
bisection (LCL23; |[LCL24).

Gauge function. These works utilize gauge/Minkowski
functions (BMO8) to conduct projection or constrain NN
output. For fixed convex sets, given an interior point, gauge
projection can be applied to find feasible boundary so-
lutions (Mha22). Similar approaches have been applied
in the following works (LBGH23} THH23}; [IKU23; [LM23;
TVH?24])). The gauge function can also be used to construct
a bijection, known as gauge mapping, to constrain the NN
output within a polytope (I'Z22a}; [TZ22bj; LKM?23} [LLC25).

In summary, existing approaches either have limited appli-
cability or incur significant computational overhead. We
propose Bisection Projection as a simple yet efficient frame-
work to ensure NN solution feasibility over (fairly) general
compact sets while maintaining bounded optimality loss.
While algorithmically related to gauge-based methods, our
method offers broader applicability and provides rigorous
theoretical analysis.
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3. Setting and Open Issue

We consider the followingontinuousoptimization problem

Xrgkrl f(x; ) st x2C; Q)

wherex 2 C  R" denotes the decision variable an@

RY represents the input contextual parameter. Without
loss of generality, the input domainand constraint set
are assumed to lmmpact The objective functioffi (x; )
is Lipschitzcontinuous and potentiallgon-convexwith Figure 1.NN predicting optimal solution (on boundary) may incur
optimal solution denoted as 2 argminyoc ff (x; )g. infeasibility; NN predicting interior points accommodates errors.
The constraint se€ is speci ed by a set of inequalities:
g(x; )=[01(X )it Onneg (5 )] 0. [, an optimal solution often lies on the constraint boundary
with active constraints, making NN feasibility particularly

While equality constraints are not explicitly included in hallending —A " dicti h NN
this formulation, certain classes of equality constraints of a-hallenging Ny posIlive prediclion errors can pus

constant rank can be embedded as neural network layers aH&ed'Ct'onS outside of feasible regions

satis ed exactly/Aba69 [Leel3PZC19DRK2GILCL23;  Current approaches, as summarized in Thple 1, are either
DWDS23. We do carry out simulations for problems with computationally intensive or fail to provide performance
linear/nonlinear equality constraints in SEE. 6 and provideyuarantees over general input-dependent constraint sets. To
detailed discussion in Appendix A.4. date, ensuring NN solutions feasibility for constraint op-

imization in (I) under Assumptiofi]1, while maintaining

We further specify the constraint set as follows, beyoncﬂ = , ;
those discussed in related works in $8c. 2 ounded optimality loss and low computational complexity,
T remains an open and pressing challenge.

Assumption1.8 2 (i) the constraintsef has positive
measurEt (ii) the set-valued mapping 7! C is continuous

in the Hausdorff metrigl 4. The Bisection Projection Framework

. We proposeaisection Projectior{BP) to “project” infeasi-
of interior points, which is fundamental to the bisectionclgIe NN spluuons qnto the_con;tralnt setwith lO.W ru.n-tlme
approach detailéd in Sed#.1; and assumption (ii) complgxﬁy and minor optlma_hty I(_)ss. A_s detglled in Sec.
- @ this framework applies bisection to iteratively narrow
e

?ures (t:cintltr;]uozjns dtefor:ni;ucln rOf ;hebl?r?nigal?t S;?]Enw't gap between infeasible points and one interior point (IP)
espect fo he Iput parameter, enabiing the 1€aming o, 1 feasible solutions. In Se€. 4.2, to bound the optimal-

continuous mappings from inputs to interior points as disz, |04 ced by bisection, we introduce the concept of

. . . It
cussed in Sec[ 43. These a;sumpﬂons deliberately e&centricityfor IP and establish its connection to projection
clude unusual sets (e.g., vertices of a hypercube) frOr@iistance. In Se¢. 4.3, to reduce the inference time for nd-

cgﬂﬁld?iratlron n Oluc?irt]ﬁ?nl‘ilozw\?t'lmlzrﬁ“ﬁ? p;c(;btlﬁm,re;— Iing IPs under varying inputs, we train another NN, denoted
abling rigorous aigo ¢ development a eoretical,g IPNN, to predict IPs in real time.

analysis. Despite these restrictions, Assumtion 1 encom-
passes a broad class of constraint sets, including linear, co‘re-1 Bisecti ith Interior Point
vex, and ball-homeomorphic sets studied in existing works™ ™ Isection with Interior Foints

(ZPCL23; WZG 23/[LCL23;[THH23{LCL24). Given an infeasible NN predictioa 2C and an IPx 2
Open issue As discussed in Sec} 2, various NN-based meth® » We can “project’x o C as:
ods have demonstrated success in solving constrained opti- 2 =BP(X ;x ) (x X )+X: )

mization problems, offering low run-time complexity and

small optimality gapsFPZClSi DRK20; |PVH23 HCL24) where 2 [0' 1] leadsta® 2 @ and@C is the bound-
We denote one such trained NN predictor B¢ ) :  ary ofC. Asillustrated in Fig[ R, the “projected” solution
RY I R" and dene its prediction error asye = 2 s located on the straight line segment connecting the
sup, fkF() x kg. Due to the errorpe, ensuring infeasible solutionc and an IPx . We note that there could
NN solution feasibility is non-trivial. As illustrated in Fig. be multiple  and corresponding , given a pair ok and
Wint(c ):9 > OsuchthaB(x ) C ,where X . To determine one such , we employ the bisection

B(x: ) is the open ball centered rtwith radius . method, as elaborated in Algl 1. We initiate by drawing a
%ie,802 ;8> 0,9 > Osuch thaty (C;C,) < straight line connecting with an IPx . This segment is

whenevek ok < ,wheredy denotes the Hausdorff distance. guaranteed to intersect the boundary of the feasible region

3
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Figure 2.TheBisection Projectionframework: we apply one NN to predict a solution for the constraint optimization problem (near-
optimal but may not be feasible), and another NN to predict interior points (robust and feasible); then we apply bisection (Alg. 1) to
recover solution feasibility.

at least once. Subsequently, we apply the bisection algédgorithm 1 Bisection for Feasibility.

rithm to iteratively pinpoint one feasible solution along this |nput: an NN predictions 2C andanIPx 2 C
segment toward the constraint boundary. Such a bisection;. get tota] iteratiorK |, ,=0,and , =1
operation is applicable to general compact sets with non-,. t5r n=1: K do

empty interiors (Assumption 1), and is also ef cient with 5. pisection: m=( 1+ 0)=2

a linear convergence rate and maintains low per-iteration,. iy + m (¥ x)2C then

computational cost involving feasibility checks. 5 increase lower bound:, "
Remarkl. We note that the concept of projection-analogous 6: else
operation with IPs is non-sophisticated, and some works 7: decrease upper bound;, m

also leverage similar ideas to “project” infeasible prediction 8: end if

(Mha22 THH23; KU23; LM23; TVH24; LCL24), see Ap- 9: end for

pendix A.1 for details of these methods. However, thesgyytput: feasible solutiot = | (x x )+ x 2C

works primarily focus on xed convex constraint sets where

a single IP can be computed of ine for online deployment.

Two critical gaps remain in the literature: (i) theoretical When = @ , eccentricity quanti es the variation in
analysis of how IP selection in uences the quality of pro-point-to-boundary distances, effectively measuring the in-
jected solutions; (i) developing ef cient schemes to obtainterior point's centrality within the feasible region. For in-
IPs for general input-dependent constraint sets in real-timetance, the center of a unit ball achieves zero eccentricity.

o K ad h fund al by- (i This measure directly relates to the optimality loss in bisec-
Purwork advances these fuhdamental ISSUES Dy- (i) we "Stion projection — lower eccentricity corresponds to smaller
introduce the eccentricity of IP and establish its connection;c o tion-induced optimality gaps

to the bisection-induced projection distance in Sec. 4.2. (ii)
We then employ another NN, called IPNN, to ef ciently pre- When @ is a subset of the boundary, eccentricity pro-
dict IPs under varying inputs for input-dependent constrainvides a localized characterization focused on speci ¢ bound-
in Sec. 4.3. We also present a comprehensive performan@dy regions of interest. Particularly, wherencompasses

analysis in Sec. 5. the projected solutions of neural network predictions with
bounded errors, this local eccentricity measure yields tighter
4.2. Minimum-Eccentricity IP for Bisection bounds on the optimality loss compared to the global eccen-

o o ) tricity measure (ieE(x ; 1) E (x; 2)if 1 2).
We rst de ne the eccentricity of IP, which is crucial for ) . o
bounding the bisection-induced projection distance. Next, we establish the connection between eccentricity mea-

-~ o sure and the bisection-induced projection distance.
De nition 4.1 (Eccentricity of IP) For a compact set

satisfying Assumption 1 with a non-empty interior, the eC_Proposition 4.1.Letx = F( ) beaninfeasible NN predic-

centricity for one IPx 2 C with respect to a compact gon_vgtg bognde% prﬁdictio_n errgrd?zg ) 'Xhll;? 2‘&’:‘55
subset of boundary @C is de ned as: = BP(x ;x ) be the projected solution wit '

Then, the worst-case projection distance is bounded as:

E(x ;) , maxk X k mink x k: 3 . . .
(x ;) M y m % 3) xzsn(]f);(p,e)kx BP(x ;x )k pe+ E(X; )
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whereB(x ; pre) represents the NN prediction region, con- Algorithm 2 IPNN Training.
taining all possible NN predictions with an errogre; and  |nput: Input dataf ;g\, 2 , unit ball sample$u; g™,

= FBP(x ;X );, 8x 2B(X ; pre) n_C_g de nes a_sub- 1: Training epocltE, batch sizeB, IPNN
§et of Fhe constralrjt poundary, containing all “projected 2: Initialize robust margins = 10 2
infeasible NN predictions. 3 fore=1:E do

Sampling batched daté: g2, , fuigl,

4:
The complete proof and a geometric illustration are included B
in Appendix B.1. We remark that the applicability of this 5: Loss:L(; )= é P(x + ui; i) log( )
bound extends to general compact sets under Assumption 1, N i
Further, informed by Prop. 4.1, we seek to nd an IP with 16 Model update( ; )  Adam(L(: )
L . . .~ 7: end for
minimized eccentricity (MEIP) with respect to constraint _ .
boundary@ to reduce thevorst-casé bisection-induced OUtPUt: Trained IPNN .
projection distance for any infeasible NN solutions.

However, computing MEIP exactly presents signi cant We design the following loss function for IPNN training:
challenges even for convex constraints, due to the non- N _
convex boundary constraints {@6). To address this, we LCC): )= RPx +  u )] log() ()

can bound the eccentricity by nding a surrogate centrakyhere the IP prediction is denoted ®s = (). The
point* such as th€hebyshev cent¢BBV04), de ned as (st |oss term,P(x + u; )= kg(x + u; )*k, de-

the IP maximizing the minimum distance to the boundaryistes the constraint violation under the perturbed prediction

sz%xfyr;i@rcl ky x kg, which is also equivalent to mini- \yith random samples from a unit ball, and its expecta-

mizing the second term of the eccentricity in Def. 4.1. tion represents the penalty for the inscribed ball constraint
_ ) B(x; ) C in (4). The regularization termpg( ),

Thus, this Chebyshev center serves eslaxationfor MEIP  represents the radius maximization objectivédpand is

and provides an upper bound on the eccentricity. Moreoveﬁdjusted by a positive coef cient.

it admits a tractable reformulation as the center of the largest

Euclidean ball that can be inscribeddn, which eliminates ~We also note that the loss function is analogous to the ad-

the non-convex boundary constraints in (26): versarial learning techniques likandomized smoothing
(CRK19) with Gaussian perturbations and xed ensur-
max ; sSt:B(x: ) C (4) ing the predicted IPs maintain a robust margirfrom
x 2C the constraint boundary. Finally, to optimize the aver-

age performance across different input parameters, we
However, computing the Chebyshev center for constraintiniformly sample 2  and minimize the total loss as
setC under varying input poses signi cant computational L(; )= E [L( ( ); )]. The IPNN training procedure
challenges, particularly when rapid response times are essewutlined in Alg. 2 involves sampling input parameterand
tial for online applications. To overcome this limitation, we unit vectorsu and follows regular NN training procedures.
develop a learning-based approach in the following section.
We train another n_eural netyvork (denoted as IPNN) of ine 5. Performance Analysis
to learn the mapping from input parameters to the Cheby-
shev centers, thereby reducing the computational burden ah this section, we present a comprehensive analysis of the

nding interior points during real-time deployment. BP framework: (i) the suf cient conditions for IPNN train-
ing for producing feasible IP under any input parameter in
4.3. Interior Points Neural Network (IPNN) Training Sec. 5.1; (ii) the optimality loss and run-time complexity for

the bisection operation in Sec. 5.2. We also discuss the con-

We utilize another neural network, denoted as IPNN © o tion to existing approacheEa22b; LCL23; THH23)

d n i
R% ! R", to predict the IPs. We remark that such a CON-4 g IPNN training guarantees in Sec. 5.3.

tinuous mapping from input to some IPs of interest exists

under Hausdorff continuity speci ed in the Assumption 1. 5.1. Suf cient Conditions for IPNN Feasibility

We consider minimize eccentricif(x ; @ ) with respect . . .
to the entire constraint boundary, whichpeediction-agnostic Propogltlon 5.1 ‘se,ﬁD be anr -covering data_1$et for |r?put
and provides robust performance across different NN predictor§omain as iz1 B( i;r ); the constraint violation
over the same constraint set. In the appendix C, we also discudgnctionG(x; )= max fgj(x; )gwith LipschitzL g;x
prediction-awareeccentricity minimization when NN predictions 170 Mineg

or optimal solution data are given in advance. andLg; forxand , respectively; and IPNN isL -
“We provide a comprehensive review of different center de ni- Lipschitz continuity for . if G( (i); i)+ LexL 1 +
tions in Appendix A.3 to justify the design of MEIP. Lg: r Ofori=1; ;N,then8 2 , ()2C.
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The complete proof is included in Appendix B.2. Prop. 5.1which is mitigated by the Chebyshev center-informed loss
establishes suf cient conditions for the trained IPNN to gen-function in(5). (iii) The error from nite bisection decreases
erate IPs for unseen input parameters. These conditiorexponentially with each additional iteration.

require two key components: (i) the IPNN must achieve fea- o L o
sibility over nite training samples (.eG( ( 1); ;) 0) aThe algorithm's run-time complexity, i.e., the number of

_ a condition readily satis ed in practice, as demonstratecﬁmhmetlc operations, is primarily affected by the number of

o X - "bisection steps{ ) and the complexity of checking feasibil-
by our empirical results in Sec. 6. The robust penalty loss in - .
(5) effectively minimizes constraint violations for perturbed !ty at each stepG). Such a feasibility checking procedure

e . o is also known asnembership oraclevhich has been exten-
IP predictions. (i) to extend feasibility guarantees to thesiveI analyzed in¥Iha22 LBGH23). Further, for common
entire input space 2, the IPNN must maintain ebbust y Y ' '

. L .. convex sets, the bisection projection has a closed-form com-
margin for IP prediction that accounts for generalization

errors, which can be bounded by Lipschitz conditions (i.e,PUtaton provided in (THH23).

LexL r +Le 1)
Gix G ) 5.3. Discussions

Wh.'le direct ver cat|on'of these Lipschitz cqnstants ' Connection to existing works As discussed in Sec. 2, the
mains computationally intractable, they provide valuabIeBP framework is algorithmically related to the homeomor-

!n5|ghts mtq the relative d|f_culty of guarar!teelng feasibil- phic projection [CL23; LCL24) and gauge function-based
ity across different constraint types. Speci cally, a smallerrnethools 12225 Mha22 THH23). The following proposi-

covering radius.c |s.reqU|re.d for. th!n constraint _sets (ie., tion reveals the connection between the BP framework and
small robust margin) or highly variable constraint geome-

tries (i.e., largeL . ). For such challenging constraints, some existing schemes.

a smaller covering radius necessitates a larger number @froposition 5.2. The homeomorphic projectioh CL23)
training samplesN ), scaling a®((diam() =rc)?)toad-  with gauge mappingTZ223 is equivalent to bisection
equately cover the input space. projection over a convex set. The Gauge projection

We also remark that this condition is based on the LipschitzMha22 THH23) is equivalent to bisection projection with
based worst-case analysis, while the empirical experimerft Xed IP-

shows that IPNN trained over less than 10,000 uniformryq oomplete proof is included in Appendix A.2. Thus, the
sample inputs already induces feasible IP prediction undgfisection projection framework provides a uni ed view for
unseen input parameters for high-dimensional problems. ¢, e existing projection-analogous approaches over convex
sets. Meanwhile, we highlight the theoretical analysis and
application scenario for BP works on general compact sets
Theorem 1. Given constraint se€ under Assumption 1, under Assumption 1. It also achieves better performance in
an infeasible NN predictior with bounded error to the feasibility and speedup as shown in Sec. 6.

optimal solutionx as kx x k pre, and valid IP
predictionx 2 C produced by IPNN, after executitg
steps of bisection shown in Alg. 1. We obtain a solugbn
satisfying the following:

5.2. Optimality and Run-time Complexity for Bisection

Availability and guarantees of IPs. Several existing
NN feasibility approaches rely on IPs, including gauge
mapping TZ22g TZ22b, LKM23), gauge projections
(THH23; KU23; LM23; TVH24), and homeomorphic pro-
(i) it is guaranteed to be feasible, i.&X 2 C ; jections (CL23; LCL24). While our BP framework sim-

- S K ilarly utilizes IPs, it advances the state-of-the-art through:
2(") 'i hEas &_1 bou+nge?< opt|m+a(lj|fty gag dek x k general constraints (Sec. 3), eccentricity-based optimal-
pre + E(X ;) (pre +diam(C)), ity bound (Sec. 4), and IPNN loss design (5). Despite
(iii) the run-time complexity i©(KG), whereG is the  these advances, the guarantees for NN-based IP ndings
complexity of checking the feasibility of a solution. depend on NN training by minimizing penalty-based loss
o . . .. functions. While exact convergence has been established for

The complete proof is included in Appendix B.3. First, ;
. T : . oo : over-parameterized NN$(JL18 LZB22), The general con-
given an interior point, the bisection in Alg. 1 consistently . . ! .
. . Lo vergence analysis remains challenging for practical scenar-

returns a feasible solution. The optimality loss of the rex = . . .

i o . ios involving nite-size networks and non-convex penalties
turned feasible solution is mainly bounded by three l‘actorsand warrants future exnloration
the initial NN prediction error for the optimal solution, the P '
eccentricity measure of the predicted IP, and the error duéxtension to Multiple Interior Points . The BP framework
to nite-step bisection. (i) The initial prediction error is naturally extends to multiple IPs. Speci cally, we can per-
typically small, thanks to the NN's universal approximation form bisection from multiple IPs and select the projected
capabilities. (ii) The eccentricity represents the upper boungboint with the minimal projection distance. A detailed dis-
of the deviation caused by employing bisection with IPscussion of this extension is provided in Appendix A.5.

6
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6. Numerical Experiments shown in Fig. 5. We provide comprehensive visualizations

. ) ) .. fromFig. 12 to 17 in Appendix E.
We rst consider a toy example to visualize the training

and testing performance of our framework in Sec. 6.1. We6
then carry out comprehensive simulations to validate the”
ef ciency of BP against existing methods on various con-Dataset We apply the BP framework to four benchmark
strained optimization problems in Sec. 6.2. We also demoreconvex problems (QP, convex QCQP, SOCP, and SDP) and
strate the ef cacy of key design and parameters in the BRwo non-convex real-world scenarios, including optimal
framework through sensitivity analysis in Sec. 6.3. Thepower ow problems in grid operation (AC-OPF) and joint
detailed experimental setting and problem formulations arehance-constrained problems in inventory management (JC-

2. NN feasibility for Constrained Optimization

provided in D. CIM). We follow the established parameter con guration
and sampling strategy from available codes in previous
6.1. lllustrative Toy Examples works ORK20; LCL23). We rst train an NN predictor

to learn the mapping from input parameters to the optimal
solutions in existing workd§RK?20), where the training and
testing data are generated by randomly sampling the input
parameter and solve the corresponding optimal solutions
through iterative solvers as ground trubRK20; LCL23).

Baselines (i) Optimizer: for convex optimization, we
use MOSEK to solve the optimal solution. For JCC-IM,
we adopt its scenario-based approximation and solve it by
F?gure 3.Pe_rturbed penalty I_oss (left) and IPNN prediction feasi-pmOSEK (PAS09; For AC-OPF problems, we adopt PY-
bility rate (right) during training. POWER as the specialized solveiMS11); (ii) NN: it
directly maps the input parameter to the solution without
post-processing; (iiiyVS: The infeasible prediction of NN
is regarded as the warm-start initialization for the iterative
solver; (iv) Proj: the infeasible predicted solution by NN is
processed by orthogonal projection and solved with the iter-
ative solver; (v)D-Proj: this is proposed in DCIORK20),
which applies gradient descent with equality completion to
Figure 4.Robust marginog( ) during training (left) and esti- minimize the constraint violation; (vbi-Proj: the home-
mated eccentricity (right), calculated by the gap between maxemorphic projection are applied to the infeasible predic-
imum and minimum IP-to-boundary distances. tions (LCL23); (vii) B-Proj: we apply bisection in Alg. 1
with predicted IPs to recover the feasibility. To ensure the
feasibility of equality constraints, we utilize predict-then-
reconstruct technique®ZCz2Q DRK20), as detailed in
Appendix A.4. Note that some baselines shown in Table 1
are not included due to their limited applicability.

Table 2 summarizes our experimental results across six con-
Figure 5.BP with IPNN prediction given test input parameters.  straint optimization problems, revealing several key insights.

) o ) The BP framework consistently achievE30% feasibility
To validate that the proposed training algorithm for IPNN ¢, initially infeasible NN predictions while offering up

can indeed produce low-eccentricity points or approximatedy, four orders of magnitude speedup compared to standard
Chebyshev centers, we consider a non-convex quadratic Cofyojection approaches, all while maintaining competitive op-
straintseC = fx jx” Qix+q x+h 0ii=1; 69  timality loss. Direct NN outputs cannot guarantee complete
where the input parameter is de ned as: Q;q; tI3i6=1_ - feasibility due to prediction errors that may push solutions
We train IPNN over such constraint sets and visualize it iside the constraint set. Iterative solver-based methods
training and testing performance. Our experiments yield thg,ch as warm-start and orthogonal projection ensure fea-
following observations: (i) Minimizing the penalty loss suc- gpjjity with minimal optimality loss but incur substantial
cessfully improves feasibility over test input parameters, a%omputational overhead (exceeding 400 seconds for QCQP
shown in Fig. 3; (ii) Maximizing the robust margin indeed oplems). The gradient-based D-Proj method, though exi-
reduces the eccentricity of IPNN predictions, as shown iny|e across different constraint sets, fails to guarantee feasibil-

Fig. 4; (iii) After training, bisection projection with IPNN- i, and exhibits high sensitivity to step size selection. While
predicted “central” IPs incurs low projection distance, as

7
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Table 2.Performance comparison for constrained optimization problems.
Feasibility ~Solution Objective Pred. Post. Feasibility ~Solution Objective Pred. Post.

Method rate (%) opt. (%) opt. (%) cost(s) cost(s) | rate (%) opt. (%) opt. (%) cost(s) cost(s)
| QP (n=400,d=100,Ne=100, Nineq=100) | QCQP (n=400,d=100,Neq=100, Nineq=100)

NN 80.8 2.26 0.97 92.0 3.01 3.26

NN+WS | 100 1.81 0.79 537 | 100 3.58 3.01 434

NN+Proj | 100 2.26 0.97 523 | 100 3.01 3.26 401

NN+D-Proj | 80.9 2.26 0.97 00014 773 | 923 3.01 3.26 00017 733

NN+H-Proj | 100 1649  15.42 0.763 | 100 3.95 3.31 0.413

NN+B-Proj | 100 2.31 1.00 0.0160 | 100 3.94 3.30 0.0162
| SOCP (n=400,d=100,N¢q=100, Nineq=100) | SDP (n=40x40,d=40, Neq=40, Nine=1)

NN 89.6 1.24 0.55 58.0 2.10 274

NN+WS | 100 1.10 0.50 136 | 100 1.20 157 105

NN+Proj | 100 1.24 0.55 128 | 100 2.10 2.74 158

NN+D-Proj | 95.5 1.24 0.55 0.0015 593 | 580 2.10 2.74 0.0017 536

NN+H-Proj | 100 1.25 0.56 0571 | 100 3151  33.67 0.958

NN+B-Proj | 100 1.25 0.56 0.0272 | 100 2.26 2.96 0.0163
| AC-OPF (n=476,d=400,Nc;=400,Nineq=1042) | JCC-IM (n=400,d=100,Neq=0, Nineg=10,100)

NN 94.0 0.15 0.001 84.5 1.94 1.40

NN+WS | 100 0.14 0.001 473 | 100 1.64 121 48.3

NN+Proj | 100 0.25 0002 .5 141 | 100 1.94 1.40 00013 128

NN+D-Proj | 96.5 0.15 0.001 : 149 | 845 1.94 1.40 : 81.1

NN+H-Proj | 100 0.63 0.042 132 | 100 1024  10.39 0.876

NN+B-Proj | 100 0.15 0.001 113 | 100 1.98 1.45 0.193

! Evaluation metrics: (iFeasibility: Percentage of feasible solutions among 1,024 test instances, where feasibility requires satisfying
equality and inequality constraints within tolerance 10 ®; (i) Optimality : Mean absolute percentage error (MAPE) between output
and optimal solutions for both decision variables and objective valuesR(iiining-time: Total inference time comprising NN predictions
and post-processing for constraint satisfaction. Iterative solvers are parallelized when computing projections or warm-start solutions.

2 d andn represent the dimensions for input parametand output decisior, respectivelyneq andnineg denote the number of equality
and inequality constraints, respectively.

H-Proj also achieves 100% feasibility, it introduces largerProp. 5.1 establishes that increasing both training sample
optimality gaps and is less ef cient than B-Proj, particu-size (N ) and robust margin () enhances IPNN's feasibil-
larly for high-dimensional constraint sets (e.g., SDP), due taty guarantees on unseen inputs. We empirically validate
complex invertible NN (INN) training and computationally this relationship by evaluating three IPNN variants: trained
intensive INN calculations during inference. with maximizing , trained with xed , and trained with-

. (%ut , under varying training sample sizes. Fig. 6 demon-
In summary, across both convex and non-convex constrain L2 .

) .. strates that maximizing the robust margimproves out-
sets, BP demonstrates superior performance by achievi
perfect feasibility or signi cantly reduced computational
complexity while maintaining comparable optimality loss.

n(%‘—sample feasibility (over 1024 test inputs) compared to

xed or zero-margin approaches. These improvements are
particularly pronounced under limited training data scenar-
ios, con rming the effectiveness of our proposed Chebyshev
center-informed loss function (5).

We investigate the impact of key components in the BRyhacts of  on optimality of projected solution (Fig. 7):
framework to validate their effectiveness.

6.3. Sensitivity Analysis for BP Framework

Impacts of on out-of-sample feasibility (Fig. 6)

Figure 7. Distribution of projection distances for IPNN trained
with and without over QP (left) and JCC-IM (right).

Figure 6.Feasibility rates over unseen test instances for QP (left)Ve conducted an ablation study to evaluate the effectiveness
and JCC-IM (right) under varying training sample si2es of incorporating eccentricity minimization (approximated
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by maximizing ) on the projection loss. We generated bisection stepsize (e.g., = 0:1 instead of the standard
10,000 infeasible test instances by random Gaussian sam-= 0:5), which modi es the midpoint calculation to
pling with varying variance magnitudes (noise levels shown , = +(1 ) . This more conservative ap-
in Fig. 7). For each infeasible point, we applied bisectionproach guides the solution trajectory incrementally from the
projection using three IPNN variants: trained with maximiz-infeasible prediction toward the feasible boundary, typically
ing ,trained with xed , and trained without . resulting in an intersection point closer to the original neural

Fig.7 shows the distributions of projection distances (mear]etwork output.

sured between infeasible points and their respective prwhile this strategy better preserves the quality of initial
jections). The results demonstrate that our MEIP-informedpredictions, it necessitates additional iterations due to the
IPNN (trained with ) produces smaller projection distances,smaller stepsize. This trade-off between solution quality and
con rming the theoretical bounds established in Prop. 4.1computational ef ciency should be considered based on the
This improved projection quality directly translates to bet-speci ¢ application requirements and constraint geometry.
ter optimality preservation when correcting infeasible NN

predictions Scalability on constraint dim. and decision dim: We

further remark on the BP framework's scalability based
Impacts of number of bisection steps (Fig. 8) on large-scale problems in Table 2. For joint chance con-
straints, where constraint dimension grows linearly with
sampled scenarios, iterative solver-based approaches face
memory limitations NS06. For AC-OPF in large-scale
power grids, non-linear power balance and branch ow con-
straints incur high computational complexity for existing
solvers ZMS11). Our bisection methods require only con-
straint checking per iteration, with GPU-based batch pro-
cessing further accelerating these calculations.

: - o 7. Conclusion and Limitation
Figure 8.Effect of the number of bisection ste® ) on optimality

gap and running time for QP (left) and JCCIM (right). We introduceBisection Projection an ef cient scheme to
project infeasible NN predictions onto general compact con-
We investigated how the number of bisection steps duringtraint sets through bisection. We establish the connection
inference affects both solution quality and computationabetween the eccentricity of interior points (IPs) and pro-
ef ciency. As shown in Fig. 8, and in accordance with jection distance, then employ IPNN to ef ciently predict
Theorem 1, the optimality gap decreases exponentially ags. Our theoretical analysis provides suf cient conditions
the number of bisection steps increases. Concurrently, th@r IPNN feasibility and proves bounded optimality loss
running time exhibits linear growth due to the sequentialunder IP predictions. Extensive simulations demonstrate
nature of the computation, continuing until reaching thethat bisection projection outperforms existing methods in
convergence threshold. feasibility and ef ciency with comparable optimality.

Notably, our experiments demonstrate that for real-time apour framework has several limitations, suggesting future
plications, only a small number of bisection steps (typicallyresearch directions: (i) extending BP to discrete constraints
5-10) are suf cient to achieve well-converged feasible solusych as mixed-integer problems for broader applicability,
tions, offering an excellent trade-off between solution qualfji) jointly optimizing interior point selection and bisection
ity and computational ef ciency. This con rms the practical trajectory to further reduce optimality gaps, (iii) and exploit-
utility of our approach in time-sensitive decision-making ing problem-speci ¢ structures like symmetry and sparsity
contexts. to design NN/IPNN to improve training ef ciency.

Impacts of bisection stepsize on optimality (Fig. 19)

As illustrated in Fig. 2, when multiple intersections exist Acknowledgements
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A. Discussion and Connection of Related Work
A.1. Availability of Interior Points

We note that there is a line of research on NN feasibility operating under assumptions regarding the availability of IPs.

» Gauge Mapping (for Linear Sets): This approach was proposedlinid2g TZ22b), establishing a bijective mapping
between a unit cube and a polytope, which can be used as the output layer of neural networks to ensure feasibility over
polytopes. The method relies on input-dependent IPs (IPs) and assumes the existence of an af ne mapping from input
to IP, solving this mapping through semide nite programming (SDP). However, it does not guarantee the existence of
such an af ne policy. LOOP-LCIL(KM23) directly assumes the existence of an input-invariant IP and solves it by linear
constraint residual minimization, but it also does not provide a guarantee or suf cient conditions for such an invariant IP.

* Gauge Projection (for Convex Sets): Gauge projectioNllfa2? restores solution feasibility by scaling infeasible
solutions along rays from a ( xed) of ine-computed IP to nd feasible solutions at the constraint boundary. This
projection technique is differentiable and computationally ef cient, which has been successfully integrated into neural
network architectures to enforce output feasibility with respect to input-invariant convex sets. Notable implementations
include RAYEN (THH23) (supporting linear, quadratic, second-order cone, and linear matrix inequality constraints),
ConstraiNet KU23) (handling linear and quadratic constraints), LOOP-LC 2MZ3) (for linear sets), and the radial
projection approach (TVH24) (applicable to several convex cones).

» Homeomorphic Projection (for Ball-homeomorphic Sets): It ensures NN solution feasibility daadi-homeomorphic
constraints by constructing a homeomorphism between the constraint set and a unit ball using invertible NN (INN),
allowing ef cient projection via bisection(CL23; LCL24). This approach also relies on a valid INN to map the center
of a unit ball to an IP of the constraint set. It provides a suf cient condition for feasibility guarab@e?@; LCL24).
However, INNs have higher training and inference complexity than regular fully connected neural networks due to their
sophisticated architectural design requirements.
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» Bisection Projection (for General sets): In this work, we consider a more general input-dependent constraint set and
propose an ef cient bisection projection framework. We rst characterize the eccentricity of the IP, which is directly
related to the bisection-induced optimality loss. We then relax the minimum-eccentricity IP problem into a tractable
Chebyshev center-based formulation and employ another neural network, called IPNN, to ef ciently predict IPs under
varying inputs for input-dependent constraints. We also provide a suf cient condition for IPNN feasibility similar to
(LCL23; LCL24), but applicable to more general sets beyond the ball-homeomorphic ones.

A.2. Connections to Related Works (Prop. 5.2)

As discussed in Sec. 2, the proposed framework is conceptually related to the homeomorphic prajetdn l(CL24)
and gauge function based methods (TZ22b; THH23).

De nition A.1 (Gauge/Minkowski functionBM08)). LetC R" be a compact convex set with a non-empty interior. The
Gauge/Minkowski functionc : R"  int(C) ! R, isde ned as

c(x;x )=inf f 0jx2 (C x)g; (6)
wherex 2 int(C) is an IP ofC.

The Gauge function generalizes the concept of a norm. For@tkat is symmetric about the origin, the gauge function
c(x; 0) de nes a norm. In particular, whe@ = B, = fx 2 R" j jxjp  1gis the unit ball of thgp-norm, we have
B, (X; 0) = kxkp.
Based on the gauge function, we can construct the following bijection between two compact convex sets:
De nition A.2 (Gauge MappingTZ229). LetZ;X R" be compact convex sets with IRs2 int(Z) andx 2 int( X),
respectively.

The gauge mapping: Z ! X isdened as:

_ z(z z3z) _
(2)= NG z;x)(z z)+x:;22Z (7)
The inverse mapping ' :X !Z is given by:
1y x(X X ;x) _
(x) = e x;z)(x X )+ 2z;x2X 8)

* In essence, the gauge mapping scales the boundary of a convex set from an IP to another convex set and with translation
toits IP.

* WhenZ is a unitp-norm ball, the gauge mapping is simpli ed as:

K2ks 4 x ; 82 2 B; Yx) = el xix)

c(z;x) kx X kp X ex2 e ©

(2)=
De nition A.3 (Gauge ProjectionMha22 THH23)). LetC R" be a compact convex set with 2 int( C). For any
x 2 R" n C the Gauge Projection : R"nC ! @is de ned as

R= 8(X)Z:X +ﬁ2@8 (10)

where@C denotes the boundary @f

De nition A.4 (Homeomorphic ProjectioCL23)). LetK  R" be a compact set that is homeomorphic to the unit®all
Let : B!K beahomeomorphism with inverse mapping® : K ! B . For any point¢ 2 R" n K, the Homeomorphic
Projection | :R"nK! @ isde nedas:

2= Y00=( s 0 (11)
where g is the Euclidean projection operator.
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The following observation reveals the connection between the bisection projection framework and some existing schemes.

Proposition A.1. The homeomorphic projectiohCL23) with gauge mappingl{Z223 is equivalent to bisection projection
over a convex set. The gauge projection (Mha22) is a special case of bisection projection with one xed IP.

Proof. Let's consider applying the gauge mapping to the homeomorphic projection for a compact convex set. Then we can
simplify the homeomorphic projection operator as:

clx x;x)

— H 1 — H
2= (Proj 5( ()= (Proj g(-Sp — (¢ X)) (12)
c(x X X )(X' X )
= (o )= (o) (13)
K (¢ X )k
KX X
kx x Kk X X
= + X 14
e X )(kx X k) (14)
X X
= — 4 1
e xx) (15)
When considering as an infeasible point, we need scale dowof ﬁ such that theﬁ(x X )+ X
will be located in the boundary. Therefore, we take= ﬁ the homeomorphic projection operator is indeed the

bisection projection operator {2). It is also equivalent to the gauge projection or RAYEN methods by its de nition in
Def. A.3.

O

Thus, the bisection projection framework provides a uni ed view for some existing projection-analogous approaches over
convex sets. Meanwhile, we highlight the theoretical analysis and application scenario for BP works on general compact
sets under Assumption 1 beyond those in the existing studies, further exploring the projection-based design and achieving
substantially better performance in feasibility, optimality loss, and speedup as shown in Sec. 6.

A.3. Comparison of Different Centers

De ning the centers of a set is a classic problem in mathematics, which involves various de nitions tailored to serve speci c
purposes. Each de nition captures a unique aspect of “centrality” depending on the application or theoretical requirements.
Here, as shown in Table 3, we discuss several classic de nitions including the proposed minimum-eccentricity interior point
(MEIP) in our work.

Table 3.Comparison of different de nitions of center for a set

Name | De nition | Description
MEIP X =argmin maxkx yk min kx yk Minimizes the discrepancy between the maximum and
XX yzex yzex minimum IP-to-boundary distances.
Chebyshev Center | x =arg mg(x ryg( kx yk Maximizes the minimum IP-to-boundary.
X y
Circumcircle Center| x = arg m2|>r<1 nz%(x kx  yk Minimizes the maximum IP-to-boundary.
x2X 'y
P
Analytical Center X = argmax i”:"fq log( g (x)) Maximizes the logarithmic barrier of the inequality resid-
x2X
uals @ (x) 0).
Max-residual Centel mtax0 t o st:gi(x )+t 0i=1;::"Nineg Maximize the constraint residual to nd a “central” IP.
X 3
Centroid X = ﬁ, i X = Calculates the average position of all points in the set.
Barycenter X = Lowixi= L w Calculates the weighted average position of all points in
the set, where each point has an associated weight

» Geometric. The MEIP, Chebyshev Center, and Circumcircle Center focus on geometric properties of sets, speci cally
distances to the boundary. We propose the MEIP for bisection operation, justi ed by the performance guarantee in Prop.
4.1.
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 Barrier : The Analytical Center and Max-residual Center use optimization technigiéd4; THH23) to nd a “central”
IP within a feasible region. This approach is crucial for solving linear and nonlinear programming problems. However,
maximizing the log-residual or residual directly of the inequality function does not directly re ect the point-to-boundary
distance for general constraint sets, which may result in a large deviation for the bisection operation.

« Statistical: The Centroid and Barycenter represent statistical approaches to de ning centrality by calculating averages of
point sets. The Centroid computes a simple arithmetic mean, suitable for applications in statistics and machine learning.
The Barycenter incorporates weights, allowing for differentiated in uence among points. Despite their simplicity, these
centers are not necessarily interior points for general non-conveXsetgking them unsuitable for our bisection
operation.

A.4. Tackling Equality Constraint
Consider the following constraint s€t de ned by both inequality and equality constraints:

C=fx2R"jh(x; )=0;9(x; ) Og; (16)
where the functionB( ; ) : R"*91 R"aandg(; ): R"*9 1 R"n are continuous with respectxoand . For simplicity,
weuseh ()= h(; ).

Assuming the equality constraint maintains a constant rank:
rank(Jn, (x))=r, 8 2 and8x2C; a7

This condition implies tha€ has a Euclidean dimensipofn  r, as per theConstant-Rank Level Set Theoréinee13).

In simpler terms, we can utilize a subset of decision variak{e2 R" " and reconstruct the complete set of decision
variablegxi;x2] 2 R" by solvingx, = (X31), such thah ([x1; (X1)]) = 0. Note that such a parametrization are not
necessarily held globally for non-linear equality constraints. This method of reconstruction, which ensures the feasibility
of the equality constraint, is extensively used in optimization literatdba69 PZC19 ZB20; DRK20; LCL23; THH23;

LM23; DWDS23).

We then denote the reduced constraint set as
C=1fx2R" "jo(x1; (x1); ) 0Og (18)

This setC® is not only equivalent to the original constraint €&tbut also homeomorphic to it, implying a one-to-
one, continuous, and bicontinuous correspondence between the two sets. The forward and inverse mappings of this
homeomorphism are described by the following transformations:

[X1;x2]2C ! x5 2C3 (19)
X1 2C%! [x1; (xp)]2C: (20)

Let's consider two examples to illustrate this equality completion/reconstruction process:
Linear equality constraint

Let's consider an equality constraint de nedfas2 R" jAx = ;A 2 R" "; 2 R"g, wherex is the decision variable
and is the input parameter. We can assume, without loss of generality, that the rank of mnitrank(A) = r.

To facilitate the reconstruction process, we partition the decision varaiol® two groups:x; 2 R" " andx; 2 R".
Accordingly, we also partition matrik into A = [A1;A,], whereA; 2 R™ (" ") andA, 2 R" . Hence, the equality
constraint can be representedfax; + AzX, = . The reconstruction process indicates that we can detenminsing
only the subset of variableg , with the explicit relationship given by:

X2=  (x1)= AN Axq): (21)

5If an open seX is Euclidean of dimension, then every poin? X has a neighborhood that is homeomorphic to an open subset of
R" (Leel3).
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Here, we choose the partition »f andx, such thatA, has the full rank of .
The relevant Jacobian matrix for back-propagation in this context is:

J (x1)= A,Ag: (22)

Non-linear equality constraint

For a non-linear equality constraint de nedfas2 R" jh(x; )=0; 2 RY;h:R"" 91 R'g, we partition the decision
variable intox; 2 R" " andx, 2 R" in a similar fashion to the linear case. Under the assumption that the Jacobian matrix
of h with respect toc, has a constant rank, the completion functionis well-de ned and satis es:

h([x1; (x1)]; )=0: (23)

To solve for  (x;) whenh is non-linear, we can employ an iterative technique such as Newton's method. The necessary
Jacobian matrix for back-propagation can be computed usinigriplécit Function Theorenwhich provides the derivative
of the implicitly de ned function . The Jacobian matrix is given by:

J (x) = I H(x2)In (x1): (24)

Note that for such a non-linear constraint may not be single-valued globally and depends on the initial value for the
iterative algorithm, which may bring potential convergence issues.

In conclusion, reconstruction techniques utilizing equality constraints allow for a reduction in the dimensionality of the
decision variable space. By modeling only a subset of the decision variables, we can focus on the inequality constraints and
use the equality constraints to de ne the remaining variables implicitly. This process is differentiable, making it suitable
for integration into the training of machine learning models, hence providing a powerful tool for incorporating equality
constraints into such modelal§a69 PZC19 PCZL22 DRK20, DWDS23. For the implementation issues, we follow the
established procedures in previous wolRRK20; LCL23), where the partial variables for convex problems are randomly
sampled, and the ones for AC-OPF problems are strategically selected.

A.5. Extension BP to Multiple Interior Points

The bisection method can be executed in batch for multiple interior pXints := fx x gty C , and we select the
projected point as the one with minimum deviation, de ned as:

® =BP(x ;X ), argminfkR,  x kg; (25)
H3

wherex x =BP(x ;X ) is the returned feasible point by bisection w.r.t. Kath IPx , 2 X ..

Similarly, we can de ne the eccentricity of a set of IPs, crucial for bounding the bisection-induced projection distance.

De nition A.5 (Eccentricity of IPs) For a compact set satisfying Assumption 1 with non-empty interior, the eccentricity
of asetof IPsX,, := fx, g, X withrespectto a compact subset of boundary @X is de ned as:

E(Xmi) » maxkd(y;Xp)k  minkd(y; Xp)k; (26)
y y

whered(y; X,,) =min 1 « mfky x,kgis the point-to-set distance.

Next, we establish the connection between eccentricity and the bisection-induced projection distance.

Proposition A.2. Letx = F( ) be an infeasible NN prediction with bounded prediction errokBg ) X kK pre;
R =BP(x ;X ., ) be the projected solution witi interior pointsX ..~ C ; Then, the worst-case projection distance
is upper bounded as:

max ke BP(% ;X ., )K  pet EX.ni ) (27)
x 2B (X 5 pre) ' '

whereB(x ; pre) represents the NN prediction region, enclosing all infeasible NN predictions with prediction ggor
and = fBP(x ;X ); 8 2B(x ; pre) N Cgde nes asubset of the constraint boundary containing all projected
NN solutions from the NN infeasibility region.

The proof is similar to the single IP case and presented in the next section.
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Figure 9.A geometric illustration of eccentricity and the proof.

B. Proof for Main Results
B.1. Proof for Bisection-induced Projection Distance (Prop. 4.1)

Proof. Without loss of generality, we assume that the optimal solutio® @ lies on the boundary of the constraint set,
implying the existence of active constraints at optimality. This is a standard assumption in constrained optimization theory
(NW99).

For an infeasible solutior 2 B(X ; pre), recall the de nition of the projected solutich as:
R, BP(x ;x)= (¢ x)+x; (28)
where 2 [0;1]leadsta® 2 @ .

Prediction-agnostic bound

Then, the projection distance for an infeasible predicgoiis bounded as:

@)

ke Rk=ke xk k2R xk (29)
(b)
kx xk+kx xk kg xk (30)
(©)
e+ kX xk kR xk (31)
(d)
e Fmax kx  x k  minkx x k (32)
X2 X2
(§) pre T E(X ; ) (33)
pre + E(X l@:) (34)

Equality(a) is by three points¢ , x , and® , exist in the same straight line. Inequalfty is by the triangle inequality with
auxiliary pointx . Inequality(c) is byx 2 B(X ; pre). Inequality(d) is by taking the maximum and minimum point over
local boundary = fBP(x ;x ); 8% 2B(x ; pe)nCg. Equality(e) is by the de nition of eccentricity in Def. 4.1.

Prediction-aware bound Based on (31), the projection distance for an infeasible predigtiaa bounded as:
k« Rk petkx xk kg xk (35)
pe + kKX X K xrzn(g} kx x k (36)

where ;v = kx  x kdenotes the distance between the IP prediction and the optimal solution/amin y, gc¢ kKX x Kk
denotes minimum point-to-boundary distance.

Proof for Proposition A.2:
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For the multiple IPs setting ., = fx, gty C ,we derive the upper bound as follows:

(a)

1nl1(inrn ke Rk 1nginmf pe t kX X,k k Ry x, kg (37)
(0) . .
pre + 1mkmm kx X K lngmm KRk Xy k (38)
(©) . : .
pre + max min_ kx x4k min _min_ kx X,k (39)
C) .
= e T EX s ) (40)

Inequality(a) is by the bound for the single-IP setting above. Inequdliyis by the minimization of the joint term, which
is smaller than the minimization separately. Inequdldyis by taking the maximum and minimum point over the local
boundary = @ \f BP(x ;X ,,); 8 2B(X ; pre)nx 2Cg

Thus, we complete the proof as follows:

i . + S
x ZBrT(1Xa>;( pre ) 1rrl!|nm kot R ik k pre E(X m ) (41)

B.2. Proof for Feasibility Guarantee in (Prop. 5.1)

S
Proof. SinceD is anr -covering dataset for as iN:1 B( i;r ),forany 2 ,there exists at least ong2 D such
that:

k ik r (42)
Given that isL -Lipschitz continuous over, we have:
k () (i)k Lk ik Lor; (43)

Since constraint violation functio® is L g« -Lipschitz inx andL . -Lipschitzin , we can bound the change@due to
perturbations in both arguments:

G( (), ) G( (i); i)+ I—G;xk () (i)k+ LG; k ik
G( (i) i)+ LexL r +Lg r:

Suppose for each 2 D, the training requirementis satised &S{ ( i); i)+ LexL r + L T 0, then we have
forany 2 ,the constraint violation can be bounded®s ( ); ) O.

O

B.3. Proof for Optimality Gap and Run-time Complexity (Theorem 1)

Proof. First, the feasibility of the solution returned through bisection is guaranteed due to the bisection trajectory connecting
an infeasible point and an interior point, which must intersect the constraint boundary. Thus, the bisection algorithm can
always nd a feasible solution by scaling down the infeasible solution along the line segment. We remark that for general
non-convex sets, the line segment between an infeasible point and an interior point may intersect the constraint boundary
multiple times, causing our bisection algorithm to converge to one of the multiple feasible solutions.

Let® 2 @ be the converged boundary feasible solution given in nite bisection with an interior point

We divide the optimality gap by the following three terms:

RS X kg e e foe R Ko jk &7 (44)

prediction error  projection error  bisection error

19



Bisection Projection

The prediction error is determined by the provided NN predictor, and we denoted,i assupfk F( ) x kg, where
2
F () is the NN predictor to predict the optimal solution.

The projection error from bisection-projection, as proved in Proposition 4.1, can be bounded by the eccentricity-related term
as:

ke« 2Kk max kx Rk (45)
y2B (X ; pre )
pre T E(X ;) (46)

Since® is the converged boundary feasible solution under the bisection algorithm, the bisection error induced by nite step
iteration can be derived as:

k¢ ®%Kk k (x x)+x (K (¢ x)+x)k 47)
=( Kyke  x k (48)

2 Kke x +x  xKk (49)

2 K(ke x k+kx xKk) (50)

2 X(pre + D) (51)

whereD = diam( C) denote the diameter of a compact set.

Combining the three terms together, we have:

KR x k 2pe+E(X; )+2 “(pe+D) (52)

The complexity of executing the bisection algorithm involves the iteration steps, the number of IPs, and the complexity
of verifying the inequality constraints at each iteratiorGad-or example, if the inequality constraig{x; ) is a linear
function for alli = 1; i Nineg» thenG = n nineq. In contrast, iterative algorithms such as interior point methods have a
complexity ofO((n + nineq)?) at each iteration due to the matrix inversion operation.

O

C. Training for IPNN
C.1. Prediction-agnostic training

In scenarios where prior information about the optimal solution or a trained neural network (NN) predictor is unavailable,
our objective is to minimize the worst-case projection distance induced by bisection under any NN predictor. Guided by
Proposition 4.1, we aim to minimize the eccentricity relative to the constraint boundary, den&ed as @ ).

De nition C.1 (Prediction-agnostic MEIRP)For a compact séf with a non-empty interior, the minimum eccentricity IP is
de ned as the solution of the following problem:

min E(x ; , max k Xx kK  min k X k: 53
nin E(x @), max ky min_ ky (53)

To facilitate the minimization of the MEIP, we adopt t8debyshev Centexs a relaxation. The Chebyshev Center provides
a robust central point within the constraint set by maximizing the minimal distance from the center to the boundary.

De nition C.2 (Chebyshev center)For a compact s€€ with a non-empty interior, the Chebyshev Center is de ned as:

n)1(ax ; st:B(x; ) C (54)

Building upon this formulation, we derive the Prediction-Agnostic loss function, which aims to encourage the NN predictor
() to lie within the feasible set while maximizing the robust margin

LC () )= Eu[P(x + u; )] log(") (55)
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whereP(x; ) represents the penalty function for constraint violatians sampled from unit ball to perturb the center
X , isavariable representing the robust margin to be maximized, and positive coef cient to balance different loss

terms. The rstterm ensures that perturbed points within thel®@l ; ) satisfy the constraints, while the second term
encourages maximizing the margin

C.2. Prediction-aware training

In contrast, when a trained NN predicte( ) or a dataset of optimal solutioifs x ) is available, the objective shifts to
identifying interior points with minimized eccentricity within a local region of the constraint boundary. Given the bound on
the bisection-induced projection distance from Equation (36):

kx R K pet+ kx X k Xrg"n(i@rgkx X k (56)

We de ne the following Prediction-Aware MEIP:
De nition C.3 (Prediction-aware MEIR)

min kx  x k (57)
max
X

sit: B(x; ) C

st: (58)

To effectively minimize the bisection-induced projection distance when the optimal solution datasetiN predictorF ()
is available, we design the following Prediction-Aware loss function:

LC () )= Eu[P(x + u; )] log( )+ kx xKk (59)

* The rst two terms are analogous to the Prediction-Agnostic loss, promoting feasibility and robustness.

The third term penalizes the deviation of the IP from the known optimal solution or initial NN predictienF ( ),
enhancing optimality.

e is a positive coef cient that balances the trade-off between maximizing the robust maagiadn minimizing the
distance to the optimal solution .

Further, to reduce training complexity, we can initialize the IPNN with the one trained NN solution predictor, then
follow the loss to ne-tune the IPNN to nd interior points.

Notably, when = 0, the loss function reduces to regular supervised training with a constraint violation penalty, as
commonly used in NN-based constrained optimization sohNRZ<19 DRK20). By maximizing the robust margin, the

training process follows the preventive/adversarial approaBiC{ 20), seeking an NN predictor that maintains feasibility by
keeping distance from constraint boundaries. Rather than directly using such a feasible IP with its larger optimality gap, we
apply bisection between the IP and an infeasible but near-optimal NN solution, effectively balancing the feasibility-optimality
trade-off.

D. Data and Experiment Setting
D.1. Formulation for Optimization Problems

We test the Bisection Projection framework for four constrained optimization problems, including two convex optimization
problems and two real-world non-convex problems. we follow the established procedures from available codes in previous
works (DRK20; LCL23), where parameter con guration and sampling strategy are publicly available.

D.1.1. CONVEX PROBLEM FORMULATION

The Quadratic Program (QP) is a fundamental optimization problem where the objective function is quadratic and the
constraints are linear. The QP problem can be formulated as:

QP: mixnziarnize %XTQX+ pTx (60)
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subjectto Gx h; (61)
Ax = ; (62)
where:Q 2 S, is a positive de nite matrix, ensuring the convexity of the objective functp®, R" is a vector of linear
coef cients,A 2 R"« " s a matrix de ning equality constraint§ 2 R"n " is a matrix de ning inequality constraints,

h 2 R"na is a vector specifying the upper bounds for the inequality constraints, @nR"= is a vector specifying the
right-hand side of the equality constraints.

The Convex QCQP extends the QP by including quadratic constraints. The Convex QCQP problem is given by:

Convex QCQP: minzierize %XTQX +pTx (63)
X n

subjectto xTHix + g'x  hi; i =1;::1; Nineg; (64)

Ax = ; (65)

where eacliH; 2 S}, is a positive de nite matrix corresponding to theéh quadratic constraing; 2 R" is a vector of
linear coef cients for the quadratic constraints, dnd2 R represents the upper bound for fhélh quadratic constraint.

The SOCP is a convex optimization problem that generalizes linear and quadratic programs by allowing conic constraints. A
SOCP problem is formulated as follows:

L 1

SOCP: minimize Zx'Qx + p'x (66)
X2 R0 2

subjectto kGix + hiky ¢x+ di; i =1;::; Nineg (67)

Ax = (68)

whereG; 2 R™ " andh; 2 R™ de ne the second-order cong, 2 R" andd; 2 R are the coef cients and scalar terms of
the conic constraints, respectively.

The Semide nite Program (SDP) is an optimization problem where the goal is to minimize a linear objective function
subject to semide nite constraints. The standard formulation of an SDP is given by:

SDP: minimize tr(CX) (69)

X229
subjectto X (70)
tr(AiX)=b; i=1;::1Neq (71)

whereX 2 S is the symmetric matrix variabl€ 2 R" " is a given symmetric matrix of coef cients for the objective
function,tr () is the trace of a matriXd; 2 R" " are given symmetric matrices that de ne the equality constraintd,R
are the given scalars that specify the right-hand side of the equality constraints,asithe number of equality constraints.
We discuss the penalty design for PSD constraint in Appendix D.3.

D.1.2. DINT CHANCE CONSTRAINED INVENTORY MANAGEMENT (JCC-IM)

We consider the Joint Chance-Constrained Inventory Management (JCC-IM) problem, which seeks to optimize inventory
levels across multiple warehouses under conditions of demand uncertainty, ensuring a high probability of meeting that
demand. The JCC-IM problem is formally de ned as:

JCC-IM : minimize c"x (72)
x2R"

subjectto Prob (Ax +1) 1 (73)

Gx h;xMnoox o xmax. (74)

wheren denotes the number of warehouses located in distinct regions, the decision vaniaptesents the inventory order
quantity to be determined in advance fowarehouse, in order to satisfy future demand. The vectrcapsulates the
historical average demand, and the térm p( ) models the stochastic deviations from this average, capturing the inherent
uncertainty of demand. The matixcharacterizes the interdependencies among different warehouses, which may arise
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Figure 10.This gure visualizes a sample-based individual chance constraint de néda@y! 1x1 + ! 2x2 1)  90%; where
11;1,are indepeng,ent Gaussian variables. The probability of satisfying this constraint is estimated ssimgles and the indicator
function! () as: + i'\‘:l I(!ix1+ 15X, 1)  90%. The visualizations underscore the non-smooth geometry and optimization
dif culty ( PAS09. We remark that BP was tested in a high-dimensional scenario with 400 decision variables and joint constraints in our
experiments.

from shared types of inventory or geographical proximity. The parametpeci es the acceptable risk level, thus ensuring
that the probability of meeting demand across all warehouses is aflleast The additional constraintgx  h and
xmnox  xM& represent warehouse-speci ¢ capacity limitations and inventory bounds, respectively.

The Joint chance constraint (JCC) represents the probability of the joint event of feasibility for each constraint as:
Prob (Ax + 1) = Prob (A1x 1+ AmX m+!m) 1 (75)

Whenm = 1 and with Gaussian uncertainty, the probability constraint can be reformulated into a second-order cone
constraint BBV04). However, in the general case, given the absence of an analytical reformulation for the JCC, we employ

a Sample-Average (SA) approach to approximate the chance-constrained problem. This technique involves generating a
nite set of scenariog & ng=1 from the underlying distribution of. The SA variant of the JCC-IM is formulated as:

SA-JCC-IM :minzierize c'x (76)
X n
1 X
subjectto Py = N I(AX +4+) 1 77)
j=1
Gx h;x™Mn x o xma (78)

wherel () is the indicator function. A solution is deemed to have a probabilistic JCC feasibility guaraRtee ifl
This empirical evaluation provides a practical measure of the reliability of the SA-based solution in adhering to the demand
satisfaction requirements stipulated by the JCC-IM problem.

In practice, the problem can be solved as mixed-integer programming but is intractable for high-dimension problems with a
large number of scenarios; therefore, for iterative-solver-based baselines, we solve the robust version of this problem by
setting = 0, such that the problem becomes convex with a large nunibeof constraints. But for BP methods, we can

still project the solution to the chance constraint in (77) through bisection with easy feasibility checking shown in Alg. 1.

D.1.3. ALTERNATING CURRENTOPTIMAL POWERFLoOwW (AC-OPF)

The Alternating Current Optimal Power Flow (AC-OPF) problem is pivotal in ensuring the ef cient and safe operation of
power grids. It requires real-time decision-making and adherence to operational constraints to maintain system integrity. The
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Figure 11. The left figure displays a simple 3-node power network, while the right figure illustrates a part of its constraint set (MH™ 19).
These visuals highlight the complex geometry and inherent challenges of the ACOPF problem. It is noteworthy that in our experiments,
BP was tested on a 200-node power network involving more than 1,000 constraints.

AC-OPF is inherently a non-convex Quadratically Constrained Quadratic Program (QCQP) and is recognized as NP-hard,
posing significant computational challenges. The formal mathematical formulation of the AC-OPF problem is as follows:

AC-OPF : min  pgQpg +h'pg (79)
Pg;dg;V

subjectto jvi(vi vjwijj  Si™;  8(ijj) 2 E; (80)

(Pg  Pa) +(4g Ga) i =diag(v)Wv; 8i 2 N; (81)

panin pg panax; qé’nin qg qanax; Vmin JV] ymax. (82)

where the power network comprises N nodes, indexed by the set N . The vectors pg; qq 2 R" represent the real and reactive
power demand at each node, respectively. The vectors Pg; 0g 2 R" denote the real and reactive power generation, which are
the decision variables of the optimization problem. The vector v 2 C" signifies the nodal voltage phasors. The admittance
matrix W 2 C" " characterizes the physical properties and topology of the power network, with W denoting its complex
conjugate transpose. The generation cost is represented by a quadratic function with matrix Q 2 R™ " and vector b 2 R".
The constraints include generation limits (pgﬂn; Py qglin; 0g'**), voltage magnitude bounds (vmin: ymaxy thermal line
limits (S{j**), and power flow balance equations. The set E denotes the set of edges (transmission lines) connecting the
nodes in the power network. The equality constraint represents the complex power flow balance at each node, ensuring that
the generation and demand are matched while accounting for power losses.

D.2. Experiment Setting

Computational Infrastructure: All NN-based methods are implemented in Pytorch and executed on an Ubuntu server
with an NVIDIA A800 GPU. Iterative algorithms were executed in parallel on an AMD EPYC 7763 64-Core Processor.
For convex optimization problems, we employed the MOSEK optimizer under an academic license. The Joint Chance-
Constrained Inventory Management (JCC-IM) problem was approximated using sampled scenarios and solved with MOSEK.
Alternating Current Optimal Power Flow (AC-OPF) problems were addressed using the open-source PyPower toolkit
(ZMS11). Additional experimental configurations are detailed in the respective sections and table footnotes.

Baseline Methods: We compare our approach against the following baselines:

* Optimizer: For convex optimization problems, we employ MOSEK as the baseline solver. For AC-OPF problems, we
use PyPower (ZMS11)) as the specialized solver.

* NN: A vanilla neural network that directly maps input parameters to solutions without feasibility guarantees. It is
trained with an optimal solution dataset in a supervised setting.
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* Proj: Infeasible predictions from NN are corrected via orthogonal projections. The projection problem is formulated
and solved by Optimizer.

* WS: Infeasible NN predictions serve as warm-start initializations for iterative solvers, which may accelerate the
convergence.

e D-Proj: The differentiable projection method from DC3 (DRK20), which employs gradient descent to minimize the
constraint violation for constraint satisfaction. The gradient is derived via the automatic differentiation mechanism in
PyTorch.

¢ H-Proj: Homeomorphic projection applied to infeasible predictions (LCL23)). The invertible neural networks (INN)
are trained in advance for each constraint type.

¢ B-Proj: Our proposed bisection-based projection (Algorithm [1)) applied to predicted interior points for feasibility
recovery.

Evaluation Metrics: We evaluate all methods using the following criteria on 1,024 test instances:

+ Feasibility: The percentage of solutions satisfying all equality and inequality constraints within a tolerance of 10 °.

* Optimality: The relative solution and objective optimality gap, defined as k)lixxk K and jf(}‘]l (Xf ()T iy respectively, where

T (X) is the objective value of the predicted/projected solution and (X ) is the optimal objective value.

* Runtime: Wall-clock time for inference, including raw NN prediction and any post-processing steps.

D.3. Hyper-parameters of NN and IPNN

We employ a fully connected neural network with residual connections (HZRS 16} [LI.C24) and equality reconstruction
(PZC19; IDRK20), denoted as F, to predict optimal solutions or interior points for constrained optimization problems
given input parameters 2 . The network architecture incorporates skip connections to facilitate gradient flow and a
reconstruction module to enforce equality constraints.

Data Generation for NN predictor: Training and test datasets are generated by solving optimization instances across
diverse parameter configurations using established solvers:

* Convex problems: MOSEK optimizer
¢ AC-OPF problems: PyPower (ZMSG97)
¢ JCC-IM problems: Sample Average Approximation (SAA) solved with MOSEK

Loss Function for NN predictor: The neural network is trained via supervised learning with a composite loss function that
balances solution accuracy, constraint satisfaction, and objective quality:

2 3
X
L(F)=E p4kF() xki+ | ReLU(G(F(); N+ of(F(); )> (83)

where:

* The first term minimizes prediction error with respect to optimal solutions

* The second term penalizes inequality constraint violations, with gj representing the j-th inequality constraint.

The third term encourages objective function minimization to reduce the objective optimality gap directly.

* 4; 2 > 0are hyperparameters controlling the trade-off between feasibility and optimality
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Constraint Handling in NN and IPNN:

* Equality constraints: we employ variable selection and completion (detailed in Appendix [A.4]), which guarantees
exact satisfaction for equality constraints.

* Penalty function: For standard differentiable inequality constraints g(X) 0, we compute the constraint violation
directly as kReLU(g(X))k, which naturally naturally vanishes when constraints are satisfied.

* Positive semidefinite constraints: For matrix variables X 0, We offer two penalty computation approaches

— We can compute the exact penalty using negative eigenvalues via ReLU( eig(X)), where eigenvalues are
obtained through torch. linalg.eigvalsh. While this method provides exact gradients through automatic
differentiation, it may encounter numericqginstability (e.g., singularity) during training.

— We can estimate the penalty as ReLU( i Vi Xvj) using linear measurements fvig'i‘zl, where the vectors Vi
are computed iteratively following (NSW22). This approximation offers improved computational efficiency and
numerical stability compared to the eigenvalue approach.

NN and IPNN Training

We train the NN predictor following a regular ML training scheme with parameters in Tabled] The Interior Point Neural
Network (IPNN) shares the same base architecture as the standard NN predictor, with the same input and output dimensions.
Furthermore, for the IPNN training for constrained optimization problems, we directly initialize it with parameters from a
trained NN predictor to reduce its training time. Detailed architectural specifications and hyperparameters for both models
are provided in Table 4]

Table 4. Structure of IPNN/NN predictor in experiments

Parameter Value
NN/IPNN structure

dimension of input layer d

dimension of output layer n

dimension of hidden layer b(d +n)/2c

activation function ReLU()

number of layer 3

last-layer activation Sigmoid()
NN/IPNN training parameters

number of training samples 10,000

number of testing samples 1,024

number of iteration 10,000

optimizer AdamW

learning rate 0.0001

batch size 64

the coefficient for objective value 0.001

the coefficient for inequality penalty 0.01

the coefficient for robust margin 0.01

E. Supplementary Experiment Results
E.1. IPNN Training and Bisection Projection over Various Constraint Sets
We evaluate the effectiveness of our BP framework on two challenging non-convex constraint sets.

Test Cases: We consider two geometrically distinct non-convex sets:

Casel: Ci()=f2RYjx™Qix+q x+b; 0;i=1;:::;69 (84)

Case2: Co( )= B(ci; ri); where B(c;r) =fxjkx cke rg (85)

i=1
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where | = fQ;; qi; big?:1 and , = fcj; rig‘i*:1 parameterize the constraint sets. Case 1 represents a ball-homeomorphic
set defined by quadratic constraints, exhibiting complex non-convex geometry. Case 2 consists of a union of disjoint balls,
presenting the additional challenge of disconnectivity—a property that violates the assumptions of many projection-based
methods. For each case, we:

 Train the IPNN to learn the chebyshev centers.
 Evaluate bisection projection on unseen test parameters

» Compare against Homeomorphic Projection (H-Proj) using identical test instances
Results and Discussion. Results are presented in Figures [12]- We make the following key observations:

* The robust margin maximization scheme provides two key benefits: it increases the interior-to-boundary distance,
improving IPNN prediction feasibility on unseen samples, and enables the trained IPNN to predict central interior
points for projections.

 For ball-homeomorphic constraint sets (Case 1), bisection projection achieves comparable performance to home-
omorphic projection. However, when constraints are disconnected (i.e., non-ball-homeomorphic in Case 2), the
homeomorphic projection fails to identify a valid INN for projection, resulting in infeasibility. In contrast, our bisection
projection consistently identifies central interior points and maintains solution feasibility.

E.2. Sensitivity Analysis on for Out-of-Sample Feasibility and Projection Distance

We empirically evaluate the impact of the robust margin parameter —maximization on two critical performance metrics:
(i) out-of-sample feasibility rates for interior point predictions on unseen parameter instances (Fig. [f), and (ii) incurred
projection distances after bisection-based feasibility recovery (Fig. [7).

We compare three IPNN training strategies:

¢ No : Trained exclusively to minimize constraint violations without margin regularization ( = 0).

+ Fixed : Trained with a constant margin parameter (e.g., = 10 ?2), analogous to randomized smoothing techniques
employed in adversarial training.

e Train : Trained with our proposed ~maximization regularization, initialized at = 10 2.

To ensure statistical reliability, we trained each model configuration five times with different random seeds and report results
with standard deviations.

E.3. Sensitivity Analysis on Bisection Steps on Optimality Gap and Iteration Complexity

As established in Theorem|[T] the bisection algorithm exhibits a linear convergence rate with low per-step computational cost.
We empirically validate this theoretical property by systematically varying the number of bisection steps across multiple
problem classes, as illustrated in Fig. [T8]

The results confirm our theoretical analysis, demonstrating exponential reduction in optimality gap as the number of
bisection steps increases, while computational time grows linearly. This favorable trade-off enables practitioners to select an
appropriate number of iterations based on their specific accuracy requirements and computational constraints. Notably, most
practical applications achieve acceptable convergence within 5-10 bisection steps, making our approach well-suited for
real-time decision-making scenarios.

As shown in Fig. 2] when the line segment between an interior point and an infeasible prediction intersects the constraint
boundary at multiple points, our bisection algorithm converges to one such intersection. The specific convergence point
depends on the bisection parameter , which controls the search granularity.

The bisection update rule can be generalized as:
m = 1+ (1 ) u (86)
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where 2 (0; 1) determines the bisection stepsize. The standard choice = 0:5 yields binary search.

A smaller values (e.g., = 0:1) create a conservative search biased toward the infeasible prediction, and the algorithm
tends to converge to boundary points closer to the original NN prediction, better preserving the learned solution structure.
However, this comes at a computational cost: The number of bisection steps increases under the same convergence tolerance.

Figure [I9]empirically demonstrates this trade-off, showing that practitioners can tune  based on their specific requirements
for solution quality versus computational budget.

Figure 12. Non-convex Case: Perturbed penalty loss (Left) and IPNN prediction feasibility rate (Middle Left) during training. Robust
margin log(vy) (Middle Right) and estimated eccentricity (Right) during training.
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Figure 13. Non-convex Case: Bisection Projection with IPNN prediction given test input parameters.
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Figure 14. Non-convex Case: Homeomorphic Projection with trained INN given test input parameters.
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Figure 15. Disconnected Case: Perturbed penalty loss (Left) and IPNN prediction feasibility rate (Middle Left) during training. Robust
margin log(y) (Middle Right) and estimated eccentricity (Right) during training.
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